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By bombarding a thin deuterium gas target with deuterons 4.5- and 5.5-Mev neutrons were produced. 
Deuterons recoiling from neutron collisions in (a) a thin heavy paraffin scatterer and (b) a gas sample 
were detected by a double coincidence counter telescope. The angular distribution of recoiling deuterons, 
measured from 0° to 60° in the laboratory system, shows a sharp maximum for neutron scattering at 180° 
with a minimum at approximately 110° in the center-of-mass system. The ratio of the differential cross 
section at 180° to that at 110° is 5:1 for both energies. The experimental curves are compared with the 


theory of Buckingham and Massey. 





I. INTRODUCTION 


HE problem of neutron-deuteron scattering has 
been investigated previously by several observers. 
Coon and Barschall! have used pulse height measure- 
ments in an ionization chamber to measure angular 
distributions of 2.5-Mev neutrons. Darby and Swan,’ 
and recently Hamouda, Halter, and Scherrer® have 
studied the same energy range with a cloud chamber. 
Martin, Burhop, and Alcock‘ have measured recoil 
tracks in photographic emulsions within 2.5-Mev inci- 
dent neutrons. The angular distributions of recoil 
deuterons reported by the first two groups of the above- 
mentioned observers are in agreement with the more 
careful results of Hamouda ef al.’ within the rather 
large statistical errors involved in the first two meas- 
urements. The angular range covered by Martin ef al. 
was too small to be considered adequate for determining 
a distribution. The desirability of further work in this 
energy region is therefore indicated. 
Two other sets of measurements have been reported 
at a higher neutron energy. Coon and Taschek® have 


* Research carried out under the auspices of the AEC. 

f This report is based on a portion of a thesis presented in 
partial fulfillment for the degree of Doctor of Philosophy at New 
York University. A short report of these data was given in Phys. 
Rev. 79, 729 (1950). 

1 J. H. Coon and H. H. Barschall, Phys. Rev. 70, 592 (1946). 

2 J. F. Darby and J. B. Swan, Australian J. Sci. Research Al, 
18 (1948). 

3 Hamouda, Halter, and Scherrer, Phys. Rev. 79, 539 (1950). 

‘ Martin, Burhop, Alcock, and Boyd, Proc. Phys. Soc. (London) 
63A, 884 (1950). 

5 J. H. Coon and R. F. Taschek, Phys. Rev. 76, 710 (1949). 


used a proportional counter telescope to investigate the 
interaction of 14~-Mev neutrons with deuterons. Griffith, 
Remley, and Kruger® have used a cloud chamber to 
investigate the scattering distribution of 12-13-Mev 
incident neutrons. In this energy region, a disintegration 
of the deuteron can give protons of range similar to 
that of elastic deuteron recoils. Since the fraction of 
confusable disintegration protons in the latter experi- 
ment was found to be 10-20 percent of the elastic 
scattering at certain angles, a large uncertainty must 
be attached to the interpretation of the results. Both 
groups have found the same general features of the 
angular distributions but values of the differential cross 
sections are in disagreement beyond statistical errors 
at several angles. 

All of the experimental determinations of differential 
cross sections have been compared with the extensive 
calculations of Buckingham and Massey,’ but since 
agreement among experimenters in the low energy 
region is unsatisfactory and the calculation for the 
high energy omits effects of high angular momentum, 
comparison between theory and experiment is incon- 
clusive. 

In view of the above facts it was thought desirable 
to perform a similar experiment at an intermediate 
energy and compare results with the theoretical 
calculations. 


® Griffith, Remley, and Kruger, Phys. Rev. 79, 443 (1950). 


7™R. A. Buckingham and H. S. W. Massey, Proc. Roy. Soc. 


(London) A179, 123 (1941). 
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Fic. 1. Counter telescope. 


II. APPARATUS 


The source of neutrons for this investigation was the 
D+ D-—n+ He’+3.26-Mev reaction. Incident deuterons 
were accelerated by the pressurized Van de Graaff 
generator of the Department of Terrestrial Magnetism 
and the beam was magnetically analyzed. The mona- 
tomic beam impinged on a 5-cm-thick target of deu- 
terium gas at atmospheric pressure. This target was 
separated from the vacuum system by 0.0001’’-thick 
Ni foil® (2.2 mg/cm*). Neutrons emitted in the forward 
direction have a calculated energy spread of +100 kev 
because of energy loss by deuterons in passing through 
the target. 

The neutron source was monitored by the accom- 
panying D+ D—p+T+3.98-Mev reaction, the protons 
being recorded by a small end-window proportional 
counter opposite a thin mica window in the side of the 
gas target. The deuteron current incident on the gas 
target was integrated as a check on the above-mentioned 
method of monitoring. The absolute yield of the neutron 
source was obtained using the differential cross section 
reported by Hunter and Richards.® 

The scattering of neutrons by deuterons was investi- 
gated by observing deuteron recoils originating in a 
0.001” layer of deuterated paraffin, or in 7.5 cm* of 
deuterium gas at atmospheric pressure. 

Figure 1 shows the telescope consisting of two pro- 
portional counters which was used to detect the recoil 
deuterons. Each counter consisted of a brass cylinder 
15 cm long, 3.8 cm in diameter, with a 5-mil tungsten 
central wire. The counters were filled with a mixture 
of argon and carbon dioxide in the proportion of 25:1. 

The maximum energy of protons from the D(n,2n)p 
reaction at 5.5 Mev is 1.5 Mev at 0° in the laboratory 
system and falls off rapidly at larger angles. Since the 
disintegration proton range is much smaller than the 
deuteron recoil range at all angles investigated, the 
former could be excluded by suitably adjusting the 
pressure in the counter telescope. Thus disintegration 
protons might be detected by the first counter of the 
telescope, but could not give coincidences between both 


® Purchased from the Chromium Corporation of America, 


Waterbury, Connecticut. 
® G. T. Hunter and H. T. Richards, Phys. Rev. 76, 1445 (1949). 


counters, whereas recoil deuterons had sufficient range 
to give rise to coincident pulses. The pressure ranged 
from 10 cm of mercury to 2 cm at the small and large 
scattering angles in the laboratory system, respectively. 

High voltage for the proportional counters was 
obtained from a supply of 67}-v batteries in series. The 
pulses from each counter were amplified by an Atomic 
Instrument Company Model 205 preamplifier which 
was checked to have a pulse rise time of 0.2 micro- 
second and a gain of twenty. They were then trans- 
mitted over fifty feet of type RG 62/U coaxial cable to 
the main linear amplifiers (Atomic Instrument Com- 
pany Model 204B). These were operated at full gain 
(approximately 3500) and with 0.2-microsecond pulse 
rise time. The output of each amplifier was fed into a 
discriminator giving pulses of constant amplitude and 
shape. The output of each discriminator was fed to a 
scale-of-64, and to the coincidence circuit. The discrimi- 
nator pulses were shaped to approximately 1-micro- 
second duration and then fed to a Rossi coincidence 
circuit using 6AU6 pentodes. Since the single counting 
rates never exceeded 100 pulses per second, accidental 
coincidences could be considered negligible compared 
to the deuteron recoil counting rate of approximately 
one per second. 


III. PROCEDURE 


The gas amplification of each counter was checked 
by measuring the pulse size vs applied voltage using an 
alpha-source as standard. The counters were operated 
at a gas amplification of approximately 100. Since the 
recoil deuteron lost several hundred kilovolts in each 
counter, the pulses were rather large and the discrimi- 
nator bias settings were not critical. The procedure 
used for setting these was as iollows. 

For each counter filling the supply voltage was 
adjusted so that the coincidence rate was checked to be 
independent of the discriminator bias settings over a 
range from 25 to 50 v. This was done at the smallest 
angle in the laboratory system at which the particular 
filling was to be used. At larger angles the pulses would 
be larger, provided the recoil had enough range to pass 
through the entire counter. 





SCATTERING OF 4.5- 


IV. RESULTS 


Experimental results are summarized in Table I. The 
measurements listed under ‘“‘Deuterated paraffin scat- 
terer (1)” refer to a 0.001” layer, whereas the measure- 
ments listed under “Deuterated paraffin scatterer (2)” 
refer to a 0.00025” layer used for the largest recoil 
angles. All coincidence counting rates are referred to a 
fixed number of proton counts in the monitor. The 
hydrogen impurity of the deuterated paraffin was 
investigated by recording coincidences with 41 mg/cm? 
Al absorber between target and counter telescope. This 
absorber was sufficient to stop deuteron recoils but 
allowed recoil protons to pass through. In this way the 
impurity content was determined to be 2+1 percent. 

The deuterated paraffin scatterer was constructed in 
the following manner. A brass button was machined 
with a depression 0.001” deep accurate to 5 percent. 
The depression was filled with paraffin by going over 
the surface with a heated polished steel bar thus leveling 
the layer at the height of the shoulder surrounding the 
depression. The thickness was checked by weighing to 
be accurate within the tolerance of the machining 
operation. 

Measurements with the thinner layer (referred to as 
scatterer No. 2) were normalized at 0° in the laboratory 
system. 

A monitor unit consists of 400 2" proton counts. 

The standard errors in net listed in Table I were 
computed as follows. The total number of counts with 
scatterer in and out respectively were divided by the 
number of monitor units that apply to them. The 
standard error in the total number of counts was 
divided by the same number. The standard error in 
net is then the square root of the sum of the squares 
of the previously determined errors. 


V. DISCUSSION 


The angular distribution of neutrons scattered by 
deuterons has been investigated for neutron energies 
of 4.5 and 5.5 Mev. Deuteron recoils have been detected 
from 0° to 60° and from 0° to 65°, respectively, in the 
laboratory system. Recoils at larger angles could not 
be detected because of their relatively short range (less 


than 1.7 mg/cm’). 
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Fic, 2, Neutron deuteron scattering at 4.5 Mev. 


AND 


5.5-MEV NEUTRONS 


TABLE I. Scattering at various angles for 4.5-Mev 
and 5.5-Mev neutrons. 








A. Deuterated paraffin scatterer (1), 10 cm (A+COs) pressure in counter 
Neutron energy 5.5 Mev 

20° 

140° 

1690 





30° 
120° 
1698 


Recoil angle (in lab. system) 2 
Neutron angle (in c.m. system) 180° 160° 
Total coincidence count, scattererin 1732 2223 
Total coincidence count, scattererout 381 277 415 449 
Net counts per monitor unit 1351 1166 570 279 
Standard error in net +46 +36 +26 +21 


B. Deuterated paraffin scatterer (1), 10 cm (A+COz2) pressure in counter 
Neutron energy 4.5 Mev 
20° 
140° 
1589 








30° 
120° 
1130 


Recoil angle (in lab. system) Ce iF 
Neutron angle (in c.m. system) 180° 160° 
Total count, scatterer in 2013 1926 
Total count, scatterer out 287 264 198 204 
Net counts per monitor unit 1319 1026 597 248 
Standard error in net +40 +32 +24 +20 


C. Deuterium gas scatterer, 2.0 cm (A +COs) pressure in counter 

4.5 Mev 5.5 Mev 5.5 Mev 
40° 40° 45° 
100° 100° 90° 





Neutron energy 





Recoil angle (in lab. system) 

Neutron angle (in c.m. system) 
Total count, gas in 1871 1806 1734 
Total count, gas out 1310 486 457 
Net counts per monitor unit 125 118 125 
Standard error in net +13 +14 +15 


D. Deuterated paraffin scatterer (2), 2.0 cm (A+COz2) pressure in counter 

Neutron energy 4.5 Mev 4.5 Mev 5.5 Mev 

0° 50° . 

180° 80° 70° 
1371 1174 1091 
671 852 782 
238 54 76 
+25 +7 +11 








Recoil angle (in lab. system) 
Neutron angle (in c.m. system) 
Total count, scatterer in 

Total count, scatterer out 

Net counts per monitor unit 
Standard error in net 








Absolute values of the differential cross section were 
calculated from the known yield of the D(d,»)He’ 
reaction in terms of integrated current, the weight of 
the scatterer, and the geometry of the arrangement. 
The total cross-section value can be obtained from the 
angular distribution curve by integrating over 42 
steradians. Since the angular distribution data extend 
over only approximately two-thirds of a sphere, there 
will always be some uncertainty attached to the total 
cross-section value obtained from this experiment. If 
one assumes a reasonable extrapolation of the curves 
in the region where no data could be obtained, the 
total cross-section values are 1.8+0.2 barns and 
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Fic, 3, Neutron deuteron scattering at 5.5 Mev. 
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TABLE II. Differential cross sections in the center-of-mass system, 
in barns/steradian. 


WANTUCH 


TABLE III. Ratio of differential cross sections at 180° to that at 
any other angle in the center-of-mass system. 








Neutron scat- 
tering angle 180° 160° 140° 


4.5 Mev (exp.) 27 0.21 30.13 0.055 0.080 
Standard error +0.01 +0.01 +0.01 +0.005 +0.008 


0.20 «0.19 0.15 0.10 0.09 0.11 





0.09 
+0.02 
Exchange force 
Normal force 0.38 0.33 0.24 0.13 0.07 0.13 


5.5 Mev (exp.) 0.23 0.20 0.105 0.055 0.050 0.055 
Standard error +0.01 +0.01 +0.007 +0.005 +0.008 +0.008 


Exchange force 0.15 0.13 0.11 0.07 0.07 0.08 


Normal force 0.31 0.27 0.18 0.10 0.05 0.07 





1.50.2 barns from the 4.5 and 5.5-Mev measurements’ 
respectively. The values can be compared with the 
total cross section measurements of Nuckolls ef al.,!° 
who obtained the values of 1.69+0.05 barns and 
1.52+-0.08 barns, respectively. 

A neutron-proton scattering experiment was done at 
these same energies to check the apparatus for any 
systematic errors. The angular distribution of recoil 
protons was found to be isotropic in the center-of-mass 
system, within 5 percent statistics, as expected from 
theory and other experiments. The total neutron-proton 
scattering cross sections were found again by inte- 
grating the differential cross-section data over 47 
steradians. The values of the total cross section were 
found to be 1.8+0.1 and 1.5+0.1 barns for the 4.5- 
and 5.5-Mev measurements, respectively. These values 
are, within experimental error, equal to the values 
quoted Bailey, Bergstralh, ef al.’ Their measurements 
give the values of 1.8340.08 and 1.52+0.02 barns, 
respectively. 

The measured total cross sections agree within 
experimental error with the exchange force calculations 
of Buckingham and Massey.’ Their values are 1.8 barns 
and 1.6 barns for the 4.5- and 5.5-Mev calculations, 
respectively. Their normal force theory gives values of 
2.9 barns and 2.7 barns, respectively. These values are 
about 50 percent larger than the experimental values. 

The measured differential cross sections do not agree 
with either exchange or normal force curves (Figs. 2 
and 3). Tables II and III compare the experimental 
values with the exchange and normal force calculations. 
From these tables we see that the absolute values of 
the differential cross sections at any angle are given 
more accurately by the exchange force theory, whereas 
the ratio of the cross section at 180° to that at any 
other angle is more accurately given by the normal 


10 Nuckolls, Bailey, Bennett, Bergstralh, Richards, and Wil- 
liams, Phys. Rev. 70, 805 (1946). 

4 Bailey, Bennett, Bergstralh, Nuckolls, Richards, and Wil- 
liams, Phys. Rev. 70, 583 (1946). 


@(180) @(180) (180) (180) 
@(120) #(100) (90) (80) 


@(180) 
@(160) 


@(180) 
@(140) 





4.5 Mev (exp.) 1.3 2.1 4.9 5.4 2.8 
+0. +0.2 +04 +0.6 +0.6 


Exchange force .05 e 4 2.2 1.8 
Normal force J 3. 5.5 3.1 


5.5 Mev (exp.) 


Exchange force 


Normal force 








force curve. The absolute values for the differential 
cross sections as given by the normal force theory are 
however too large at most angles. 

The cloud-chamber data of Darby and Swan? at 2.5 
Mev show a discrepancy similar to the one pointed out 
here. The ratio of maximum to minimum differential 
cross section is given by the normal force theory. The 
total cross section value of Aoki” is 2.19+0.10 barns 
and that of Nuckolls and Bailey’® is 2.34+0.06 barns. 
The exchange force calculations of Buckingham and 
Massey’ give a value of 2.2 barns, whereas their normal 
force calculations give a value of 3.2 barns. Again we 
see agreement of total cross-section values with ex- 
change force calculations, but normal force calculations 
giving a value 50 percent too large. 

Buckingham® has pointed out in a recent note that 
a new calculation, being done by J. Hubbard, will 
include the effects of particles having two units of 
relative angular momentum. Effects of these particles 
were neglected in the earlier calculations. Preliminary 
results indicate that the collisions involving two units 
of angular momentum do not contribute more than 
4 percent to the total cross-section value at 4 Mev, nor 
more than 10 percent at 11 Mev. The angular distri- 
bution at 4 Mev, however, is changed, so that the ratio 
of the differential cross section at 180° to that at the 
minimum is changed from 2 to 3.5. 

This improvement in the calculations will give better 
agreement between the data reported here and theory 
than the comparison with the older calculations indi- 
cate. 

It is a pleasure to acknowledge the aid and many 
helpful suggestions of Dr. N. P. Heydenburg at the 
Department of Terrestrial Magnetism, and to thank 
Dr. E. O. Salant for suggesting this problem and for 
critical discussions. 


2H. Aoki, Proc. Phys. Math. Soc. Japan 21, 232 (1939). 
3 R. A. Buckingham, Proc. Phys. Soc. (London) 63A, 897 
(1950). 
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(dn) Reactions with 15-Mev Deuterons. II. Neutron Energy Spectra and Yields* 


B. L. Conent anv C. E. Farxt 
Carnegie Institute of Technology, Pittsburgh, Pennsylvania 
(Received March 26, 1951) 


Energy spectra of neutrons produced by bombarding several thick targets with 15-Mev deuterons were 
measured at various angles by observing proton recoils in photographic plates and in a triple coincidence- 
anticoincidence proportional counter telescope. The spectra measured in or near the forward direction 
strongly indicate a stripping rather than a compound nucleus interaction, while for those measured at 
large angles the opposite is the case. Analyses of the shapes of the spectra at low energy, and a study of 
the yields as a function of atomic number indicate that the stripping process is one in which the penetration 
of a coulomb barrier is important. This, together with an estimate of the relative cross sections for stripping 
and compound nucleus formation, also seems to favor a stripping process in which the proton is captured 
by nuclear forces rather than one in which the deuteron is broken up by electric forces. 





I. ENERGY SPECTRA 


N connection with the work described in an earlier 

paper,! measurements were made of the energy 
distributions of neutrons emitted upon bombardment 
of several thick targets by 15-Mev deuterons in the 
University of Pittsburgh cyclotron. 


A. Experimental Procedure 


The low energy portions of the neutron energy 
spectra were obtained by measuring tracks of recoil 
protons in 150- and 200-micron Kodak NTB nuclear 
research emulsions. The plates were wrapped in black 
paper and placed, without shielding, in positions chosen 
for their proximity to the target (about 50 cm) and 
large distances from scattering objects. After developing 
by standard thick emulsion processing techniques,’ 
track counting was carried out as follows: tracks were 
measured which: (a) started within 20 microns of the 
top of the emulsion heading in a downward (into the 
emulsion) direction, (b) started within 15 degrees of 
the direction from the target in the horizontal plane 
and between 2 and 12 degrees in the vertical plane. 

As a result of using thick emulsions and following 
specification (a), all but about 4 percent of the tracks 
ended in the emulsion—almost always because of being 
scattered back through the top surface—thus elimi- 
nating the necessity for the usual large correction 
factors.?* 

For purposes of plotting, track lengths were assorted 
into groups of 3-Mev width (in some cases at very high 
energies, wider groups were adopted), the number of 
tracks in each group being taken as the intensity at the 
group center. The -p scattering cross section was taken 


* Supported by the ONR. 

t Present address: Oak Ridge National Laboratory, Oak Ridge, 
Tennessee. 

t Present address: Brookhaven National Laboratory, Upton, 
New York. 

1C. Falk, Phys. Rev. 83, 499 (1951). 

2M. J. Wilson and W. Vanselow, Phys. Rev. 75, 1144 (1949). 
Plates were somewhat overdeveloped to reduce grain density dif- 
ferences between low and high energy tracks. 

3C. F. Powell and F. C. Champion, Proc. Roy. Soc. (London) 
183, 64 (1944); H. T. Richards, Phys. Rev. 59, 796 (1941). 


as inversely proportional to the neutron energy, and 
plots were made of neutron intensity divided by neutron 
energy against the neutron energy on a semilog scale. 
Thus, if the intensity, J, varies as 


I(E)~E exp(—E/e), (1) 


where ¢ is a slowly varying function of £Z, the plot is a 
line with slope —1/e. From the similarity between Eq. 
(1) and a maxwell distribution, « may be called the 
“effective nuclear temperature.” Most measurements 
were carried out interpreting specification (a) as in- 
cluding tracks which start at the top surface of the 
emulsion having originated in the paper wrapping. No 
significant difference was found above ~3 Mev between 
spectra measured with and without these tracks, and 
an analysis reveals that little difference is to be expected. 
In Fig. 1, the dots show the calculated distortion in a 
typical spectrum (line B) produced by accepting these 
tracks. The slope of the best straight line (line A) 
through the portion of the distorted spectrum between 
3 and 12 Mev differs from the slope of the actual 
spectrum by only about 7 percent. This method has the 
very considerable advantage of greatly increasing the 
density of countable tracks without increasing the 
background, thus cutting down the time required by a 
large factor. Each spectrum represents about 500 
tracks. For energies below 3 Mev, the methods described 
above break down seriously so that separate spectra 
using standard track measuring techniques* were taken 
in this region. However, because of (a) the possibility of 
observer bias in selecting tracks owing to the great 
variation in lengths observable in a single microscope 
field (for energies above 3 Mev, all tracks travel out 
of the microscope field in which they start) and (b) 
the difficulty in judging dip angles of short tracks (they 
usually are somewhat scattered from their beginnings), 
these data cannot be considered on a par with those at 
higher energies. For purposes of interpretation, only 
the relative shapes for various targets will be considered 
in this region. 


‘ This method is valid if ¢ is a monotonically and slowly varying 
function of the energy. 
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Fic. 1. Calculated distortion in a photogra, hic plate spectrum 
from accepting tracks which start on the emulsion surface (having 
started in the paper wrapping). Line B is assumed to be the true 
spectrum. The dots indicate observed intensities; line A is the 
best line through the dots between 3 and 12 Mev. The slopes of 
lines A and B differ about 7 percent. 





L. 
(2 MEV 


The high energy part of the spectra were measured 
with the proportional counter telescope used in an 
earlier paper.! By varying the aluminum absorbers in 
front of the first and fourth proportional counter it is 
possible to measure the relative neutron intensity of 
any energy band above 8.25 Mev. (The minimum value 
of 8.25 Mev corresponds to the energy necessary for a 
proton to traverse the system when no absorbers are 
placed in its path). 

The experimental procedure was similar to the one 
described in Part I! for the measurement of angular 
distributions. The telescope was placed at a fixed angle 
with respect to the direction of the incident deuteron 
beam and the relative neutron intensities were measured 
as a function of energy by varying the thicknesses of 
the aluminum absorbers. In order to interpret the 
experimental data it is necessary to analyze what the 
counter-telescope measures. Corrections have to be 
made because (a) not all the protons within a given 
energy interval are counted and (b) the energy intervals 
are not always the same width. 

Neutrons of energy £, will produce protons of energy 
E,=E, cos’*@ at any point within the polyethylene, 
from the outside layer to the inside layer. The absorbers 
were designed in such a way that only those protons of 
energy Emin would be detected which came from the 
innermost layer of the polyethylene, and only those of 
Emax Which came from the outer layer of polyethylene. 
Thus, for example, protons of energy Emax and Emin 
coming from the middle layer of polyethylene would 
not be detected. As a result f(E,), the probability of a 
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Fic. 2. Neutron energy spectrum at 0° from 15-Mev deuterons 
on beryllium. Open rectangles and points indicate photographic 
plate data, and cross-hatched squares are data from counter 
telescope. The data indicated by the open points (energies of 
3 Mev and below) should be considered only indicative of the 
relative shape of the curve, as it is difficult to estimate the experi- 
mental error in this region. The solid line is the best straight line 
through the “constant” portion. 


proton of energy E, being detected, is zero at Ey max and 
E, min and unity from (Ep min +41) to (Ep max— Az) 
where A; and A: are the energies lost by protons of 
energies Ey max and Ey min in traversing the thickness 
of the polyethylene foil. The value of f(£,) in the 
intervals A; and A» was assumed to vary linearly. 
What is measured with the telescope is 
Ep max 
M= I (E>) f(E,)dE, +72) 
« Ep min 
where J,(E,) is the energy spectrum of the protons. 
Because of the variation in widths of (Ep max—Ep min) 
and because the A’s described above are functions of 
energy, one has to divide the measured intensity M by 


Ep max 
o-f S(E,)dE. (3) 
Ep min 
Thus the proton intensity at some average energy 
value E, is 
I,(E,)=M/Q. (4) 
As Q corresponds to the area of a trapezoid, it can be 
calculated by the use of geometry. The parailel sides 
of this trapezoid correspond to A= Ey max— Ep min and 
B= (Ey maxt+A1)— (EZ, min— Ae) and thus the normaliz- 
ing factor is simply 3(A+8). 
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Fic. 3. Neutron energy spectrum at 0° from 15-Mev deuterons 
on aluminum. See Fig. 2 for explanation. A counter telescope 
spectrum at 20° agrees within statistical errors. 


It should be pointed out that J,(Z,) is not propor- 
tional to the intensity of neutrons of energy E,=E,/ 
cos*15°. The fact that the (m,p) cross section varies 
roughly as 1/E has to be taken into consideration.® 


Thus, 
On, p(En)In(En)=1 p(Ep) =In(En)/En, (5) 


and the data observed with the counter telescope 
represents /(E£,)/E,. It was already evident from a 
histogram plot of the data that the spectrum would be 
expressed in the form, 


I(E,,) = E,e—*'*, (6) 


where ¢ is a characteristic constant of the element which 
produces the spectrum. Consequently, it was possible 
by successive approximation to obtain a mean for the 
relative intensity measured over the interval Ex max 
—E, min and the normalized intensities were plotted 
at these mean energies. 

By moving the shield and telescope around to differ- 
ent angles, the spectra were measured at various angles 
with respect to the direction of the incident deuteron 
beam. The counter-telescope and photographic plate 
data, being relative, were arbitrarily adjusted at 8 Mev. 


B. Results 


Figures 2, 3, and 4 show neutron energy spectra in 
the forward direction (with respect to the incident 
deuteron beam) for beryllium, aluminum, and cobalt 
targets. A spectrum from a copper target was also 
obtained and found to agree well within statistical 


5 R. B. Adair, Revs. Modern Phys. 22, 257 (1950). 
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Fic. 4. Neutron energy spectrum at 0° from 15-Mev deuterons 
on cobalt. See Fig. 2 for explanation. A spectrum from copper 
and counter telescope spectra at 20° and 45° from cobalt agree 
within statistical errors. 


errors with Fig. 4. All spectra are characterized by a 
considerable range in which ¢ [from Eq. (1) ] is a very 
slowly varying function of energy. Average values of 
¢ are about 2.5 Mev and are fairly constant or slowly 
increasing with increasing atomic weights. The experi- 
mental accuracy of ¢ is estimated to be +10 percent. 

At energies below about 5 Mev, there is a considerable 
increase in ¢ for the light elements (beryllium and 
aluminum) and there seems to be a slight decrease for 
the heavier ones (cobalt and copper). Although it has 
been pointed out that there is more danger of experi- 
mental errors in this region, it should be noted that 
considerable faith can be placed in the relative shapes 
of the various spectra, as they were measured by the 
same observers using the same methods. 

Figures 5 and 6 show spectra measured at 90° (with 
respect to the incident deuteron beam) for aluminum 
and copper-cobalt targets (in Fig. 6 the photographic 
plate data is for copper and the counter telescope data 
is for cobalt); and a photographic plate spectrum from 
a copper target measured at 180° was found to agree 
well with Fig. 6.° These are characterized by an almost 
constant ¢ from the lowest to near the maximum energy, 
of about 2.0 Mev for aluminum and about 1.7 Mev for 
copper and cobalt. 


ctra was found to be steeper by an 
the center of mass correction (Ae~0.15 


® Actually, the 180° s 
amount in agreement wit 
Mev); see reference 5. 
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5. Neutron energy spectrum at 90° from 15-Mev deuterons 
on aluminum. See Fig. 2 for explanation. 


Counter telescope spectra were obtained for alumi- 
num at 20° and 45°; in each case, the data agrees; 
within statistical errors, with the data taken at 0°. 


C. Theory 


Assuming that the deuterons are captured to form a 
compound nucleus’ which then emits neutrons by an 
“evaporation” process, the energy spectrum can be 
calculated by methods given by Weisskopf.’ Such 
calculations were carried out using different values of 
the factor ‘“‘a’”’ defined by Weisskopf’s expression, 


w=C exp(aE)}!, (5) 


for the nuclear energy level density, w, at excitation 
energy E. Neutron spectra, including ‘‘second” neutrons 
from (d,2n) reactions, were calculated for several 
deuteron energies up to 15 Mev; these were then 
weighted in proportion to the differential range of 
deuterons at that energy® and the capture cross section,® 
and added to obtain the calculated thick target spec- 
trum. Figure 7 shows the results of such a calculation 
for a=3.6 Mev which corresponds to a nuclear 
temperature T of 4.7 Mev® at 20-Mev excitation (this 
is the approximate excitation energy for a (d,n) reaction 
with 15 Mev deuterons). For this particular value of T 


7N. Bohr, Nature 137, 344, 351 (1936). 

8 V. F. Weisskopf, Lecture Series in Nuclear Physics, LA 29, 
MDDC 1175 MIT Tech. Report No. 42 (1950, unpublished). 

® H. Bethe and M. S. Livingston, Revs. Modern Phys. 9, 265 ff. 
(1937). 
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Fic. 6. Neutron energy spectrum at 90° from 15-Mev deuterons 
on copper-cobalt. See Fig. 2 for explanation. Photographic plate 
data is for copper and counter telescope data is for cobalt. A 
photographic plate spectrum from copper at 180° is in good 
agreement. 


the calculated curve is characterized by a fairly constant 
slope € of about 2.5 Mev," which is the same as the 
experimental values of ¢ for Be, Co, and Cu. The calcu- 
lated ratio of ¢ to T for this case is about 0.6, and 
numerical calculations of T and ¢ for other values of 
“q” reveal that this ratio is fairly independent of the 
parameter ‘‘a.” 

The problem of calculating what might be expected 
from a stripping process is much less straightforward 
since no completely consistent model for the stripping 
process has yet been devised. However, in considering 
neutrons emitted in the forward direction, the following 
semiclassical treatment might be expected to be at 
least qualitatively valid: 

One might expect the neutron to come off with a 
momentum equal to its internal momentum in the 
deuteron, plus half of the deuteron momentum. The 


10 Weisskopf’s approximate formula (6) 
I(E) « E exp(— E/T) 
is valid only in the low energy region, and this region is distorted 
by “second” neutrons from (d,2m) reactions. The ratio of e to T 
is obtained from (5) by numerical methods taking into account 
these “second neutrons” and the target thickness. 





(d,n) REACTIONS WITH 
first quantity can be readily calculated from the deu- 
teron wave function," but the second depends on how 
much momentum the deuteron loses in the coulomb 
field of the nucleus before the breakup occurs. 

For a very light element (i.e., Z~0) it does not lose 
any, so that the spectrum can be readily calculated to 
give a curve as in Fig. 8. For a fairly heavy element, 
(Z~35), the minimum momentum the deuteron can 
transfer to the coulomb field before breaking up is 
none at all (Assumption A), which would give the same 
curve; the maximum amount would be if the deuteron 
had to surmount the entire coulomb barrier at the 
expense of its forward momentum before breakup 
(Assumption B), which would give a spectrum as the 
curve labelled “Z=35” in Fig. 8. It is interesting to 
note that the two curves obtained from the opposite 
extreme assumptions are not very different for energies 
above ~6 Mev, both being roughly representable by 
(1) with e~3.0 Mev. It should be noted that this result 
is independent of the atomic weight of the target 
nucleus. If the coulomb effect is not taken into consider- 
ation, the low energy part of the spectra exhibits a 
decrease in slope for light elements, as well as for heavy 
elements. However, in the latter case, the decrease in 
the slope disappears and is replaced by a slight increase 
if Assumption B is used. It should be noticed that since 
the effect of ‘second neutrons” emitted by the nucleus 
after the proton has been captured was not taken into 
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Fic. 7. Theoretical neutron spectrum to be expected from 
compound nucleus decay. Assumptions: Excitation energy =20 
Mev a [for use in Eq. (5) ]=3.6 Mev; binding energy of second 
neutron=10 Mev. 


1 R. Serber, Phys. Rev. 72, 1008 (1947). 


15-MEV DEUTERONS. II 177 
account in Fig. 8, only the relative shapes of low energy 


spectra of different elements can be considered as 
significant. 


D. Conclusions from Spectra 


The measured spectra in the forward directions, 
Figs. 2, 3, and 4, are in disagreement with the predic- 
tions of compound nucleus interaction in three impor- 
tant particulars: 

(a) Nuclear temperatures at 20-Mev excitation have 
never been found to be as high as 4.7 Mev for elements 
as heavy as copper or cobalt (Weisskopf estimates 
3.2 Mev). 

(b) There is very good evidence, both experimental” 
and theoretical" for the fact that for a given excitation 
energy, nuclear temperatures decrease with increasing 
atomic weight. The temperatures in Figs. 2, 3, and 4 
are approximately constant or even increasing with 
increasing atomic weight. 

(c) Nothing in compound nucleus theory or in its 
experimental verifications”-“—'* suggests the difference 
in the low energy slopes for light and heavy elements. 
On the other hand, the measured spectra in the forward 
direction are in good qualitative and semiquantitative 
agreement with the predictions of a stripping interac- 
tion. The magnitude of ¢, and its constancy with 
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Fic. 8. Theoretical neutron spectrum to be expected from 
stripping. Dashed line represents Eq. (1) with e=—3.0 Mev. 
It is included for purposes of orientation. 


2 P. C. Gugelot and M. G. White, Phys. Rev. 76, 463 (1949). 
See also reference 3. 

3H. A. Bethe, Revs. Modern Phys. 9, 78 (1937). 

4 J. C. Grosskreutz, Phys. Rev. 76, 482 (1949). 

18 J. L. Fowler and J. M. Slye, Jr., Phys. Rev. 77, 787 (1950) ; 
B. L. Cohen, Phys. Rev. 81, 184 (1951); H. Waffler, Helv. Phys. 
Acta 23, 239 (1950). 

‘6B. L. Cohen, Carnegie Inst. of Tech., Technical Report 
No. 4 (1950, unpublished). 
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atomic weight, and the difference between the low- 
energy slopes are all at least roughly explained. 

The data taken at 90° (Figs. 5 and 6), on the con- 
trary, are in good agreement with the predictions of 
compound nucleus theory. None of the objections (a), 
(b), (c) listed above applies here, and in fact the ob- 
served temperatures (€/0.60) of 2.8 Mev for copper and 
cobalt, and 3.3 Mev for aluminum are in reasonable 
agreement with what is known about nuclear tempera- 
tures. 

We may thus conclude that the evidence from neutron 
energy spectra, particularly in the case of cobalt and 
copper, strongly indicates that most of the neutrons in 
the forward direction are the result of a stripping 
interaction which takes place after the deuteron has 
penetrated almost to the surface of the nucleus, while 
those at large angles arise from a compound nucleus 
interaction. 

Il. YIELDS 


The relative yield of neutrons from various targets 
was measured, using the same cyclotron, by Allen 
et al.” Their results expressed as a function of atomic 
number are represented by 


I(Z) « exp(—Z/18.5). (6) 


In addition, it has been shown'* that the angular 
distribution in reference 12, when corrected for center 
of mass, are roughly the same for all targets; thus (6) 
is also approximately valid for neutrons in the forward 
direction. 

Equation (6) seems to indicate that the penetration 
of a coulomb barrier is an important factor in deter- 
mining the cross section for the (d,) reaction at all 
angles, especially since the yields from alpha-bombard- 
ments are also given by (6). As recent calculations by 
Guth" show that the neutron yield from electric disinte- 
gration decreases much less rapidly with Z than indi- 
cated by Eq. (6), the experimental yield function 
seems to throw doubt on the possibility that the strip- 
ping takes place by electric disintegration, and supports 
the conclusion that it involves capture of the proton. 

An estimate of the relative cross sections for stripping 
and compound nucleus formation may be obtained from 
the data of Allen et a/.!7 and the very probable assump- 
tion that angular distributions from compound nucleus 
reactions are symmetric about 90°.%.° This gives the 
number of neutrons above 3 Mev in energy (the 
threshold of Allen’s detectors) originating from a 
stripping interaction. Assuming that almost all stripping 
interactions leave the nucleus with enough excitation 

17 Allen, Nechaj, Sun, and Jennings, Phys. Rev. 81, 536 (1951). 

18 B. L. Cohen, Phys. Rev. 81, 632 (1951). 


19 C. J. Mullin and E. Guth, Phys. Rev. 82, 141 (1951). 
20 L. Wolfenstein, Phys. Rev. 78, 322 (1950). 
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to emit a second neutron by compound nucleus decay, 
the relative cross sections for deuteron capture and 
stripping are about in the ratio 4:1. 
Serber" gives the cross section for neutron stripping 
as 
Os=T!Ta, (7) 


where r and rq are the radii of the target nucleus and 
deuteron, respectively. At low energies, this must be 
replaced by 


¢;>= mrraP, (8) 


where P is the coulomb barrier penetration factor. 
The cross section for formation of a compound nucleus is 


o-=arP, (9) 
so that the ratio of the two is 
(10) 


if the penetration factors in Eqs. (8) and (9) are 
identical. Using r=roA! with ro=1.4K10-" cm~ry, 
we have 


Os/Oc=T1/Ta, 


(11) 


For the elements considered,”! A! varies from 3 to 6, 
which is satisfactory agreement with the observed ratio 
of about 4 considering the various approximations 
involved. 

Summing up all the experimental results, one can 
reach certain definite conclusions as to the origin of the 
observed neutrons. The extreme anisotropy of the 
angular distributions,! the large nuclear temperatures 
obtained from the neutron spectra, and the comparative 
invariance of T as a function of Z indicate that the 
majority of the observed neutrons in the forward 
direction cannot come from a compound nucleus. 
Whether these neutrons are produced by stripping or 
electric disintegration of the deuteron is not quite 
clear; however, the rate at which the yield of neutrons 
decreases with Z seems to contradict the electric 
disintegration theory and favor stripping. The latter 
process is further favored by the shape of the observed 
spectra. There is no evidence that the neutrons at large 
angles do not have their origin in compound nucleus 
decay. 

The authors would like to acknowledge the assistance 
of Professors E. Creutz and L. Wolfenstein, whose en- 
couragement and advice guided this work, of Dr. E. 
Baldwin and Dr. A. Lasday, of Mr. S. K. Kao in meas- 
uring photographic plate spectra, and of Dr. A. J. Allen, 
Dr. R. Bender, and Mr. J. Nechaj for their cooperation 
in the use of the cyclotron. 


1 Beryllium is neglected because the center-of-mass correction 
is too large to allow a good calculation of the experimental ratio. 
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In a number of alloys, such as CuPt, an ordered phase is formed 
below a definite temperature, in which atoms of the two sorts are 
localized in alternate layers. In some cases in the ordered phase 
an atom of each sort is surrounded by equal numbers of atoms of 
both sorts, so that the ordinary explanation of ordering, the 
preference of an atom to be surrounded by neighbors of the op- 
posite type, does not apply. It is pointed out, however, that in 
such a case the Brillouin zone is split by the double periodicity in 
the lattice, with modification of the energy levels such that if the 
zone is approximately half-filled with electrons, the electronic 
energy is decreased by an amount proportional to the square of 


the degree of order. It is suggested that this decrease of energy is 
what stabilizes the ordered phase. It is also suggested that in 
some metals, a similar effect on the Brillouin zones would occur if 
alternate layers were slightly displaced in opposite directions 
along the normal to the planes. This also might stabilize such a 
structure, at low temperatures, leading to a narrow energy gap 
above the occupied levels, with consequent increase of resistance; 
this might explain the resistance increase of Mg and Au at low 
temperatures. The similarity of these effects to current theories 
of antiferromagnetism and of superconductivity is pointed out. 





HE writer has recently pointed out' that in an 
antiferromagnetic there will be an alternation of 

the potential in which an electron of either spin moves, 
so that the period of the potential will be twice the 
ordinary lattice spacing. Thus the Brillouin zones will 
be split in half, and the electronic energy as a function 
of wave number & will have a discontinuity, as shown in 
Fig. 1(b), showing the energy in the perturbed poten- 
tial, compared with Fig. 1(a) showing the unperturbed 
case. If there happen to be just enough electrons to fill 
half the original zone, they will just fill the lower half- 
zone in the perturbed case, leaving an energy gap above. 
It was pointed out in reference 1 that this might 
explain the nonconducting property of many anti- 
ferromagnetics. At the same time, of course the elec- 
tronic energy of the occupied levels at the top of the 
lower half-zone will be depressed, and this will tend to 
stabilize the energy of the antiferromagnetic case. The 
lowering of the average energy in such a case is easily 
shown to be proportional to the square of the gap width, 
divided by the energy of the electron at the edge of the 
gap. It is not the purpose of this note to go into the 
very involved question of the energy stability of the 
antiferromagnetic state, however, but rather to point 
out that a similar effect, though without magnetic 
implications, is probably of very widespread occurrence. 
One example of this is probably seen in the order- 
disorder phenomenon found in CuPt.? Here the atoms 
form a face-centered cubic structure similar to the Mn 
ions in MnO, a typical antiferromagnetic. Shull® finds 
that in the antiferromagnetic state of MnO, all Mn 
ions in one plane normal to a (111) direction in the 
lattice have spins pointing one way, all those in the 
next plane have opposite spins, and so on. Johansson 
and Linde? find a similar alternating structure in CuPt: 


* The work described in this paper was aided by the Office of 
Naval Research. 

1J. C. Slater, Phys. Rev. 82, 538 (1951). 

?C. H. Johansson and J. O. Linde, Ann. Pa 82, 449 (1927). 


3 Shull, Strauser, and Wollan, Phys. Rev. 83, 333 (1951). The 
writer is indebted to Dr. Shull for the privilege of seeing this 
paper before publication. 


in the ordered phase, all lattice sites in one plane 
normal to a (111) direction are occupied by Cu, in the 
next plane by Pt, and so on. This is different from other 
previously observed order-disorder problems, in that 
even in the ordered state each atom is still surrounded 
by equal numbers of neighbors of both sorts, so that a 
mechanism based on an energy preference for unlike 
atoms to be next to each other cannot explain the 
ordering process. The situation in MnO is of course the 
same, and the ordering cannot be explained by the 
desire of adjacent magnetic spins to set themselves 
antiparallel. Anderson* has explained the ordering in 
MnO in terms of superexchange; but one may well 
question whether the simple depression of energy levels 
described in the preceding paragraph may not be an 
essential feature of the problem. We now suggest that 
the same sort of thing may be responsible for the order- 
ing of CuPt. Surely, with the alternating atoms in the 
two planes, the Brillouin zones will be split as in Fig. 
1(b), with resulting depression of energy in the ordered 
structure as compared to the disordered case, in which 
the energy levels would be as in Fig. 1(a). The width 
of the energy gap will be proportional to the degree of 
long-range order, so that the depression of energy of the 
electronic system will be proportional to the square of 
the order parameter, and formally such an order- 
disorder phenomenon will behave like the conventional 
case. More detailed calculation, of course, would be 





ZONE 
(a) 


Fic. 1. Energy as a function of k, in (a) periodic potential; 
(b) potential with double period. 


*P. W. Anderson, Phys. Rev. 79, 350, 705 (1950). 
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necessary to check whether this suggestion was quan- 
titatively reasonable. 

A similar situation is met in CuAu.® Here the dis- 
ordered phase again has a face-centered cubic structure. 
The ordered structure is again arranged with alter- 
nating layers of Cu and Au, but now in planes normal 
to a (001) direction instead of a (111). This does not 
change the fundamental argument, as far as zone 
structure is concerned. The tendency to ordering may 
well be greater here than in CuPt, however, for here, 
in contrast to the previous case, each atom is sur- 
rounded by more neighbors of the opposite sort than of 
the same sort in the ordered phase, so that the ordinary 
mechanism of ordering, as well as the Brillouin-zone 
mechanism suggested here, both work in the same 
direction. 

The CuAu case is remarkable, however, in the 
existence of an additional ordering which occurs within 
a definite temperature range. This additional ordering 
takes place in planes like (010), at right angles to the 
(001) planes of the fundamental Cu-Au alternation. 
Every five unit cells, or every ten atomic planes, in 
the (010) direction, there is a complete alternation of 
structure, Cu and Au atoms changing place with each 
other. This five-cell period is characteristic of the 
stoichiometric compound CuAu; as the composition 
changes, the period becomes longer, periods as long as 
eight cells being observed. Now in such a case, of 
course, the Brillouin zone will be subdivided, not into 
half-zones as in Fig. 1, but into much smaller sub- 
divisions. If the number of available electrons is just 
enough to fill the bands up to one of these discon- 
tinuities, we should again have an energy decrease, as 
described above, with a stabilization of the lattice. It 
would be a very complicated thing to work out the 
energy bands in three dimensions, and see just the 
effect of this substructure in the reciprocal lattice, 
superposed on that already present in the (001) direc- 
tion. But it seems conceivable that this could furnish 
a mechanism for stabilizing a state with a long-range 
superlattice. Furthermore, as the composition changed, 
the effective number of free electrons might change 
(though it is not quite clear why this should be the 
case in CuAu, with apparently one free electron per 
atom in both Cu and Au). Thus a different superlattice 
might be stabilized, as the composition changed. To 
illustrate very crudely, suppose that in this direction 
60 percent of the Brillouin zone is filled. Then a super- 
structure which divided the Brillouin zone into five 
parts, with three of these parts filled, might lead to 
stability. If, however, 66 percent were filled, a super- 
structure with three divisions, two being filled, would 
lead to stability. Extension of such a crude argument 
might lead to something like the observed super- 
structures. 

A similar effect of alternating potential might con- 


5 C. H. Johansson and J. O. Linde, Ann. Physik 25, 1 (1936). 
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ceivably be important in other cases. It is well known 
that Au, and some other metals, show a minimum in 
resistance at a few degrees Kelvin, the resistance below 
that point starting to increase. Studies in the Research 
Laboratory of Electronics at MIT on Mg, which shows 
the effect, indicate that the resistance in the neighbor- 
hood of the minimum has some of the properties of a 
semiconductor, as if there were a very narrow gap 
above the occupied levels, and as if impurity atoms 
could result in increased number of carriers (as in p- 
or n-type semiconductors), thereby decreasing the re- 
sistance instead of increasing it. Mr. H. E. Rorschach, 
Jr., of the Research Laboratory of Electronics, and 
Professor M. A. Herlin have suggested to me that if there 
were some double periodicity present in the lattice, 
leading to a gap of the type shown in Fig. 1, we should 
have the properties of a semiconductor, with a very 
narrow gap width, and might be able to explain this 
electrical behavior. Of course, no order-disorder phe- 
nomenon of the usual sort could be present, since all the 
atoms are alike. However, a type of lattice distortion 
in which alternate planes of atoms were displaced in 
opposite directions, perhaps along the +(001) or the 
+(111) directions, would lead to a similar effect on the 
Brillouin-zone structure. Of course, such a distortion 
would lead to an increase of elastic energy proportional 
to the square of the displacement. But the gap width 
would be proportional to the displacement (since the 
perturbative potential, and hence its matrix com- 
ponents, would be proportional to the displacement), 
and we have seen that the average energy of the elec- 
trons is proportional to the square of the gap width, 
provided the lower half-band is filled, and the upper 
one empty. Thus the decrease of energy on account of 
the superlattice effect on the Brillouin zones will also 
be proportional to the square of the displacement, and 
if the coefficient of this latter term were greater than 
that of the elastic energy term, the deformation will 
occur spontaneously. Of course, its eventual magnitude 
will be determined by the higher order terms in the dis- 
placement, as in all cases of displacive transformations. 
As the temperature increases, so that kT becomes large 
compared to the gap-width (which of course will be 
assumed to be very small), we shall find the Fermi 
level midway in the gap, and find about equal numbers 
of electrons in the levels at the top of the lower half- 
band, and at the bottom of the upper half-band, all 
these levels being about half-filled. In this case, the de- 
pression of energy on account of the Brillouin-zone 
structure will disappear, since the decrease in electronic 
energy of the electrons in the lower half-band would be 
balanced by increase in those at the bottom of the 
upper half-band. Thus the effect will disappear as the 
temperature increases, and a regular lattice will soon 
set in. There will probably not be a sharp transition 
temperature or lambda-point, though a statistical 
study would be required to answer this question. It is 
obvious that x-ray studies would be of great interest, 
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to show whether such displacements are actually pres- 
ent in metals showing the resistance minimum at very 
low temperatures. 

The type of atomic displacement which we have 
just described is simply a frozen-in longitudinal elastic 
wave whose wavelength is twice the spacing of the 
planes. Traveling elastic waves could have similar 
effects; and waves of longer wavelength would sub- 
divide the Brillouin zone into smaller sections, as we 
have described in our discussion of CuAu. It is obvious 
that certain elastic waves, producing the energy gap 
just at the edge of the filled levels in the Brillouin zone, 
can result in a depression of electronic energy, just as 
we have described in other cases, and so can in prin- 
ciple stabilize an interaction between the elastic wave 
and the electronic wave functions. This is presumably 
one way to describe the effect which Bardeen*® and 
Fréhlich’? have used to explain superconductivity. As 


*J. Bardeen, Phys. Rev. 79, 167 (1950); 80, 567 (1950); 81, 
469 (1951); 81, 829 (1951). 

7H. Fréhlich, Proc. Phys. Soc. (London) A63, 778 (1950); 
Phys. Rev. 79, 845 (1950); Proc. Phys. Soc. (London) A64, 129 
(1951). 
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they have pointed out, the electronic wave functions 
whose energy change is significant are those just below 
the top of the Fermi distribution, and the elastic waves 
concerned are those whose propagation vectors are 
such as to cause energy discontinuities at the Fermi 
level. The energy discontinuity, as shown in Fig. 1(b), 
results in a very high curvature of the curve of energy 
vs propagation constant, and hence in a very small 
effective mass of the electrons just at the top of the 
lower band, which Bardeen correlates with an ex- 
planation of superconductivity in terms of a very high 
diamagnetism. The low superconducting transition 
temperature could be associated with the excitation of 
electrons into the upper band, much as we have sug- 
gested in the case of Au and the conductors showing a 
resistance minimum. If the suggestions of these writers 
regarding superconductivity should turn out to be 
correct, we thus see that there is considerable analogy 
between this phenomenon and the superlattice which 
we have been discussing. 

I am greatly indebted to Professor B. E. Warren for 
pointing out the interesting superlattice effects taken 
up in this paper. 
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High velocity protons (8@=0.68) from the electrically deflected external beam of the 184-in. cyclotron 
were sent through materials of high index of refraction (crystalline silver chloride and extra dense flint glass), 
and light was detected photographically with the intensity and angular distribution characteristics of 
Cerenkov radiation as predicted by Frank and Tamm. This is the first observation of this radiation from 
particles other than electrons and proves that the radiation is not a function of the mass of the particle. The 
heavier particle suffers less scattering and change of energy in the material and allows the highly directional 
character of the radiation to be observed. By removing the effects of chromatic disperion with a suitable 
prism, the angular intensity distribution was reduced to a bell-shaped distribution about the predicted angle 
with a standard deviation of around fourteen minutes of arc. This approaches the delta-function distribution 
derived by Frank and Tamm. The light was shown to be totally plane polarized in the direction predicted 
by Frank and Tamm. 

The possibility that the angular distribution of Cerenkov radiation could be used as an absolute measure 
of the velocity of the proton, and hence its energy, has been exploited and a device of great accuracy and 
simplicity has been developed for this measurement. The various effects which lower the resolution are 
discussed. An estimate of the accuracy with which the mean energy of the 340-Mev proton beam has been 
measured is +0.8 Mev. 








I. INTRODUCTION 


HE excellence of the original theoretical explana- 
tion'-* of Cerenkov radiation has overshadowed 
the experimental results‘! because scattering has 


prevented the unique properties of this radiation from 
being convincingly demonstrated. As a result there has 


( a A. Cerenkov, Compt. rend. acad. sci. U.R.S.S. 2, 451 
1934). 
tious A. Cerenkov, Compt. rend. acad. sci. U.R.S.S. 20, 651 
938.) 
cmaa A. Cerenkov, Compt. rend. acad. sci. U.R.S.S. 21, 116 
). 
( 2 A. Cerenkov, Compt. rend. acad. sci. U.R.S.S. 21, 319 
1938). 
’P. A. Cerenkov, Phys. Rev. 52, 378 (1937). 
* G. Collins and V. Reiling, Phys. Rev. 54, 499 (1938). 
10 H. Wyckoff and J. Henderson, Phys. Rev. 64, 1 (1943). 


* This work was performed under the auspices of the AEC. 

1], Frank and I. Tamm, Compt. rend. acad. sci. U.R.S.S. 14, 
109 (1937). 

21. Tamm, J. Phys. (U.S.S.R.) 1, 439 (1939). 

3 A more complete bibliography of Cerenkov radiation is found 
in UCRL report 1306, unpublished, which also has a more detailed 
treatment of the subject of this paper. 
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Fic. 1. Huygens’ wavelet construction from which Eq. (1) may 
be derived. 


been some tendency to confuse this type of radiation 
with that from an acceleration process such as brems- 
strahlung,® although the distinction of it from ordinary 
fluorescence has been evident from the beginning.‘ The 
experimental results have also allowed some speculation 
about modifications of the theory." 

This radiation can be predicted as a solution of 
Maxwell’s equations for a charged particle in uniform 
rectilinear motion through a medium in which the 
velocity of electromagnetic radiation is less than the 
particle velocity. It takes a form analogous to the 
shock wave from projectiles traveling in air faster than 
the velocity of sound. The existence of such a wave 
phenomenon, far from being uncommon, is observable 
jn the bow wave from boats and can easily be observed 
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in the family bathtub by drawing a pencil tip across 
the surface of the water. 

The directional property of Cerenkov radiation is 
most readily seen from a Huygen’s wavelet construction 
as shown in Fig. 1. The wavelets combine with each 
other to form a conical wave front symmetrical about 
the path of the particle. The normals to this wave 
front, or ray directions, make a constant angle @ with 
the path of the particle. 


cos6= 1/n8, (1) 


where ¢ is the velocity of light in vacuum, » is the index 
of refraction of the medium with respect to vacuum, and 
Bc is the velocity of the particle. 

Since reinforcement is a phase phenomenon like 
refraction, it is the phase velocity which is important 
and » is strictly the index of refraction relative to 
vacuum. In the case of a dispersive medium both n 
and @ are functions of the frequency. 

For 8n<1 the angle 6 becomes imaginary, indicating 
that there is no radiation by this process. 

Tamm’s theory yields the following spectral intensity 
for the radiation. The change in the index of refraction 
over the visible region of the spectrum is usually small 
enough to allow an approximate calculation of the 
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Fic. 2. Experimental arrangement and positive prints of the film showing Cerenkov radiation. 


Yin Yuan Li, Phys. Rev. 80, 104 (1950), also Phys. Rev. 82, 281 (1951). 
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total visible radiation to be made: 
IN /dL= (2e?/he*) (1—1/n?B*)dw 
quanta/unit path length 
=~ 500 sin?@ visible quanta/cm, (2) 


where ze is the particle charge, # is 1/2” times Planck’s 
constant, and w is 2m times frequency. 

If this is expressed in terms of energy distribution on 
a wavelength scale, the expression becomes 


dW /dL=4n'2*e?(sin?0/d*)dd 
radiated energy/unit path length, (3) 


where is the wavelength of the radiation in vacuum. 

This expression shows the radiation to be con- 
tinuous in spectral distribution wherever n8>1. For 
the visible region the blue will receive emphasis both 
from the decrease in \ and from the usual increase in n 
and hence @. The total energy lost by the particle in 
Cerenkov radiation is about 0.1 percent of that lost 
by other processes in the material; however, the inten- 
sity is high enough to observe in the visible region and 
dominates over other sources of radiation in the 
materials used here. 

The polarization of the radiation is obvious from the 
observation that the particle has, and can radiate, only 
an azimuthal magnetic field and thus the electric 
vector of the radiation must lie in the plane determined 
by the point of observation and the path of the particle. 
The direction of the electric vector in the Cerenkov wave 
front points toward or away from the position of the 
particle according to whether the particle is negative or 
positive. 

The foregoing considerations indicate the directional 
characteristics of the rays inside the material, but the 
observation of them requires that they escape and 
hence their directions will be altered by refraction at 
the surface. Since the radiation is formed throughout 
a large section of the materials, and near the boundary 
surface through which the light emerges, the problem 
of observing the initial direction of the radiation inside 
the material is complicated by spherical aberration 
unless the boundary surface is essentially plane. In the 
following instruments the light always emerges through 
a plane surface and the focusing of the rays, if any, is 
done in a separate process. 

The deflecting apparatus of the cyclotron assures a 
well-collimated, nearly monoenergetic beam of 340-Mev, 
8=0.68, protons by the time it reaches the experi- 
mental area. The shielding around the cyclotron is 
sufficient that no special shielding of the light sensitive 
photographic film was needed. The cross section of 
the emerging beam can be varied, but since all the 
following instruments are sensitive only to a section of 
the beam about one centimeter square and there were 
no background problems, the cross section was made as 
large as possible unless considerations irrelevant to this 
experiment ruled otherwise. 
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Fic. 3. Improved arrangement for viewing Cerenkov radiation. 


The beam current density was about 2X10-" 
ampere per square centimeter. This gave sufficient 
radiation for any of the following exposures to be made 
in less than one hour. Some of the later ones required 
only three minutes exposure. The short exposures are 
made possible by the use of very sensitive photographic 
emulsions and by concentrating the light to as small 
an area of film as possible. 


II. INITIAL EXPERIMENTS 


The successful experimental demonstration of Ceren- 
kov radiation from protons was made with an instru- 
ment similar in principle, but somewhat simpler, to that 
used by Cerenkov,” ® Collins and Reiling,® and Wyckoff 
and Henderson.!® The source, a one-centimeter cube of 
transparent silver chloride (m=2.07) with polished 
surfaces, was surrounded by a silvered spherical mirror 
which focused the light emerging in the horizontal 
plane to a ring at the position of the photographic film 
(see Fig. 2). Light emerging at large angles to the 
horizontal plane was prevented from reaching the 
mirror and the film by paper masks. Only those portions 
of the ring would be illuminated which lay in the direc- 
tion in the horizontal plane in which light was emitted 
by the sample. 

One diagonal of a horizontal face of the cube was 
placed paraliel to the proton beam direction. There were 
four plane faces from which light could have been 
recorded. Light emerged from the two forward faces 
but not from the two rear faces (see Fig. 2). The 
velocity of the protons was reduced by placing copper 
foils in the beam and the angle between the intensity 
maxima decreased in accordance with the theory. 

An order of magnitude calculation can be made for 
the intensity of the radiation from the sensitivity of 
the film and the exposure. This yields a figure of 105 
quanta-cm compared to a theoretical value of 250 
quanta/cm. This can be considered as agreement and 
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Fic. 4. Positive prints showing Cerenkov radiation as a function 
of an angle. Top—with equipment of Fig. 3. Bottom—with 
equipment of Fig. 7. 
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Fic. 5, Estimated angular intensity distribution of the achrom- 
atized Cerenkov rays (abscissas in equivalent minutes of arc 
in 6). 


is additional proof that the observed radiation is 
Cerenkov radiation. 

Were this radiation due to bremsstrahlung or any 
acceleration process of radiation, the intensity for elec- 
trons should be larger by the square of the mass ratio 
of 3.4X10°, if one assumes the accelerating forces to 
be the same in both cases (i.e., electrical forces). The 
electron experiments of Cerenkov® and of Collins and 
Reiling® give intensities of the same order of magnitude 
as observed here. 


Ill. IMPROVEMENT OF THE ANGULAR RESOLUTION 


The theory predicts an angular intensity distribution 
as sharp as a delta-function for a given wavelength; 
accordingly the experiment was revised to see if any- 
thing approaching this sharpness could be observed. 
The optical system was improved by using optically 
ground surfaces on the material (now glass with n= 1.88) 
and observing the light with a Leica camera which has 
a highly refined optical system (Fig. 3). Scattering and 
slowing down in the material was reduced by making 
it thin (? mm). A picture taken with this apparatus is 
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Fic. 6. Microphotometer trace of an achromatic 
Cerenkov radiation i image, 





MATHER 


shown in the upper portion of Fig. 4 with an accom- 
panying scale in terms of 0. 

Most of this width is the result of m, and hence 6, being 
a function of the wavelength of the radiation, which, 
from the theory and observation is a bluish-white 
spectrum. The camera looking into the glass surface 
will see a limited portion of a circular rainbow of light 
centered on the direction of the incoming proton beam 
with the blue outside and the red inside. A prism of the 
proper angle was ground whose dispersion would 
cancel the first-order dispersion of the Cerenkov rays. 
The rainbow viewed through this prism should coalesce 
to a narrow band of white light. A picture made through 
such a prism is shown in comparison to the previous 
picture (Fig. 4, bottom). 

The breadth of this last image can be attributed to 
six effects: (1) scattering of the proton beam in the 
material, (2) change of velocity as material slows the 
protons down, (3) diffraction effects due to the finite 
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length of proton path in the glass, (4) the divergence of 
the incident proton beam, (5) second-order chromatic 
effects, and (6) the velocity spread of the incident 
proton beam.” Estimates of all these effects can be 
made and graphs of intensity vs angle for the individual 
effects and their combined effect are shown in Fig. 5. 
A microphotometer record of the Cerenkov image is 
shown in Fig. 6. If the ordinate of the record is con- 
verted to light intensity, the agreement is good. This 
result is quite in agreement with the delta-function 
angular distribution predicted by the theory of Frank 
and Tamm. 

Taking the raw data with no corrections for any of 
the aforementioned effects, one can conclude that the 
radiation must be coherent with the particle over a 
path length of 0.01 cm, or the diffraction pattern alone 


12 Detailed discussions of these effects, a discussion of the com- 
bined results, and the possibilities of improvement will be found 
in the last portions of this paper. 
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would be larger than the observed width. This length 
would be on the order of a million atoms of the material 
or two hundred wavelengths of visible light. 
Coherence of a slightly different sort is found in the 
completely plane polarized nature of the Cerenkov 
light. This was tested by fastening strips of polaroid 
across the camera film oriented at angles of 0, 70, 90, 
110, and 180 degrees to the expected plane of polariza- 
tion of the light. An exposure of 15 times the normal 
exposure still showed no indication of the Cerenkov 
image behind the strip oriented at 90 degrees to the 
plane of polarization, while the image behind the other 
strips indicated intense exposures. The ratio of ex- 


Fic. 8. Energy measuring instrument. Left—normal position 
(aluminum foil removed from the light tight box of Fig. 8 to show 
interior construction). Right—inverted position. 


posures behind the 90 degree strip to that behind the 
0- and 180-degree strips was less than 0.005, indicating 
total plane polarization in agreement with the theory. 


IV. PROTON ENERGY MEASUREMENTS 
A. Method and Apparatus 


The resolution in @ obtainable with the achromatic 
arrangement opens the possibility of measuring the 
velocity and hence the kinetic energy of the protons in 
the beam using the relativistic equation: 

1), @) 


( 1 ) ( n cos 
e= po? ————1 J =u? ————— 
(1-7)! (n? cos*@—1)4 


where E is the kinetic energy and yp is the mass of the 
particle. Only two factors enter into this measurement 
—the angle 6 between the proton path and the Cerenkov 
rays and the index of refraction of the glass. Both of 
these can be measured with high absolute accuracy, and 
a scale of 8 and Mev are shown in conjunction with the 
microphotometer trace. 

The instrument used for the energy measurement 
furnished the pictures of Cerenkov radiation which have 
just been discussed. The diagramatic layout of the 
instrument is shown in Fig. 7. The glass in which the 
Cerenkov radiation is produced is shown in the proton 
beam. It is a thin sheet of extra dense flint glass 
(n= 1.88) about 3 of a millimeter thick with flat opti- 
cally polished surfaces. The achromatizing prism is 
shown out of the beam and immediately in front of the 


Fic. 9. A pair of Cerenkov images from which the beam energy 
may be determined (negative print). 


Leica camera lens. If the Cerenkov rays were allowed 
to proceed in their original forward direction, the camera 
would have to be placed in the proton beam. To avoid 
this the surface of the glass sheet through which the 
beam emerges is aluminized and the Cerenkov rays are 
reflected back on themselves to emerge in the direction 
shown. A small projector projects an image of a scale on 
the film via a small mirror. This scale image is the 
reference point from which the angle at which the 
camera sees the Cerenkov radiation is measured. The 
camera is focused at infinity. 

The problem of relating the position of the image in 
the camera to the angle @ between the Cerenkov rays 
and the proton paths is simplified if both directions are 
measured separately relative to the normal to the 
aluminized surface of the glass. 


B. Measurement of the Angle between the Mirror 
Normal and the Proton Beam Axis 


Establishing the direction of the proton beam to 
within a few minutes of arc is difficult; however this 
can be avoided by taking two exposures and inverting 
the equipment between exposures (Fig. 8). A pair of 
such exposures is shown in Fig. 9. The average of the 
two positions of the Cerenkov rays will be, very ac- 
curately, the position that would have been obtained 
if the proton beam had been parallel to the axis about 
which the equipment was inverted. This approximation 
is better the more nearly the axis of inversion approaches 
the beam direction. 

This inversion is carried out by mounting the instru- 
ment assembly of Fig. 7 on a platform whose hollow 
cylindrical end pieces, through which the beam passes, 
rest in the two “vee” supports as shown in Fig. 8. The 
instrument can then be turned in’the kinematical bear- 


3. 10. Use of the angle template. Left—to adjust the bumper 
Right—to run. 
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ing thus provided. A latch will hold the equipment in 
any one of four positions 90 degrees apart. 

The angle between the axis of inversion and the 
normal to the aluminized surface is accurately fixed by 
the use of precision angle templates. The assembly of 
Fig. 7 is supported on the platform by pivots which 
allow the assembly to be turned about an axis through 
the center of the glass sheet and perpendicular to the 
plane of Fig. 7. The platform and the assembly both 
carry two semicircular bumpers. A triangular steel 
template can be wedged between the two sets of 
bumpers and the angular position of the assembly with 
respect to the platform rigidly fixed. 

The template is wedged in from one side and the 
position of one of the bumpers is adjusted so that the 
normal to the aluminized surface is parallel to the axis 
of inversion (Fig. 10, left). This is determined by viewing 
the image of a distant light source reflected by the 
aluminized surface with a telescope equipped with 
cross hairs. If the normal is parallel to the axis of in- 
version, the position of the image will not change when 
the instrument is inverted. 

If the template is now wedged in from the other direc- 
tion (Fig. 10, right) the angle between the normal to the 
mirror and the axis of inversion is exactly twice the 
angle of the template. 

The angle templates were ground by standard pre- 
cision machining techniques using a sine bar and gauge 
blocks. The amount of rotation of the assembly has 
been checked by viewing images of distant objects 
reflected in a mirror attached to the assembly and then 
measuring the angular separation of the objects seen 
in the two positions of the assembly with a surveyor’s 
transit. The rotation was measured as (38° 26.1’)+0.5’. 
The machinist’s value for the template was (19° 13’) 
+0.2’. 


C. Measurement of the Angle between the 
Cerenkov Rays and the Mirror Normal 


The position of the film image can be related to the 
angle between the ray directions inside the glass and 
the normal to the aluminized surface by the following 
procedure. The camera back is removed and an as- 
sembly carrying a cross hair in the plane formerly 
occupied by the film is substituted. Light from a mer- 
cury vapor lamp is sent into the lens from behind the 
cross hair. An image of the cross hair passes through 
the lens, through the prism, and into the glass sheet, 
where it is finally reflected from the aluminized surface 
and retraces its path to form a real image in the plane 


TABLE I. Summary of estimated errors. 
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of the cross hair. The light of the 5461A mercury green 
line is used (the achromatizing prism serves as a 
monochromator). The prism is set for minimum devia- 
tion and the cross hair is set so that its reflected image 
coincides with itself. The scale projector is turned on 
and the central line of the scale is adjusted to coincide 
with the position of the cross hair and its image. 

The relation between the scale divisions on the film 
and direction as seen by the camera was measured by 
superimposing the scale on a picture of a distant scene 
and then measuring the angles between the apparent 
positions of the lines in the scene with a transit. The 
separation was found to be 61’. Since the prism is at 
minimum deviation, it does not alter the apparent 
separation of the scale divisions in the region of the 
center of the scale. Because of refraction at the surface 
of the glass the angular separation of the rays inside 
the glass corresponding to one scale division is 61’ 
divided by the index of refraction (since the rays are 
nearly normal to the surface and the angles of incidence 
and refraction equal their sines) or 32.4’. a 

From this it is known that if an image of Cerenkov 
radiation is formed at the position of the center line of 
the scale by light of 5461A, the ray direction inside the 
glass was normal to the aluminized surface. If the 
image is not at the center line, one can interpolate the 
angle between the ray and the normal by reference to 
the scale divisions. 

It must be understood that the foregoing discussion 
has applied to light of 5461A. If light of another wave- 
length is chosen for discussion, the index of refraction 
of both the prism and the glass sheet will be different. 
Using the data from this other wavelength, a given 
position on the scale combined with the change in 
deviation of the prism and the change in refraction at 
the surface of the glass will give a different Cerenkov 
angle 9. Disregarding small second-order effects, if the 
velocity of the proton is calculated using this new @ 
combined with the new index of refraction for the 
glass, one obtains the same proton velocity as would 
gave been calculated on the basis of the 5461A ray. 
This is another way of stating the achromatizing con- 
dition for the design of the prism. The 5461A mercury 
line was chosen for emphasis because it is readily 
available and its position in the spectrum corresponds 
to the wavelength of minimum second-order chromatic 
deviations for this particular instrument. 

The absolute accuracy with which @ was measured 
has to be estimated as the sum of errors in a number of 
procedures already indicated. The estimate of the 
over-all accuracy in @ is +2.5’. 


D. Measurement of the Index of Refraction 


The index of refraction of the glass sheet was known 
by measuring the index of refraction of a small prism 
ground from a section of the same piece of raw glass 
from which the sheet was ground. This measurement 
was the standard one of prism angle and minimum 
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deviation made on a precision spectrometer table. The 
results were corrected for the index of refraction of air. 
The index of refraction for the 5461A line relative to 
vacuum was 1.8796+0.0003. 


E. Reading the Film 


Because the width of the Cerenkov image is produced 
largely by effects thought to be symmetrical (except 
for the chromatic effects for which a correction of 1.7’ 
in 6 is added), it is assumed that the midpoint of the 
image will correspond to the mean energy of the proton 
beam in the glass. The film is read with a micropho- 
tometer (the central parts of the scale lines have been 
left out to leave a clean path for the microphotometer) 
and the trace width is bisected at several heights and 
the average midpoint taken. This reduces the effect of 
random density fluctuations in the film. 

The curvature of the Cerenkov image (mostly due to 
the properties of the achromatizing prism) and the 
problem of relating the microphotometer trace to the 
scale lines introduces errors in reading the trace. An 
estimated error in reading the film corresponds to 1.6’ 
in 6. Readings of the same film taken with two different 
types of microphotometers differed by less than 0.6’ 
in 6. 


F. Results 


The estimated errors in the measurement of @ and n 
and in reading the film are summarized in Table I along 
with their equivalents in velocity and kinetic energy. 
The estimates of errors quoted are admittedly not con- 
servative. However the experimental results are in 
agreement with experiments which have been performed 
simultaneously with the use of this equipment. 

For instance, the range energy relation has been 
checked by Mather and Segré." The results of their 
copper ranges are plotted in Fig. 11 along with the 
predicted range given by Aron, Hoffman, and Williams.!* 
The disagreement is of the type and magnitude to be 
expected. The slope of the predicted range energy curve 
should be quite accurate, and using this it can be seen 
that the energy measurements are at least consistent 
(all angle adjustments were remade between runs). 

A list of the‘energy measurements made with this 
apparatus is given in Table II. It corroborates some- 
thing already known locally from range measurements, 
that the energy of the deflected beam from the 184-in. 
cyclotron is remarkably constant once the controls have 
been set, but a complete readjustment of the controls 
after an intervening duty on other experiments often 
results in a different energy. 


V. RESOLUTION OF THE INSTRUMENT 


The broadening effects graphically summarized in 
Fig. 5 will be discussed individually in the order of their 


SR. Mather and E. Segré, Phys. Rev. 84, 191 (1951). 

' Aron, Hoffman, and Williams, Range Energy Curves, United 
States Atomic Energy Commission, AECU-663, UCRL-121, 
(1949), unpublished. 
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Fic. 11. Results of range energy measurements. 
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appearance in Fig. 5. The results will then be combined 
for an expression of the over-all resolution and the pos- 
sibilities for improving this resolution discussed. The 
amount of the correction for the chromatic effects will 
be calculated and the correction to be added or sub- 
tracted for the stopping power of instrument discussed. 
Lest the length of the discussion exaggerate their im- 
portance, it should be mentioned that both these cor- 
rections are about 0.43 Mev and the arbitrary and 
rough nature of some of the assumptions are quite 
unimportant for the experiment as a whole. 


A. Scattering 


A proton beam, whose direction is initially well 
defined, will interact with the atoms of the glass and 
the individual protons be deflected from the initial 
direction. The directions of the particles after traversing 
a layer of material will have a bell-shaped probability 
distribution with the following mean square angle :'® 

8re!Z*z°7NX 150p 
(87) —_4=———__—— hn —_, (5) 
pr? ucZ' 


where Z is the charge of the scattering nucleus; N is the 
number of nuclei per unit volume; ze is the charge of the 


TABLE IT. Mean energy of the electrically deflected proton beam 
from the 184-in. cyclotron as it enters the cave. (Rest energy of 
the proton taken as 938.17 Mev)(0.43 Mev added for stopping 
power of the instrument). 


Date Energy Associated experiment 


13/50 Range (Segré)* 


25/50 x* meson production (Cartwright) 


Range (Segré)* 


Range (Segré)* 


* See reference 13. > W. F. Cartwright, Phys. Rev. 82, 461 (1951). 


' W. T. Scott, Phys. Rev. 76, 212 (1949). 
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Fic. 12. Cerenkov ray 
angle as seen by the 
camera vs wavelength 
for B=0.68. 
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scattered particle; u, p, v are the mass, momentum, 
and velocity of the scattered particle; and X is the 
depth of penetration in the material. 

If the protons do not follow the path shown in Fig. 8, 
the instrument will be in error by an amount in @ equal 
to the angle of deviation projected on the plane of the 
paper. The mean square value of the projected scat- 





Fic. 13. Relative spectral 
density of Cerenkov radia- 
tion. (a) Calculated from 
Eq. (3). (b) Modified for 
absorption in the glass. 
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tering angle, 7, is one half the mean square 6. Since the 


Cerenkov radiation is proauced uniformly along the 
path and the mean square scattering angle is propor- 
tional to the penetration into the material, the mean 
square angle of the angular light intensity distribution 
will be one half of the mean square 7 for the total 





Fic. 14. Relative spectral 
sensitivity of Kodak Lino- 
graph Pan film. 
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The glass sheet had a thickness of 0.484 g/cm? in the 
beam direction. The properties of the material are 
listed in Table IV. Since the mean square scattering 
angle is proportional to Z?, neglecting the logarithmic 
term, the rms Z of the composition was used. Sub- 
stituting these data, one finds that the standard devia- 
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tion of the angular intensity pattern due to scattering 
is 11 minutes of arc in @. 


B. Slowing 


The particles suffer a loss of energy and a consequent 
reduction in velocity as they penetrate the glass. This 
means a continuous change of the Cerenkov angle and a 
square-topped angular intensity distribution from this 
source, symmetrical about a position corresponding 
to the proton energy in the center of the glass sheet. 

An estimate of the energy loss in the instrument from 
range-energy calculations was 0.99 Mev. An attempted 
measurement of the stopping power gave 0.32 g/cm? 
copper equivalent, or 0.72 Mev. This discrepancy was 
deemed trivial for this experiment is comparison with 
other sources of error, and an arbitrary compromise was 
accepted of 0.38 g/cm? copper equivalent or an energy 
loss of 0.86 Mev. Accordingly, 0.43 Mev is added to or 
subtracted from the energy read from the peak of the 
microphotometer curve (after the correction for the 
chromatic effect) to give the energy of the proton beam 
entering or leaving the instrument. 

The value of d6/dE for this experiment is 3.94 min- 
utes/Mev; consequently, A@=1.7 minutes. 


C. Diffraction 


Diffraction broadens the image because only a finite 
length of wave front is obtained for the Cerenkov radia- 
tion. The limiting aperture is the length of the proton 
path in the material. The diffraction pattern would be 
the same as that from a slit of width L sin@, where L 
is the proton path length in the glass. Since the radiation 
is not monochromatic, the total intensity distribution 
will have gaussian-like appearance with a standard 
deviation approximately given by 


AO=0.38Amean/nL sind. (7) 


For this experiment this is 0.68 minute, using 
Amean = SOOOA. 


D. Divergence 


The divergence of the original proton beam is a 
property of the cyclotron which is hard to measure. An 
estimate from the width of the beam defining collimating 
slits and the scattering in the vacuumtight window 
through which the beam emerges gives an rms pro- 
jected divergence angle of about four minutes. 


E. Chromatic Effects 


The first-order chromatic effect in y, the ray direction 
as seen by the camera, is easily calculated on the 
assumption that the Cerenkov rays emerge nearly 
normal to the surface of the glass sheet and pass 
through the prism at nearly minimum deviation, pro- 
viding both the sheet and prism are of the same type 
of glass. Equating this to zero gives an expression for 
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the prism angle a which achromatizes the system: 


dy dydn 1 2 sinda n 
[ E 0, (8) 


dy dndd (n8*—1)! (1—n*sin%a) Idd 


sin}a= 1/[19?+-4(mo?Bo?—1) }!. (9) 





Once the optical components have been produced, 
the index of refraction of the glass sheet and the devia- 
tion of the prism can be measured as a function of 
wavelength. By calculating the Cerenkov angle and the 
refraction at the surface of the glass, this can be com- 
bined with the prism deviation to give y with respect 
to wave length. Such a curve is plotted in Fig. 12. 
Here the 5461A ray has been taken in the calculations 
above, and y is arbitrarily taken to be zero for this ray. 

The theoretical spectral distribution is modified for 
the transmission of the glass (it was quite yellowish) 
as in Fig. 13. This, times the spectral film sensitivity 
(Fig. 14), gives the spectral weight of the radiation 
forming the Cerenkov image (Fig. 15). Converting this 
from a function of wavelength to a function of y through 
the curve of Fig. 12 and multiplying by the inverse slope 
of this curve, one arrives at a curve of exposure intensity 
vs y as in Fig. 16. Since the curve of Fig. 12 goes through 
a maximum, the exposure curve has two branches and 
the total exposure intensity is the sum of the two. 

This distribution is considerably narrower than that 
of the previously considered effects. However, it shifts 
the center of the image from the position of the 5461A 
line by the abscissa of the center of gravity of the 
exposure intensity curve, or by 3.2 minutes in y or 1.7 
minutes in @. 


F. Energy Spread 


The energy spread in the original proton beam has 
been estimated from the straggling observed in range 
measurements" !6 as 1.8 Mev, although this estimate is 
of no great accuracy. This estimate is the standard 
deviation of a gaussian energy distribution. This energy 
spread would produce a gaussian light intensity dis- 
tribution with a standard deviation of seven minutes 
in 0. 


G. Combined Intensity Pattern 


The individual effects which could cause the angular 
intensity distribution to be other than a delta-function 
have been calculated separately, and appropriate values 
for the widths have been given. These effects can be 
combined into a single distribution with a gaussian 
shape whose standard deviation is the square root of 
the sum of the squares of the individual widths (Table 
ITT). 

This result can be compared with the microphotom- 
eter trace in Fig. 7. The apparent agreement is quite 
fortuitous, since the film characteristics are unknown. 
Using what handbook data are available, the micro- 


16C, J. Bakker and E. Segré, Phys. Rev. 81, 489 (1951). 





Fic. 16. Relative expo- 
sure intensity vs angle as 
seen by the camera (due to 
chromatic effects). 
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photometer traces indicate a standard deviation of the 
line between 7 and 15 minutes in 0. 


VI. IMPROVEMENT OF THE ENERGY RESOLUTION 


If this calculated spread is converted to Mev, there 
is a standard deviation of 3.5 Mev. It will be interesting 
to see how much this energy resolution could be im- 
proved in future instruments and from what sources 


TABLE III. Estimated individual and combined angular widths. 
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Divergence 
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the improvements would come. For this purpose suitable 
analytic expressions can be developed for the various 
sources of poor resolution and combined to give an 
analytic expression for the energy resolution. 

The effects of scattering and slowing will increase 
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Fic. 17. Calculated energy resolution vs thickness of material for 
an instrument similar to the one in Fig. 7. 
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TABLE IV. Properties of representative materials. 


Material Composition 
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Rutile (1 to optic axis) 
Diamond 

Flint glass 

Polystyrene 

Crown glass 


C 
Pho. 9Sitg. 4059.7 


CsHs 
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with an increase of the proton path length in the 
material whereas the diffraction effects are proportional 
to the inverse of L. Thus there is an optimum thickness 
of the material for the best energy resolution. 

The choice of the index of refraction cannot be sepa- 
rated from other properties of the material such as the 
reciprocal dispersion v, the density p, and the atomic 
number and weight of the material; but, in general, 
substances whose indices are near the minimum for the 
production of Cerenkov radiation are favored because 
the decrease in dE/dé@ reduces the effects of scattering 
and divergence on the energy resolution. If the index 
of refraction is too near the minimum, the chromatic 
effects due to dispersion begin to dominate and increase 
rapidly with decreasing index of refraction. 

AE vs L/ngB, the thickness of the sheet, is plotted for 
several substances listed in Table IV in Fig. 17. The 
optimum in L and the improvement with the low index 
materials is obvious. The outstanding qualities of 
polystyrene are not shown by the graph because the 
beam divergence is a prominent factor. In a divergence- 
less beam the energy resolution would be higher than 
any of the other materials shown and would be about 
0.33 Mev. 

The relative positions of these materials will change 
if other particles or other velocities are used. At the 


9.3 
57 
22 


time of these experiments the protons used here had 
the largest heavy particle velocities that had ever been 
achieved. For lower velocities correspondingly higher 
indices of refraction are required, and the choice among 
suitable materials is very limited. 

Fig. 17 shows that the present instrument with 2/3 
mm of flint glass is rather far from the best possible 
energy resolution. The instrument design, however, was 
greatly simplified by the large value of @ obtained from 
the high index glass. The glass thickness would have 
been made less, but it was thought that the material 
would not have enough rigidity to hold its optical figure. 
Future instruments might well take advantage of the 
curves shown here by more careful and ingenious design. 

I wish to acknowledge the suggestions and en- 
couragement given in the early part of this experiment 
by Professors E. M. McMillan and W. K. H. Panofsky 
and in the later stages by Professor E. Segré. The con- 
tinuous support of Professor B. J. Moyer has made this 
experiment possible, and the assistance of the staff of 
the Radiation Laboratory and the Department of 
Physics has been most valuable. 

I must also acknowledge the assistance of Mr. J. E. 
Gullberg, Professor of Metrology, Department of 
Zoology, who has allowed me to use his precision refrac- 
tometer and offered valuable suggestions. 
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The angle of emission of the Cerenkov radiation is used to find the velocity of a beam of protons. Their 
range is also measured and we obtain points of the range energy relation for energies near 340 Mev for Be, 
C, Al, Cu, Sn, and Pb. The data are used to evaluate the average excitation energy J for these substances. 





HE range-energy relations for protons is interesting 

for two types of reasons: its study has consider- 

able intrinsic importance as a problem of physics; in 

addition, the numerical results are extensively used by 

experimenters in determining energies. 

For high energies (300 Mev) many of the serious dif- 

ficulties besetting the very low energy part of the curve 
become negligible and the formula of Bethe! 


dE 4re' 2mv* Ck 
-— (1) 


-—= —v2( tog —— ie 

dx mv I(1—6*) a 
can be used. Bloch has shown, using the Fermi-Thomas 
model of the atom, that J is proportional to the atomic 
number of the stopping substance.” The “constant” B, 


I=BZ, (2) 


has been determined for several substances by Bakker 
and Segré,’ using the two values of J for Al and Be 
which have been determined by Wilson,‘ and Madsen 
and Venkateswarlu.’ The quantities C, and a corre- 
sponding Cy, represent relatively small corrections 
required by the fact that the velocity of the proton is 
not extremely large compared to the velocity of the 
electron in the K and L shell of the stopping substance. 

It is clearly desirable to extend the experiment to an 
absolute measurement, eliminating the necessity of 
using the results of Wilson, and Madsen and Venkates- 
warlu, which are obtained with light substances for 
which the statistical model is not well applicable. To do 
this a knowledge of the initial 8=v/c of the proton is 
necessary. This can be approximately obtained from 
the characteristics of the cyclotron accelerating the 
protons, but because of the precession of the orbits and 
other reasons this method is not very precise. Deflection 
of the beam in a known magnetic field would also give 
a way of measuring its energy, but although our de- 
flected beam is very monoenergetic, as we shall see 
later, our deflecting magnet is not calibrated to give a 
precise absolute measurement of the energy. 

Recently Mather® has developed an apparatus to 


1M. S. Livingston and H. A. Bethe, Revs. Modern Phys. 9, 263 
(1937). 

2 F. Bloch, Z. Physik 81, 363 (1938). 

3C. J. Bakker and E. Segré, Phys. Rev. 81, 489 (1951). 

4R. R. Wilson, Phys. Rev. 60, 749 (1941). 

5 C. Madsen and P. Venkateswarlu, Phys. Rev. 74, 648 (1948). 

6 R. L. Mather, Phys. Rev. 84, 181 (1951). 


measure the angle of emission of the Cerenkov radiation 
produced by the beam in a piece of flint glass and has 
perfected this method to such an extent that it gives 
very accurate values of 8. This technique affords an 
opportunity to measure the energy of the beam on an 
absolute scale and hence to determine the range of 
particles of known energy. Integration of (1) gives 


E 
r= f (—dE/dx)—dE. (3) 
0 


If the range R and the limit of the integral E are 
known, Eq. (3) is an equation with J as the only 
unknown, if the corrections C;, etc., have been sepa- 
rately calculated. Unfortunately this has not been done 
yet, although the extensive computational work neces- 
sary is in progress.’ In this paper C, has been taken 
into account crudely; C, and Cy have been neglected. 
The final values of B=J/Z are expected to be slightly 
lower (up to 1 ev) than those given in Table IT. 

For the practical problem of determining the energy 
given the “range” of a particle, we have to examine a 
little more carefully what we mean by range. The range 
given by Eq. (3) is the mean range: half of the particles 
travel in the material for a length larger than R and half 
for a length smaller than R. The length considered is the 
rectified trajectory, and due to multiple scattering this 
is not the same as the distance from the entrance point 
in the material of a plane perpendicular to the initial 
direction of the beam through which half of the par- 
ticles pass. Clearly the mean range given by Eq. (3) is 
larger than the latter “range” measured as indicated 
above, which we shall call R*. We can obtain a crude 
estimate of the importance of this effect by the following 
consideration which gives (R—R*)/R. Divide the range 
R into small lengths /, and call 0; the angle between /; 
and the direction of the incoming beam. We have 


R—R*=> 1,(1—cos0;) +> 31,62, (4) 
if 6; is small. Now the average value of 67 is 
0?=(Zm/M) log(Eo/E;) (5) 


(m mass of electron, M mass of proton). This formula 
is a crude approximation obtained from Williams’ for- 
mula and Eq. (1). 


7H. A. Bethe and M. C. Walske, private communication. 
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TABLE I. The experimental proton range R* for various ab- 
sorbers at proton energies near 340 Mev, the rectified experimental 
range R, the theoretical and experimental standard deviation of 
the range distribution o, and the resulting standard deviation of 
the proton energy distribution AE. 








Ab- R* R 
sorber g/cm? g/cm? 


339.7 «Be 
339.7 6c 

339.7 i3Al 
338.5 Al 
337.9 aCu 
338.5 aCu 
339.7 oCu 
339.7 so5n 
339.7 s2Pb 
338.5 s2Pb 


By Mev 
0.91 
0.88 
1.04 
0.92 
1.12 
1.25 1.89 
1.24 1.88 
1.50 — 
1.90 2.32 
1 2D 


Energy 
Mev 





1.75 
1.83 
1.84 
1.40 
1.44 


76.73 
70.03 
79.42 
78.63 
91.84 
91.77 
92.69 
107.41 
124.37 
122.76 


76.68 
69.97 
79.26 
78.47 
91.43 
91.36 
92.27 
106.58 
122.80 
121.21 











We replace in Eq. (4) the sum by an integral and 
use (5) to obtain 


Zm R Eo 
R—R*=— (ioe Ja. 
2M vo E(x) 


If we assume R~ E'-75, which is a good approximation 
of the range-energy relation, we have 


R—R*=ZmR)/2M (1.75), 


(6) 


(7) 
(R—R*)/R=Z/6400. (8) 


The values of R in Table I are obtained from the values 
of R*, directly observed, with the help of Eq. (8). 

Our experimental arrangement is practically the 
same as the one used by Bakker and Segré in their 
investigation mentioned above. The deflected beam of 
the 184-inch cyclotron is collimated to 1-inch diameter, 
passes through the Cerenkov radiation apparatus and 
enters an ionization chamber full of argon at atmos- 
pheric pressure.* The chamber is closed by foils of 
copper-beryllium alloy, 2 mils thick, and its interior 
walls are of aluminum 7 mg/cm? thick. The depth of 
the part used is 5 cm and the diameter is 10 cm. After 
passing through this chamber the beam goes through a 


LO 








Gmsy,_ 2 


T T T T T T T T T T T T T T 
14 6 168 1 
‘eal 20_ 122 124 126 128 om 
%Ro 


T T T T 


T 
-5 0 5 





Fic. 1. Relative ionization vs range; solid curve—experimental 
data; dotted curve—calculated curve using ¢=<ctheor. 


8 A sketch of the ionization chamber will be given in Chamber- 
lain, Segré, and Wiegand, Phys. Rev. 83, 923 (1951). 
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variable copper absorber carried by a wheel. This ab- 
sorber can be varied from 0 to 8.62 gram/cm? of copper 
in 12 equal steps. After having passed the variable 
absorber the beam goes through a stack of plates of the 
material under investigation and then passes through 
an ionization chamber identical to the one described 
above. The ratio of the ionization current in the two 
chambers is plotted as a function of the absorber 
between the two. 

We compute all thicknesses of the wheel absorbers, 
windows, etc., in g cm~ of equivalent stopping power 
as if they were composed of the same substance as the 
main aborber, using the results of reference 3. The 
thickness of these absorbers is in any event a small 
fraction of the total thickness. 

As an example of the curves obtained the case of 
lead is shown in Fig. 1. 

We must now obtain from these data the mean range. 
If we call i(¢) the ionization per cm of argon in the 
ionization chamber produced by-a single particle at 
distance ¢ from the end of its range in the absorbing 
material, and assume for the distribution of ranges due 
to straggling the gaussian form of probability 

P(R)=(2x)—4o— exp[ — (R—R*)?/207] (9) 


we have for the ionization measured in our chamber 


2 


exp[ — (x— R*)*/20* Ji(x—R)dzx. 
(10) 


I(R)= k(2n)-to f 


R 


Assuming a new variable (x—R)/o=u and calling 
(R—R*)/c=», formula 10 becomes 


2a 


1=Kf exp[ —3(u+2)? ji(ou)du, (11) 


where K is a constant. 7 is represented accurately 
enough by 
i= (const)i*, 


(12) 


and we compute numerically the integral 


(13) 


se) f expl —}(x+2)? “dz. 
0 


This is given in Fig. 2. f(x) uses as a unit of length the 
standard deviation of the gaussian. It will be noticed 
that if we normalize the ordinates in such a way as to 
call the maximum 1, then /(0)=0.82. This means that, 
no matter what the value of the standard deviation, the 
center of the gaussian occurs at that value of the thick- 
ness for which f(x) is equal to 0.82 times its maximum. 
This is R*. 

The experimental standard deviation of the range 
distribution, o-xp, is obtained by comparing the experi- 
mental curves with Fig. 2. We normalize them by multi- 
plying the ordinates by such factors as to make the 
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maxima of the curves equal. We then multiply the 
abscissas of each experimental curve by such a factor 
that the theoretical and experimental curve may be 
superimposed upon each other. The thickness of 
material in the experimental curve corresponding to 
x=1 in the theoretical curve is the experimental 
standard deviation. 

Theoretically the straggling can be calculated with 
the formula of Bohr® 


(14) 


E 
o=4rNZet f (—dE/dx)-dE. 
0 


The values of ¢theor of Table I are computed by nu- 
merical integration from Eq. (14) and the values of 
dE/dx given in the tables of Aron et al.!° It will be 
noticed that they are about 0.75 times the experimental 
value. If we try to attribute the difference to inhomo- 


TABLE IT. The rectified measured proton range R, the predicted 
range from reference 10 Raron, and the difference between them 
Ra—R for various absorbers at proton energies near 340 Mev. 
The values of the average ionization potential I and Block’s 
“constant” J/Z are those which, if they had been used in the 
calculations of reference 10, would have made R,4 equal to R. 








Energy Ab- R Raron Ra-R I 1/Z 
Mev sorber g/cm? g/cm? g/cm? ev ev 
76.73 74.57 14.75 
70.03 69.40 12.91 
79.42 79.40 11.56 
78.63 78.95 11.19 
91.84 92.72 10.77 
91.77 93.01 10.48 
92.69 93.53 10.81 

107.41 — 
124.37 127.1 
122.76 126.4: 








59.0 

74.4 
150.3 
145.5 
312.3 
304.0 
313.4 


339.7 
339.7 
339.7 
338.5 
337.9 
338.5 
339.7 
339.7 
339.7 
338.5 


—0.02 
0.32 
0.88 
1.24 

2 0.34 

509N 

s2Pb 
s2Pb 


828.7 
792.6 


10.11 
9.67 


2.78 
3.69 








geneity of the energy of the beam AE, we obtain 


(Gexp?— Otheor)'= (—dE/dx) “AE. (15) 
Numerically AE is given in column 7 of Table I. It is 
clear that AE/E is about 0.5X10-*, a very good 
definition of the beam energy. 

Unfortunately there is a disagreement between these 
computations and experiment which is not entirely 
clear to us. If we examine Fig. 1, the experimental (solid 
curve) and theoretical results (dotted curve) agree for 
the region of the curve past the maximum, but not for 
the region preceding it. More protons have suffered a 
larger loss of energy than we expected. There are 
several possible reasons for this, the most probable 
being the effect of nuclear collisions, but we have been 


®N. Bohr, The Penetration of Atomic Particles through Matter, 
Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 18, 8 (1948), 
[Eq. (5.2.6). 

© Aron, Hoffman, and Williams, “Range Energy Curves,” AECU- 
663, unpublished (UCRL-121), unpublished. The range-energy 
curves are being recalculated by Mr. Aron using the information 
supplied in this paper and the paper of Bakker and Segré, see 
reference 3. Unfortunately the calculations of Mr. Walske, see 
reference 7, will not be available for this revision. 
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Fic. 2. Calculated shape of the ionization vs range curve from 
Eq. (13). 


unable to account for this effect quantitatively. We do 
not think however that it affects the determination 
of R. We estimate the standard deviations of these 
measurements to be approximately 1 Mev for the 
energy and 0.2 g cm~ for the ranges. Since dE/dx is of 
the order of 2 Mev/g cm~ at 340 Mev, an error of 1 Mev 
corresponds to an error of 0.5 g cm~ in the range and 
hence most of the uncertainty comes from the energy 
measurements. The uncertainty in energy AE (column 7 
of Table I), if present, is too small to produce an appre- 
ciable broadening of the Cerenkov line and is not 
detectable in this way. From figures analyzed as indi- 
cated above we have the results shown in Table I. 

With regard to the chemical purity of the samples 
used, we have these data: Beryllium: 99.9 percent. 
Carbon: 99* percent. Aluminum: 99.2 percent, im- 
purities Fe, Cu. Copper: 99.9 percent, impurities O, P. 
Tin: 99.8 percent, impurities Pb, Sb, As. Lead: 99.85 
percent. Bi 0.15 percent. 

In order to analyze our data further we have reported 
in Table II the energy, material, rectified experimental 
range and the range calculated by Aron ef al. for the 
substances studied. As shown by column 5 (Raron— R) 
is a small quantity, showing that Aron’s tables are 
quite accurate. It is however possible to improve them 
by changing the value of J used in their calculation in 
such a way as to bring them in exact agreement with the 
experimental results. This has been performed by 
Aron, and the values of 7 thus obtained are given in 
column 6 of Table IT. Column 7 gives /Z for the same 
substances. 

It will be noted that 7,4; is practically identical with 
the value of 150 ev found by Wilson in 1940, and Ix, is 
also in excellent agreement with the measurements of 
Madsen and Venkateswarlu. For the other substances 
our results agree quite well with the less direct measure- 
ments of Bakker and Segré. 

We wish to thank Mr. W. Aron for his generous and 
valuable cooperation in this work and Professors Bethe 
and Wick for interesting discussions. 

This work was performed under the auspices of the 
Atomic Energy Commission. 
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This paper describes the calculations and results obtained in 
fitting a phenomenological interaction to the properties of the 
deuteron and related low energy phenomena. This interaction is a 
linear combination of a central and tensor potential, where both 
potentials are of the Yukawa shape, but with different ranges. 
The calculations were based on the variation-iteration method 
which has the advantage of providing systematically improved 
trial wave functions, together with limits of error for the well 
depth eigenvalue at every stage of the process. The nonpositive 
definite character of the tensor potential complicates the nature 
of the convergence to the correct eigenvalue. Special methods are 
described to overcome this difficulty. The successive iterations 
were performed numerically on the Harvard Mark I calculator. 
The accuracy obtained for the well depth parameter was limited 
in practice by the finite intervals employed in the numerical 
integration, and is estimated to be one in 10‘. The quadrupole 
moment, as a nonstationary quantity, does not exhibit the same 
degree of convergence; the accuracy obtained was here estimated 
as one in 10°. The results are presented in tabular form as values 


I. INTRODUCTION 


N the phenomenological theory of nuclear forces, the 

shape of the nuclear potential first enters in a sensi- 
tive fashion in the theory of H® and in high energy 
nucleon-nucleon scattering. However, in order to treat 
these phenomena, it is necessary to take into account 
the low energy two-body data which serve to relate 
and limit the ranges and depths of the nuclear poten- 
tials but which are not strongly dependent upon well 
shape. In the present paper, we are particularly in- 
terested in the neutron-proton interaction in the triplet 
state. Calculations have been performed for various 
potentials to be described subsequently in which the well 
depths required to yield the experimental binding 
energy and quadrupole moment of the deuteron have 
been evaluated for a variety of ranges. The limitation 
on these ranges provided by other low energy phe- 
nomena such as neutron-proton scattering and the 
photodisintegration of the deuteron is also considered. 

The general form of the interaction potential in the 
triplet state as a function of r, the relative position 
vector for the neutron-proton system, is 


—[Vef(r/re)+V ig(t/r1) S12]. (1) 


V( rj= 

* Assisted in part by the joint program of the ONR and AEC. 

+ The results of preliminary calculations were described at the 

Washington Meeting of the American Physical Society in 1948, 

Phys. Rev. 74, 1223 (1948). The main body of this paper was 
completed in the spring of 1949. 


of the well depth parameter and of the quadrupole moment for 
four central potential ranges, five tensor ranges, and three values 
of the tensor strength. These tables also include values of the 
fractional amount of D state and of the effective triplet range. 
The experimental magnitudes of the latter quantities serve to 
delimit the permissible values of the tensor range. The photo- 
electric cross section of the detiteron is shown to involve only the 
triplet effective range in addition to the familiar zero-range for- 
mula. The cross section for photomagnetic capture contains the 
singlet and triplet phenomenological parameters, and in addition, 
a mixed effective range which also includes the effect of an ex- 
change magnetic moment. The value of the mixed range; as in- 
ferred from the experimental capture cross section, agrees with 
the average of the singlet and triplet effective ranges, within the 
rather large experimental uncertainties. For the energy domain 
in which it is appreciable, the photomagnetic cross section is 
almost uniquely fixed by the capture cross section. The comparison 
of these cross sections with experiment is satisfactory. 


Here —V.f(r/r.) is the potential for the central force 
characterized by a depth V., a range r, and shape f(x). 
The expression —V .g(r/r;) is the analogous quantity 
for the tensor force containing the dependence of the 
interaction upon the internucleon distance, while 


Si2=[3(61-1r)(o2:1r)/r? ]=o1-02 (2) 


contains the dependence upon the direction of the 
vector r relative to the spin vectors a; and @» of the 
two particles. 

Since our principal interest is in the deuteron, we 
have not specified the exchange properties of V(r). It 
should be emphasized that the form of the interaction 
contained in Eq. (1) omits possible velocity-dependent 
forces. 

In the present paper, the Yukawa potential is em- 
ployed for both f and g: 


f(x) = g(x) =e-*/x, (3) 


where r, and r; are varied over a considerable range. 
The Yukawa well is chosen for it appears to be com- 
patible with a symmetrical nuclear hamiltonian.’ In 
addition preliminary calculations? have indicated that 
a satisfactory theory of H* may be obtained. 

Similar potentials have been adopted by a number of 
authors. Rarita and Schwinger’ placed f=g, and used a 


1 Julian Schwinger, Phys. Rev. 78, 135 (1950). 
2 R. L. Pease and H. Feshbach, Phys. Rev. 81, 142 (1951). 
3 W. Rarita and J. Schwinger, Phys. Rev. 59, 436 (1941). 
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square well with a range of 2.8X10-" cm. Guindon‘ 
employed the square well shape for both f and g but 
permitted slightly different values for r, and r;. Bieden- 
harn,® Padfield,® and Christian and Hart’ have also used 
square well potentials, but have considered wider 
variations in r, and r; in order to fit recent neutron- 
proton scattering data. Several authors have employed 
Yukawa wells, including Chew and Goldberger,* Hu 
and Massey,’ Rarita,'® and Christian and Hart. Gen- 
erally, r. was placed equal to r; except for one case in 
which Christian and Hart considered a number of 
values of r,; for r-=1.18510-" cm. The exponential 
well with r.=7, has been treated by Rarita, and by Hu 
and Massey. The latter have also employed the gaussian 
potential. Jauch and Hu," and Wu and Foley,” employ 
the V(r) predicted by a meson mixture theory. 


II. DETERMINATION OF THE FORCE CONSTANTS 


The triplet neutron-proton potential (1) contains 
four constants V., Vz, r-, and r;. Two of these are deter- 
mined by 


e= binding energy of the deuteron” 2.230.007 Mev, 
Q=quadrupole moment of the deuteron 
(2.766+0.02) x 10-?? cm’. 


This leaves two free parameters, which we have chosen 
to be r. and r;. The central force ranges employed in 
the present calculations were varied about that given 
by proton-proton scattering, while r,; is kept larger 
than 7, in most instances, as is indicated by the theory?” 
of H*. Calculations were made for a sufficiently wide 
range of values of r, and r,, and the ratio (V;/V.), so as 
to include any possible changes in the experimental 
data. Computations were performed for four values of 
r., five of r,; for each r,, and three values of (V,/V.) 
for each (r,, 7;) pair, making sixty in all. 

We employ the variational-iterationa! method.'® This 
method is particularly valuable in the present problem 
because it provides (1) a method for estimating the 
errors in the eigenvalue by giving upper and lower 
bounds to them, (2) a method for systematically im- 
proving the wave functions by iteration, and (3) a 
method for extrapolation. Since the quadrupole moment 

4W. G. Guindon, Phys. Rev. 74, 145 (1948). 

5L. C. Biedenharn, Ph.D. thesis, MIT (1949). 

6D. Padfield, Nature 163, 22 (1949). 

7R. S. Christian and E. W. Hart, Phys. Rev. 77, 441 (1950). 

8 G. Chew and M. L. Goldberger, Phys. Rev. 73, 1408 (1948). 

*T. M. Hu and H. S. W. Massey, Proc. Roy. Soc. (London) 
A196, 135 (1949). 

10 W. Rarita, Phys. Rev. 74, 1799 (1949). 

J. M. Jauch and N. Hu, Phys. Rev. 65, 289 (1944). 

2 T. I. Wu and H. M. Foley, Phys. Rev. 75, 16, 1681 (1949). 

3 R. E. Bell and L. G. Elliot, Phys. Rev. 79, 282 (1950). 

4 A. Nordsieck, Phys. Rev. 58, 310 (1940); Kellogg, Rabi, 
Ramsey, and Zacharias, Phys. Rev. 57, 677 (1940); G. F. Newell, 
Phys. Rev. 78, 711 (1950). 

18 A recent measurement of the deuteron quadrupole moment 
yields 

Q=(2.738+0.016) X 10°?’ cm?. 


Kolsky, Phipps, Ramsey, and Silsbee, Phys. Rev. 81, 1061 (1951). 
16H. Feshbach and J. Schwinger, in preparation. 
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is a determining quantity, which depends rather criti- 
cally upon the wave functions, it was essential to em- 
ploy a systematic method with the properties already 
outlined. 

The wave function for the deuteron may be written 
as a linear combination of an S and D state 


v= (1/r)[u(r)+ (1/8!) Sisw(r) xm, (4) 


where x» is the spin function with magnetic quantum 
number m. The differential equations determining u 
and w are to be given in terms of the independent 
variable 
x=r/¥,. 
Then, if 
n=(Me/h?)"., =MV 42/h, 


n/t = (Me/h?)*":, 


t=F./T1, 
y=V./V., r\/7?=V./e, 
we obtain : 
(d?u/dx*)+[—n?+Af(x) Ju= —2!yrg(rx)w, 
(d*w/dx*) — (6w/x?)+ { —n?+ALf(x)—2yg(rx)]}w 
= —2bydg(rx)u. 
The quadrupole moment is 


Q= (23 tore f xT uw— (1/8!)w Jdx. (7) 
0 


To facilitate the solution by iteration, it is convenient 
to replace Eqs. (6) by equivalent integral equations: 


u=rf G, (x, x’) f(x’)u(x’) 


0 
+2!ye(rx’)w(x’) dx’, (8a) 


x’)u(x’) 


+[f(x’)—2yg(rx’) }w(x’)}dx’, (8b) 
where 
&G, (x, x’)/dx? —[(D(I+-1)/x27 JG, (x, x’) 
—7G, (x, x’) = —6(x—2’), 
6,0, x)=0, Go, x’)=0. 
Hence, we obtain 


G, (x, x’) = (1/n)sinhnx<e~"*-, 


1 3 
/) = (-)[ (+ - ) sinh. 
n (nx<)? 


3 3 3 
-— cosh (1+ ——-++ ——— Jem (9) 
NX< NX> (nx>)? 


Here the smaller of x and x’ is substituted for x- and 
the larger for x5. 

At this point it becomes possible to describe the 
iteration part of the calculation. Starting from an initial 


G(x, 3 
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TaBLE I. Result of several iterations, and comparison 
with extrapolated Q. 








Iteration r Q (10-27 cm?) 
Ao 9.5728 
Ao® 9.5726 
Ao) 9.5727 
Extrapolated 9.57266 
Ao 9.57265 











pair of trial functions %p and wo whose choice will be 
discussed subsequently, we may obtain a first iterate 
and w; by introducing “ and w» in the right-hand side 
of Eq. (8). The factor \ is a common proportionality 
factor, so that it may be absorbed into the definition 
of u; and w;. To obtain the second iterate, introduce 1 
and w, in the right-hand side of Eq. (8), and so on for 
the higher iterates. , 

The wave functions developed in this maaner are 
then employed as trial functions in a variational prin- 
ciple for \. Equations (8) are a pair of integral equations 
with eigenvalue ); i.e., the depth of the potential V» 
required to yield the experimental binding energy, as 
included in the parameter 7, is now the solution of an 
eigenvalue problem. This characteristic feature of the 
iterational scheme corresponds to the present state of 
knowledge in the theory of the deuteron, for the binding 
energy of the deuteron is known from experiment and 
one is looking for a corresponding value for the poten- 
tial depth. The necessary variational principles may be 
obtained from the original Schrédinger equation. How- 
ever, it is somewhat simpler to work directly from Eqs. 
(6) and (8). Let us define a matrix 


u 
-(') (10) 
Ww 
and matrix operators 


A ‘rel 0 ) 
4 0 ~(@/dx2) + (6/2) +9)’ 


24yg(rx) f(x)—2yg(rx) 


Then Eqs. (6) and (8) may be written 
Ag=)B¢, 
o=)A"'Bg. 


TABLE IT. Result of several iterations in a case 
of near degeneracy. 








Iteration Q (1072? cm?) 


Ao 4.52261 
dod 4.52118 
Ao 4.52257 
Extrapolated values 4.52188 
Ao 4.52186 
dot 4.52186 
Ao"! 4.52186 





wn 
Sas 
aus 


NM 
nw 








From Eqs. (13) and (14) two variational principles 
may be obtained. We shall be interested in situations 
in which the eigenvalues need not be of a single sign. 
Let Xo be the eigenvalue of least absolute value. We 
adjust operator B so that it is positive. Then, we have 


Ao= extremum[(¢, Ag)/(¢, Bg) ] (15a) 
\o= extremum (¢, B¢g)/(¢, BA"B¢) ], — (15b) 


where the symbol (¢, ¢) signifies the scalar product of 
¢ and ¢ integrated over x from 0 to infinity. Upon in- 


and 


- . F u . 
troducing the successive iterates ¢,= (“) into Eq. 
n 


(15), we obtain a set of values Ao”, which are approxi- 
mations to Ao: 


do” =(n, n—1)/(n, n), 


16 
Ao") = (n, n) (n,n+1), ’ 


where 


(n, m) = (¢n, B¢,,) 


or, in terms of u, and wy, 


(n, m= [ fientlmt 2!y g(t Wm+ Wnt) 
F +(f—2yg)wnwmjdx. (17) 


It may be shown"® that the sequences Ao‘), Ao" con- 
verge to Ao. The manner in which this occurs is com- 
plicated in this case by the nonpositive definite char- 
acter of B. A sufficient condition that B be definite is 
that the determinant 


| (2) 2hyg(r2) 
| 24yg(rx) f(x)—2yg(rx) 


be of a given sign. This is certainly the case for y=0, 
but the sign changes when (yg/f) exceeds (}) or (—g/f) 
exceeds (3), where it has been assumed that both f and 
g are positive. The nonpositive definite character of B 
has the consequence that the eigenvalues \ may be 
both positive and negative extending to + and —, 
One sequence of eigenvalues corresponds to those 
states for which the S state is the principal component; 
i.e., it gives the values of the potential V. for which a 
state, mostly S in character, has the binding energy e. 
The smallest positive A, Ao, is that potential for which e 
is the binding energy of the ground state. The other 
sequence of eigenvalues corresponds to those states for 
which the D state is the principal component. 

Two consequences of the above are of importance 
in the calculation. The inequalities satisfied by {Ao} 
and {Xo‘"*+#)} are considerably less specific when B is 
not positive definite compared with the positive definite 
situation. Thus, in the latter case, these successive 
approximations to \» form a monotonic sequence ap- 
proaching Ao from above: 


Ao"™ > Ag'**H DAp(*t) Dd +++ Do. 


For nonpositive definite B the {Ao} satisfy a weaker 
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set of conditions: 
[Ao | 2 Yo, 
|ro™ | > [Aint | , 
Ao’™Agi™tD > Ao’**DAg(etD > eee >o*. 


(18) 


Let A; be the eigenvalue whose absolute value is next 
in size to Ao. If, after some number of iterations, con- 
vergence to A» has proceeded to the stage that 


AY> Aol*thAg(*+), n> N, 
then we have 


MDA D ++ Do, _ mI. (19) 


We thus see that the set {Ao‘”}, integral, will, for 
sufficiently large m, approach \, monotonically from 
above. The values of \o‘"*#), integral, can be either 
above or below Xo. Eventually, however, the sign of 
(Ao‘"+? —Xo) will become independent of n, being posi- 
tive or negative in accordance with the sign of (Ao/A:). 
Thus, when o/A;<0, the set Ao"*? is asymptotic to 
Xo from below. 

Other upper and lower bounds to \» may be obtained. 
We give several of these: 


Ao™ —Agi"tPY 
o> ater 1 | (20a) 
| As — Jot PD 


Ao’ —Agi*tY 
Ag> ramet daly nsinotintabidapeataiiad 
1Aa| — git) 


} o™>0. (20b) 


If \, is known to be negative, then we have 


(20c) 


Ao —AgintD 
ro] ah 


o> nator iui 


a considerable improvement over Eq. (20b). Here, 2 
is the third in the sequence of absolute eigenvalues. 
Because of the possibility that \o"+» may be less than 
Xo, another upper bound which is useful may be 
obtained: 


Ag™ —Agiat+D 
| (20d) 


das att 1p 
Ia | +AgintD 


These inequalities are valid if the denominators are 
positive. To apply these inequalities, some method for 
obtaining a lower bound for |A,| is necessary. We have 
employed the relation, 


d:*> [spur(A~B)*— (Ao) ~*), (21) 


where 
spur(A~'B)?= at fax fax", x’’) f(x"") 
XG, (x”, x’) f(x’) + 167°C, (x, x’) g(rx"") 
XG,(2", ere) +G,(e, 2”) f(2") 
— 2yg(rx"") 1G, (x”, x’) f(x’) — 2g(rx’) ]}. 


197 


Taste III. Values of the parameter » corresponding to various 
values of u; wu is given in terms of the electron mass. 








0.224 
400 


0.256 
350 


0.313 0.275 
286 326 








A similar method"* is available for determination of Xz 
in (20c). 

Another remark should be made with regard to the 
product sequence in (18) or sequence (19). The rate of 
convergence is best when the ratio |(Ao/A:)| is very 
small compared with 1. For some values of the param- 
eter y, this ratio is very close to one, corresponding to 
an approximate degeneracy in the eigenvalues of the 
iterated operator in Eq. (15), (A~'B)?, which has eigen- 
values Ao~, Ar’, ---. This is particularly serious in the 
computation of such nonstationary quantities as the 
amount of D state and the quadrupole moment. Near- 
degeneracy may produce sizable fluctuations in these 
quantities with successive iterations. In practice, these 
fluctuations are in the relative amplitude of the S and 
D state rather than in the shape of the radial functions. 
Accordingly, the relative amplitude of the S and D 
state may, after a sufficient number of iterations, be 
introduced as a variational parameter. A simpler pro- 
cedure is given by the following extrapolation technique. 

Let F, F®, F®, --- be the values of a quantity 
F obtained by successive iterations. The quantity F 
may be A, or Q, or the value of u or w at a given point. 
If the iterations at stage F have proceeded far enough, 
it may be assumed that 

FO=F+f, FO=F+Ef, FO=F+ &f, 

where f is the error at stage F, while &, the parameter 
giving the rate of convergence, is \o/A1. We have essen- 
tially assumed that all the error comes from the ad- 
mixture of the eigenfunction of \,; to that of Ao. From 
these three equations we may determine F: 

F=FO—[FO~FOP/[TFO-—2FO+ F’). (22) 
If two sets of numbers F and G depend on & in the 
same way (e.g., A and Q), then it is possible to obtain 
& from one sequence and use it in the other so that 


F=FO~— (FO —F)G®-—Goy 
[G—2G%+G)], (23) 
The extrapolation method was checked by comparison 
with successive iterations in some of the worst cases 
which occurred and proved to be very accurate. 
Computational Details 


The first step in the calculation involves the deter- 
mination of a suitable initial trial function ¢9. We 


TaBLe IV. Values of (/r) and the corresponding 
equivalent meson masses. 
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Taste V. Values of A= MV.s2/h*, y=V./V-, Q=quadrupole moment, pp=amount of D state, pi1=effective 


triplet range for various values of n= (Me/h*)'r., n/7=(Me/h*)ri. 
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employed the integral equation variational principle 
(15b), in conjunction with simple one-parameter func- 
tions for « and for w, which satisfied the boundary 
conditions. The values of Xo, and therefore Vo, obtained 
were in error by a few percent. The error in Q was 
considerably larger, and it must be concluded that 
discussions based on the variational method employing 
such simple functions without further improvement are 
not reliable. The function ¢)9 was then introduced into 
the right-hand side of Eq. (8) to obtain ¢;, etc.; the 
resulting approximations for \) and Q were obtained 
from Eqs. (16) and (7), respectively. 

These calculations were performed on the Mark I 
calculator of the Harvard Computation Laboratory, 
using Simpson’s trapezoidal rule over most of the 
range. The mesh was chosen so as to provide an over-all 
accuracy for the final values of A» of at least one part 
in 10‘. There was some difficulty in the region near 
x=0, since integration (8b) involves a rapidly varying 
function of « behaving as 1/2x* as x—-0. A special integra- 
tion formula for this region was devised in which the 





known properties of « were utilized. In the region of the 
origin, u~x(Ao+Aix+A.22°+ ---). The coefficients A; 
may be expressed in terms of the tabulated values of u. 
The integration for each power of x may then be per- 
formed and the final integral expressed in terms of 
tabulated values of u multiplied by known numerical 
coefficients. The convergence obtained from successive 
do” was very good. It was generally necessary to per- 
form only two iterations, which is sufficient to permit 
the utilization of extrapolation formulas (22) and (23). 
The convergence to Q was not nearly as good, but with 
the extrapolation method it was possible to obtain Q’s 
which were correct to the third significant figure. A 
case which was carried beyond the second iteration is 
given in Table I, together with a comparison between 
the extrapolated Q and the next iterate. 

A second case in which there is a near degeneracy is 
illustrated in the Table II. The values of 9 obtained 
from the first two iterations Ao, Ao, Ao’, are seen to 
oscillate, and the second significant figure in Q is un- 
certain, At this point the extrapolation formula (23) 





NEUTRON-PROTON 


was applied to ¢ and then two further iterations per- 
formed. It is seen that the Ao‘”’-sequence for this new 
initial trial function is constant to six significant figures, 
and the first three figures of Q are now determined. It 
is interesting to examine just how accurate the ex- 
trapolation technique applied directly to the first 
group of Ao would be in this particularly difficult 
case. It is seen that the extrapolated \ agrees with the 
second, and correct group, to 1 part in 400,000, while 
the extrapolated Q is in agreement to 1 part in 2600. 

In any numerical method there is an unavoidable 
error following from the finiteness of the mesh. As a 
consequence an auxiliary problem has been solved; the 
exact problem is obtained only when the size of the 
mesh approaches zero. We may consider the difference 
between the two problems as a perturbation in B; and 
in this way we obtain 6A, the error in Ao, from the varia- 
tional principle (15): 


5do/Ao= — (¢, 5B¢)/(¢, Bg). 


Assuming Simpson’s rule is employed from x» to in- 
finity, the numerator may be approximately evaluated 
as 


(24) 


(¢, 5B¢)~(A*/90) (0°/x0°)(¢, B¢)’z=20, (25) 
where the prime signifies that only the matrix product 
is to be taken and A is the mesh size. An evaluation of 
Eq. (24) for several cases gives (5Xo)/Ao~10~. The 
error in Q from this source may be expected to be of 
the same order of magnitude. 


Ill. RESULTS 


A total of sixty cases were computed, a A and Q being 
obtained for each. The values of the parameter 7, pro- 
portional to r,, the range of the central force, were 
centered about the range suggested by the scattering 
data.” The various ranges employed may be related 
to an equivalent meson mass by the relation r.= (h/uc). 
The four values of yu, in terms of the electron mass and 
the corresponding values of 7 are given in Table III. 
For each value of r., five values of the tensor range r; 
were employed. The values of (n/r) (which is propor- 
tional to r,) and the corresponding equivalent meson 
masses are given in Table IV. It will be noticed that 
for the most part r; was chosen so that r,2r,. For each 
pair (7.,7:) three values of y were used. These were 
chosen so as to center the consequent values of Q about 
the experimental value of 2.766 10~*? cm? and so that 
accurate interpolation in the event of changes in Q and 
¢ would be possible. 

The values of \ and Q for each value of r,, r:;, and y 
are given in Table V. The values of y and \ needed to 


17J. M. Blatt and J. D. Jackson, Phys. Rev. 76, 18 (1949); 
J. D. Jackson and J. M. Blatt, Revs. Modern Phys. 22, 77 (1950); 
H. A. Bethe, Phys. Rev. 76, 38 (1949); G. Breit and W. G. 
Bouricious, Phys. Rev. 75, 1029 (1949). 
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give 0= 2.766 10-* cm’ tabulated in Table VI were ob- 
tained by interpolation from Table V. 

Some qualitative features of these results are as 
follows: 

1. For a given r. and r;, \ decreases with increasing \ or more 
precisely 

(1+~/r)A~constant. 

2. Fora given r. and r:, Q and pp increase with increasing tensor 

interaction 
y\/Q~constant, pp/Q~constant. 

3. For a given r, and Q, yd increases rapidly with decreasing r;: 


y\/r*~constant and (1++/r)A~constant. 


4. For a given r; and y, \ increases with increasing r-: 
A/n~constant. 
5. For a given r; and Q, y increases with increasing r-: 


+ /n~constant. 


The relations in groups 1 and 2 hold rather well, 
while those in 3, 4, and 5 are much more approximate. 
For example, relation 1 holds generally to better than 
1 percent, relation 2 to somewhat less than 1 percent, 
while relation 3 holds for the most part to better than 
10 percent. These relations are empirical results and 
should not be extended beyond the range of the pa- 
rameters considered in these calculations. 


IV. APPLICATIONS 


In this section, we shall investigate the limits set on 
the possible values of r, and r; as determined by other 
available data on the neutron-proton system. We shall 
consider the magnetic moment of the deuteron, low 
energy neutron-proton scattering, the photodisintegra- 
tion of the deuteron, and neutron capture in hydrogen. 


TABLE VI. Interpolated values of y, A, Pp, p: for Q=2.766XK 10°" 
cm? for various values of 7 and (n/r). 
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a. Magnetic Moment of the Deuteron 


The admixture of the D state contributes to the 
magnetic moment of the deuteron as follows: 


Lbp>= Batip— (3) oatup— (3) lop. 


Here, up, un, Mp are the magnetic moments in nuclear 
magnetons of the deuteron, neutron, and proton, re- 
spectively, and fp is the fractional amount of D state 
as defined by 


an a: “wd 7 f “(u-+w')de. 


However, Eq. (26) is incomplete because of other con- 
tributions to the magnetic moment of the deuteron 
arising from relativistic!* effects. The latter is difficult 
to estimate from the nonrelativistic potential, since the 
specific relativistic transformation properties of the 
interactions are involved. An investigation of the 
various simple modeis indicates that the correction to 
Eq. (26) is uncertain by +(7/2Mc?)~+0.008, where 
T is the average internal kinetic energy of the deuteron. 
The consequent uncertainty in pp is +0.016. In Table 
V the value of fp for each value of y and is tabulated. 
It is seen that pp depends principally upon 7, not being 
sensitive to variations in y for a given 7. Most of the 
values of pp for 0.275<n/r<0.640(n/r= (Me/h?)'7,) 
fall within the admissible range for pp=0.04+0.016. 
It is clear, however, that the regions 7/7>0.640 and 
n/7<0.275 are excluded. 


(26) 


(27) 


b. Neutron-Proton Scattering 


The phase shift 6, for the *S, scattering of neutrons 
by protons may be determined from the expansion: 


k coté:= —a+}(k+a*)p:+0[(k+2*)’p;"], (28) 
o= Me/h?=(n/r.)?, 


where p; is the effective triplet range. The parameter 
p; may be expressed in terms of the deuteron wave 
function by the expression, 


(29) 


a=2f [e2or— (u?-+-w*) |dr. 
0 


Here, (u?+-w*) has been normalized so that it approaches 
eer as ro. The values of the effective triplet range 
p: computed from Eq. (29) are given in Table V. The 
recent experimental data for the coherent'® neutron- 
proton scattering amplitude, the neutron-proton”® cross 
section for epithermal neutrons, together with the 
binding energy of the deuteron, can be used to deter- 
mine the triplet scattering length a; (the limit of 


18H. Primakoff, Phys. Rev. 72, 118 (1947); G. Briet and I. 
Bloch, Phys. Rev. 72, 135 (1947). 

19 Hughes, Burgy, and Ringo, Phys. Rev. 79, 227 (1950). 

20 FE. Milkonian, Phys. Rev. 76, 1744 (1949). 


(6,/k) as k approaches zero) and the triplet range p1: 
a,=> — (5.39-+0.03) x 10-" cm, 
pi= (1.73+0.04) X 10-8 cm.** 


Many of the values given for p; in Tables V and VI are 
incompatible with the measurements, so that the pos- 
sible values of the range of the tensor force for a given 
central force range are sharply restricted. In particular, 
the admissible tensor force ranges are significantly 
greater than the central force range. It should be noted 
that this conclusion is independent of the exact value 
of the quadrupole moment for, as may be seen from 
Table V, the value of p; is not sensitive to the value of Q. 


c. Photodisintegration of the Deuteron 


We develop a phenomenological description of both 
the photoelectric and photomagnetic effect. In the 
former case, the empirical absence of interaction in the 
final state makes it possible to express the cross section 
in terms of parameters describing the triplet n—p 
system which are already known experimentally. On 
the other hand, for photomagnetic effects which in- 
volves transitions between triplet and singlet states, 
one needs, in addition to the singlet scattering param- 
eters, a new phenomenological constant which also 
contains the possible effects of exchange currents. 


Photoelectric Disintegration 


The cross section for this process is proportional to 
the quantity 


2 
P= le fe-mertu/nar / { we+w%ar (30) 


Here, e is the polarization vector for the incident 
photon, and 4k is the relative momentum in the center- 
of-mass system for the final P state in which the inter- 
actions between neutron and proton have been neg- 
lected. The transitions from the *D part of the deu- 
teron ground state wave function may also be omitted. 
Equation (30) is based on the interaction }eE-r in place 
of —(e/Mc)p-A, since the former includes the effects of 
exchange currents. 

We compare P with its value in the zero-range 
approximation : 


| 2 
Pr ler ferrets | Serra (31) 
| 


Adopting the normalization 
(u2-+-w*)—>e22", 


the ratio of the denominators in P and Py may be 


*t Inclusion of the effect of the next term in expansion (28) as 
determined by J. M. Blatt and L. C. Biedenharn (private com- 
munication) reduces the value of p; by 1.6 percent to 1.70X10-" 
cm which is within the quoted experimental error. 
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expressed in terms of p;: 


f (u2+-w*)dr / f erdy= (1—ap;). 


The integral in the numerator of P is 


(32) 


N= f e~**-tr(u/r)dr 


= ivi f™*(u/rdr 
=triv ce) snkradr} (33) 


where V; is the gradient operator in k space. The 
asymptotic behavior of u is given by »=(1—{;*)#e-*", 
where 


(So/(1—$0*)!) = lim (w/w). 


Since {o?~10-*, we shall ignore the factor (1—{o?)? in 
the discussion below. We may write 


f u sinkr dr= f v sinkr dr— f (v—1u)sinkr dr. 
0 0 0 


Since »— vanishes outside the range of nuclear forces, 
it is permissible for the energies being considered here 
to insert a power series expansion for sinkr in the second 
integral. N then becomes 


N=-— [8nih/(+- a" 1 —} (ref r¢ - war] 


(34) 


The first term in N gives the zero-range approximation. 
The second range-dependent term is proportional to 
(k?-+-a*)’p,*, the proportionality constant being a rather 
small number. A closer estimate of the correction may 
be obtained through the use of the approximate wave 
function 

u=e7o" — ce, 


y=(3/p:)(1+---), which is suitable for the meson, 
exponential, or Hulthen potential wells. Then the range 
dependence of N is measured by 

(k?+-a*)*p14/81 ~3 X 10-*(1+ #?/a*)*. 


This is very small compared with one even at rela- 
tively high photon energies. We shall therefore omit 
the correction, so that the quantity P is given by 
P= P,/(1—ap). 
Hence, the photoelectric cross section” is 
oe=04/(1—api), (35) 


2 This formula was first given by H. A. Bethe and C. Longmire, 
Phys. Rev. 77, 647 (1950), and J. M. Blatt (unpublished). 
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where o, is the cross section for zero-range nuclear 
force: 


Se se\ /1\ (cE)! (<£)! 
o0=—(—) (=) = 1.15X 10-** cm*——, 
3 Nac] \a2/ (E+) (E+) 


in which E+ is the energy of the incident photon. 

Thus, the energy dependence of the photoelectric 
cross section is given by the zero-range formula. Intro- 
ducing a finite range changes only the magnitude of 
the cross section, so that a measurement of the absolute 
cross section will give a determination of p:, the triplet 
scattering range. We shall compare this result with 
experiment after photomagnetic effects have been 
considered. 


Photomagnetic Disintegration 


The cross section for photomagnetic disintegration 
in which the very weak transitions to the D state have 
been omitted is 


rse E+e sin*59 
on = (-) (un—Hp)*— 
3\hte Me k 


[ ftt-t etre] 
x 


f (u*+w*)dr 


, (36) 





where w; is the singlet S radial wave function multiplied 
by r, normalized so as to approach sin(kr+ 4»)/sinds for 
large r, and we again normalize (u?+-w*) to approach 
e-", The function g(r) has been introduced to repre- 
sent the effect of the exchange magnetic moment as it 
appears in the triplet-singlet transitions.“ The spin 
operator character of this moment need not be specified, 
since the transition to the singlet state is from a unique 
triplet spin state. In addition, it may be expected that 
g(r) is appreciable only within the range of nuclear 
forces. 

The cross section for the inverse of this process, the 
radiative capture of slow neutrons is 


mez) (G)ono(Ga) 


| f wuditsioar] 
Xx ’ 
J cotwrar 





(37) 


% The exchange magnetic moment can be related phenomeno- 
logically to the exchange tensor interaction. A calculation of this 
contribution to the mixed effective range and of the magnetic 


moments of H? and He’ is in progress. 
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r 
w—1+(-), 
roe a 
and ap, the singlet scattering amplitude, is the low 
energy limit of (6)/k), and £, is the neutron kinetic 
energy in the laboratory system. The experimental 
value of a» is (23.740.1)X 10-8 cm. 
The integral in the numerator of Eq. (36) may be 
rewritten as follows: 


w= f ult+e()Imdr= f vv,dr 
0 0 


~ f (vo4—uu)dr+ f "eee nae 
0 


where v=[sin(kr+5o)/sindo], »=¢-*" give the asymp- 





T T ! ' ' 














Fic. 1. The cross section for the photomagnetic disintegration 
of the deuteron, where hw is the incident gamma-ray energy and 
¢ is the deuteron binding energy. 


totic behavior of u, and u, respectively. Hence, we have 


M,= [(k cotéot+a)/(a?+) ]— 35, 
(3p)= f (omy ns)dr— f uu,g(r)dr. (38) 
0 0 


Since both contributions in Eq. (38) involve only the 
behavior of the wave functions within the range of 
nuclear forces, p, a mixed effective range, will be in- 
sensitive to the kinetic energy of the emergent par- 
ticles. Therefore, Mo, in particular, will be given by 
Mo=(1/a)[1+(1/oa0)]— 36 

with the same f as in Eq. (38). In terms of the zero 
energy triplet scattering length ay, 


a, ae (1/a)[1/(1—}ap:) ], 
M, becomes 
Mo= (1/aa)[ao(1—4ap) —ai(1—4ap)) | 
=[(ao—a1)/ado ][1—4ex(aop— aip1)/(ao— a) J. 
Introducing this result into Eq. (37), we obtain 


o-= (2¢/En)(e/Me)a, (39) 
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where 


é € 
o=r(—)sn—n0)*(—) (oa) 
he Mc? 


[1—}a(aop—ayp1)/(ao— a1) P 
1—ap; 





= (1.02+-0.01) x 10-** cm? 
a —}a(aop—arp:)/(ao— a1) F 
1—ap, ; 


(40) 





The cross section for photomagnetic disintegration 
may be expressed in terms of é: 


ka 
On= 46 
(a?-+ k*) 
[1+ (k/2a*)a(oo—p)/(1—4ap+1/aao) P 
1+ #a0(de+po)-+(4)(Haap0)® 
With the exception of §, all of the quantities appearing 
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Fic. 2. The ratio of the cross section for photoelectric dis- 
integration and the cross section for the photomagnetic disin- 
tegration of the deuteron, where fw is the incident gamma-ray 
energy and e is the deuteron binding energy. The references to 
experiment are: 


Lon O. Lassen, Phys. Rev. 74, 1533 (1948); 75, 1099 
1949). 
G=F. Genevese, Phys. Rev. 76, 1288 (1949). 
M=E. P. Meiners, Jr., Phys. Rev. 76, 259 (1949). 
WH=W. M. Woodward and J. Halpern, Phys. Rev. 76, 107 
(1949), 
HW =B. Hamermesh and A. Wattenberg, Phys. Rev. 76, 1408 


(1949), 
BHSW =Bishop, Halban, Shaw, and Wilson, Phys. Rev. 81, 220 
(1951). 


Go=G. Goldhaber, Phys. Rev. 81, 930 (1951). 
H=P. V. C. Hough, thesis. 
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in the expression for the capture cross section are ac- 
curately known experimentally. In the cross section for 
photodisintegration we encounter po, the singlet scat- 
tering range which has not been accurately determined 
from scattering data. It is noted that the energy de- 
pendence of o», is more sensitive to the value of po than 
the corresponding singlet n— scattering cross section. 
Unfortunately, this additional energy dependence will 
first become significant for k?~a’?, where the magnetic 
cross section is a small fraction of the total. Thus, for 
the low energy domain where the photomagnetic cross 
section is appreciable, the latter is essentially deter- 
mined by é which is however better fixed by the more 
accurate experimental capture cross section. 

The experimental value of 0.310+0.02 barn™ for the 
capture cross section at a neutron energy of (1/40) ev 
implies a value of (0.976+-0.07) X 10-** cm? for ¢. From 
this 6 may now be obtained: 


p= (2.18+0.3) X 10-* cm. 


It may be noted that, within the large experimental 
uncertainty, the value of f agrees with the average of 
pi=(1.7340.04)K10-" cm and pp=(2.54+0.5) 10-* 
cm the latter being inferred from neutron-proton scat- 
tering data, this average being (2.12+-0.25) x 10-" cm. 
This is what would be expected if the exchange moment 
were not appreciable and if the shape of the singlet 
and triplet S wave functions were similar within the 
region of nuclear interaction. For example, if we em- 
ploy the approximate wave functions u=e*"’—e", 
uo=1—e-* where y~3/p, and £~3/p) we obtain, 
with neglect of the exchange moment contribution, 


p=2 f (vvp— uttg) dr 
= $[p0+01—prp0/(po+p1) 
= $(p0+01){1+-4L(o0—p1)/(o0+p1) F}, 


which differs negligibly from the average” (po+1)/2 
for the values of po and p; of interest. 

A curve for the theoretical photomagnetic disin- 
tegration cross section is given in Fig. 1. The experi- 
mental quantity which involves this cross section most 


%W. J. Whitehouse and G. A. R. Graham, Can. J. Research 
A25, 261 (1947). See comment in Bishop, Collie, Halban, Hedgran, 
Siegbahn, Du Toit, and Wilson, Phys. Rev. 80, 211 (1950). 

6 This is the simple form assumed in reference 21. 
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Fic. 3: The cross section for the photoelectric disintegration 
of the deuteron, where fw is the incident gamma-ray energy and 
¢ is the deuteron binding energy. The references to experiment are: 


CW=J. H. Carver and D. H. Williamson, Nature 167, 
154 (1951). 

aa and Sternberg, Phys. Rev. 75, 1290 
1949). 


( 
BCHHSTW =Bishop, e¢ al., reference 24. 
mashes Stafford, and Wilkinson, Nature 165, 70 


(1950). 
WY=H. Wiffler and S. Younis, Helv. Phys. Acta 22, 
414 (1949). 


sensitively is the ratio ¢./om, as inferred from the angu- 
lar distribution of the disintegration products. The not 
very precise experimental determinations are compared 
with theory in Fig. 2 with no evident inconsistency. 

If the theoretical values of c,, are subtracted from the 
experimentally determined total cross section, one ob- 
tains photoelectric cross sections which are compared 
with theory in Fig. 3. The satisfactory agreement in- 
dicates the consistency of the values of p; obtained from 
the photoelectric cross section and from scattering and 
binding energy data. 

We are indebted to Dr. Julian Eisenstein, who was 
associated with us in the early phases of this work.” 
We are grateful to Dr. H. Aiken and the staff of the 
Harvard Computation Laboratory for their coopera- 
tion. Mr. John Harr of that laboratory was in charge 
of the machine computations and was also very helpful 
with the required numerical analysis. Miss Polly 
Leighton of the Joint Computing Group at Massachu- 
setts Institute of Technology did many of the pre- 
liminary calculations and helped in the analysis of the 
final results. 


26 Feshbach, Eisenstein, and Schwinger, Phys. Rev. 74, 1223 
(1948). 
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The mass tensor approximation, introduced by previous authors to calculate the scattering cross section 
of slow neutrons by molecules when the incident energy Zo of the neutron is large compared with the average 
level spacing of the molecular rotations, is extended here to take into account the molecular vibrations. 
Calculations are made in the case of Hz and CH, at room temperature for neutron energies below the thresh- 
old of excitation of higher vibrational states. The agreement with experiment is very satisfactory in the 
expected range of validity of this theory. The cross section for higher Zp is also treated in the case of He, 
without taking into account, however, the thermal agitation of the scattering molecules: the asymptotic 
form of the total cross section for large values of Eo is derived, and numerical calculations show that the 


asymptotic behavior is quickly reached. 





HE ratio o/c; of the neutron scattering cross 

section for nuclei in a molecule to that for free 
nuclei has been calculated by Sachs and Teller;! they 
treat the molecule as a rigid body and, using a classical 
approximation which introduces a mass tensor for the 
scattering nucleus, they obtain a simple expression for 
the scattering cross section of a molecule in a given 
orientation and with a given velocity of the scattering 
nucleus. The averaging of this expression over orienta- 
tion and velocity is then carried out by an elaborate 
numerical procedure. They find that the numerical 
result for the energy dependence of o/o; thus obtained 
can be well represented by the linear relationship: 


o/a;=a(kT/Eo)+6, (1) 


where T is the temperature of the scattering medium, 
k the Boltzmann constant, Eo the energy of the incident 
neutron, a and 6 suitable numerical constants. It has 
been shown by Placzek? that this linear relationship 
may be obtained by performing this averaging analyti- 
cally. He obtains the coefficients a and 8 as functions 
of the principal values of the mass tensor. His calcu- 
lation leads to changes in the numerical values of a and 
b given by Sachs and Teller, especially in the @ for the 
He molecule. 

This theory—referred to later as MTR theory—is 
based on the assumption that Ep and &T are large 
compared with the mean level spacing of the initial 
rotational states of the molecule, and small compared 
with the vibrational quanta. Because of these two 
conditions, its region of applicability is rather limited. 
In the present paper, the mass tensor treatment, whose 
validity depends only on the first of the above restric- 
tions, has been extended by taking into account the 
vibrations of the molecule (this will be referred to as 
MTV theory) and applied to the case of H, and CH, 
molecules. 

The derivation of the basic formulas giving the 
scattering cross section by bound nuclei in the mass 


* Now at the University of Rochester, Rochester, New York. 
1R. G. Sachs and E. Teller, Phys. Rev. 60, 18 (1941). 
2 G. Placzek (to be published). 


tensor approximation is given in Sec. I. In Sec. II is 
outlined the general analytical procedure which will be 
used to treat the particular cases in the next sections; 
the connection between MTV and MTR theory is 
shown. The scattering by H: molecules is treated in 
Sec. III. The elastic cross section is calculated, the 
doppler effect caused by thermal motion of the molecule 
being taken into account; the numerical results are 
given for a Hz gas at room temperature. The general 
formulas for the inelastic cross sections are then given, 
neglecting the doppler effect. The asymptotic behavior 
of the total cross section at increasing Ep is calculated, 
and a numerical study shows the rapidity of conver- 
gence toward this asymptotic form. In Sec. IV, the 
scattering cross section per proton in CH, molecules is 
treated. This study is restricted to the elastic cross 
section below the threshold of inelastic collision, and 
the same points are made as in the case of He. (The 
general formulas for the inelastic cross sections are 
given in Appendix.) Section V is devoted to the dis- 
cussion of the validity of the theory and to the com- 
parison with experimental results. 


I 


It is well known that, in calculating the transition 
probability for scattering of slow neutrons by bound 
nuclei, one can use a 6-type neutron-nucleus interaction 
and apply the Born approximation. The matrix element 
occurring in the perturbation calculation reduces then 
to (F\exp(iP-R/h)|Z), where |Z) and |F) are the 
initial and final states of the molecule, R the position 
vector of the scattering nucleus? P the momentum 
transferred to the molecule. The molecule is assumed to 
be initially in its ground state of vibration |0), its 
initial states of translation and rotation are denoted 
by | 77) and | R;); its final states of vibration, transla- 
tion, and rotation by |), |7’r), and | Rr). Call R, the 
position vector of its center of mass; r, the vector 

3 The limitations of the present theory for low values of the 
incident energy are such that the wavelengths of the neutrons 
considered here are always small compared with internuclear 


distances. Consequently, the interference terms between waves 
scattered by different nuclei are merely neglected. 
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joining this center of mass to the equilibrium position 
of the scattering nucleus; w, the vibrational displace- 
ment of the latter: 


R=R,+r+w. 
The matrix element considered above may be written: 
(Tr|exp(iP- R./h)| T1XRr|exp(iP-r/h)Wy| Rr) (2) 


with 
Wyw=(N|exp(iP- w/h)|0). 


Wy is a function of P and of the coordinates fixing the 
orientation of the molecule. If the temperature of the 
scattering medium is large compared with the rotational 
constant: kT>>B, the initial rotational wave function 
can be replaced by a rotating wave packet with given 
orientation and angular velocity at the beginning of the 
collision. It is possible to give to Ww its value in this 
initial orientation and to take it out of the matrix 
element. If, in addition, the incident energy Zp is large 
compared with the mean rotational level spacing, the 
wave function of the incident neutron can also be 
approximated by a wave packet of such a small exten- 
sion that the time of collision is small compared with 
the period of rotation. Then, (1) reduces to the product 
of Wy and matrix elements involving the translational 
and rotational states whose unique role is to guarantee 
the conservation of linear and angular momentum 
respectively, i.e., to require that the energy transferred 
to the translational-rotational motion of the molecule 
has the same value Err as in a classical collision. 
The latter quantity is defined as 


Err'=V,-P+4PM—P, (3) 


where V, is the initial velocity of the scattering nucleus 
and M the mass tensor introduced by Sachs and Teller. 

Thus, apart from a constant factor, the transition 
probability for the neutron to be scattered into a given 
solid angle (2, 2:+dQ,) with the molecule suffering 
the vibrational transition 0—J, is equal to the product 
of |Wwy|? and the density of final states, which can be 
written 


aan f |Ww|*[E.+Ev+Err— Ey |P/dP, 
0 


where E, and P, are the energy and momentum, respec- 
tively, of the scattered neutron and Ey the energy 
transferred to the vibrations. Integrating over solid 
angle and dividing by the neutron initial velocity 
(Po/m), one obtains the scattering cross section with 
transition 0—N: 


ew (6/Pa) f |W "9 Ext E+ Era"'—EaVaPy (4) 


The constant of proportionality c is determined by the 
condition that oy must reduce to the cross section o. for 
scattering by the rigidly fixed nucleus when |Wy|*=1, 
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Err =Ey=0. This gives: c= o./42m. It is convenient 
to introduce 


y= (1+ u-)", 


mass tensor and reduced mass tensor, respectively, 
expressed in neutron mass units. Then, substituting 
Eq. (3) in Eq. (4) and taking the transferred momentum 
P as new integration variable, 


u=m—"M, 


ov= (¢0/2ePs) f By(P)3[Py*P-+2mV,- P 
+2mEy—2P>: P\d;P (5) 
with 
By(P)=|Ww|?=|(N |exp(iP-w/h)|0)|*.  (5') 


Equations (5) and (5’) constitute the basic formulas of 
the MTV theory. It reduces to the MTR theory if 
one writes By>=1 and By=0 (N+0), which merely 
expresses the neglect of vibrational motion. 

In case of degeneracy in the final state of vibration, 
it is convenient to deal with the sum of the scattering 
cross sections for transition to each one of the degenerate 
states. In such cases, oy will denote this sum and By 
the sum of the absolute squares of the matrix elements 
corresponding to a transition to each degenerate state. 
With these conditions, Eq. (5) will still hold. 

The cross section oy has to be averaged over all 
initial states of the scatterer, namely, over random 
orientation of the molecule, then over the initial values 
of V,, whose distribution depends on the temperature 
T of the scattering medium according to Boltzmann’s 
statistics. Those two successive averages will be denoted 
by é@y and (éy)r. Then, the cross section o for the 
whole scattering process is 


o= Do n(én)r. (6) 


o is the quantity which is experimentally measurable. 
All on, except the elastic one go, vanish for sufficiently 
slow neutrons. It is clear from Eq. (5) that the threshold 
depends on the initial state of the molecule. One also 
gets a threshold for éy and for‘ (éy)r, so that the sum 
Eq. (6) is in fact limited. Letting v’ be the largest 
component of », the threshold for (é¢y)r is Ty=Ew/v’. 


Il 


The calculation of By implies the knowledge of the 
vibrational potential V in the molecule. Introducing a 
set of normal coordinates g; and neglecting the effect of 
anharmonicity, one gets V=)>_; wg, where the w; are 
the normal frequencies, and the vibrational wave 
functions are products of one-dimensional harmonic 
oscillators, | V)=]],| m,). Expressing then w as a linear 
combination of the gi, w=. giwi, and _ setting 
ki=P-w,/h, By takes the form of a product—or a sum 
of products in the case of degeneracy—of absolute 


‘ The threshold for (@y)r is defined here by neglecting V,. It 
is, in fact, smeared by the thermal effect; but, at the temperatures 
considered in the following, the values of (¢y)r below its “thresh- 
old” are negligibly small. 
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squares of matrix elements of the type (| exp(ikig:) | 0). 
It can be expressed analytically with help of the 


formula® 
| (| exp(ikg) |0)|?= (m!)-'(hk?/2w)” exp(—hk*/2w); (7) 
in particular 

| (0| exp(ikg) |0)|?=exp(— hk*/2w). (8) 


The calculation of the multiple integrals involved in 
(éy)r and even &y is in general exceedingly complicated. 
However, in the cases of H; and CH,, the expressions are 
greatly simplified, since the axis joining the scattering 
nucleus to the center of mass of the molecule is an axis 
of cylindrical symmetry for the scattering problem. 

Call P, 6, ¢ the polar coordinates of P with the axis 
of symmetry as polar axis; M,, yw, », the principal 
components of M, uw, v along this axis; Mo, ue, v2 the 
other principal components (M,>Mo, u1> "2, ¥1>¥2); 
and introduce the quantities u, a, vj, s such that 


u=cos8, a=cos(Po, P), 
0j=V,-P/P, 2/s=ve4— (ve — 9,1). 


From Eq. (5) 


+1 
év=(ee/2"Pr) f BydsPC} f 8(PyP-++-2mV,-P 
a 


+2mEy—2PoPa)da]. (9) 
Performing the a-integration and introducing polar 
coordinates, one gets 


év=(02/24P¢) f PBydudgdP, (10) 
F.<0O<F, 


F= P*+-s(mv\,+Po)P+smEn. (10’) 
(Note that the volume of integration is limited by an 
algebraic surface of order 4.) The thermal average 
leads to relatively simple analytic expressions for the 
elastic cross section only. This will be shown now and 
the final expression will exhibit the link with the MTR 
theory. Bo, as will be seen later, takes the form, 


Bo=exp[ —t(2hw)—(P?/2m) ], (11) 


where {= A,u?+ Ay, (A), Az are nondimensional con- 
stants depending on the elastic forces in the molecule) 
and w is chosen, for instance, as the lowest vibrational 
frequency in thé molecule. It is convenient to introduce 
also y= Eo/2hw. Then 


+1 Qn Pp" 
Go= (Ce sri) [ auf de f P 
=" 0 Pp 


Xexp[—t(2hw)—(P2/2m) dP. (12) 


5.N. Arley, Kgl. Danske Videnskab. Selskab 16, 1 (1938). 
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The range (P’, P’”’) takes the following values: 


(a) if —Po<myp;< Po, 
(P’, P’”)=(0, s(Po—mzrj))), 
(b) if mM}; < —Po, 
(P’, P”)=(s(—Po—m,;), s(Po—m)), (13b) 
(c) if mv,>Po, (P’, P’”)=(0,0). (13c) 
As long as the initial velocity of the neutron is greater 
than the scatterer one V,, case (a) necessarily holds 
and, from Eqs. (12) and (13a), 


1 2r 
50= (v0/4y) f de f (dg/2n)t 


xX [1—exp(—s%(Po— mv;)*/4mhw) ]. 


(13a) 


(14) 


If one performs the thermal average by assuming that 
case (a) holds for all values of »;,, one obtains a result 
(éo)r greater than the correct one by an amount which 
becomes vanishingly small with increasing Eo. This 
approximation will be discussed more precisely in Sec. 
V. Doing it, expanding the integrand in Eq. (14) in 
powers of »;, and substituting in the successive powers 
of », their thermal averages (which no longer depend 
on ¢), one gets 
1 


(Go) r= (Cw Ay) f eC1—exp(—sy) Mu 
0 
+ f Clo *)r/2hasTC4— sty] exp(—sy)du 
0 


+ f Cm? *)n/(2heo)* 1 —9-+ betty 


—}stPy*]st exp(—stty)du+-:- (15) 
If one assumes a maxwell distribution of velocities— 
which is consistent with our condition k7>>B—the 
thermal averages (mv,\")7, (m?0);*)r, «++, are obtained! 
by expressing 2; in terms of the components of the 
vector e=M'V,, and then averaging in o-space with 
the Boltzmann weight exp(—?/kT). This leads to 


(mv) \*)r= (2—s)skT, 

(mo) \*)r= 3(2—s)?s*(kT 
Introducing O=k7T/2hw, and substituting Eq. (16) in 
Eq. (15), 


1 
(G0)r= (02/4) | f t'[1—exp(—s*ty) ]Jdu 


(16) 


+ of s(2—s)($—s*ty) exp(—s*ty)du 
0 


1 
+e f 15*(2—s)(—$-+4stty 
0 


—}s*Py*) exp(—s%y)du+--+}. (17) 





SCATTERING OF SLOW NEUTRONS BY H; 


For small energies, the most convenient way to calculate 
(é)r is to express the exponentials in the integrands of 
Eq. (17) in power series; one obtains (é)r as a double 
expansion in ascending powers of y and © whose coeffi- 
cients are analytically integrable. 


Gde/(oa/4)=| f stdu—y/2f sin] 


1 7! Ka oo 
+(o/9)5f s(2—San—y f si(2—s)du 
5 1 
+f se s)du—--| 


ey, 3! 15 
+—|-- f sH(2—s)hdut—y f sP(2—s)*du 
yl 8, 8 wo 


35! 
-—y f se 2—s)int os Le (18) 
16 


The results of MTR theory are easily deduced from 
Eq. (18). The neglect of vibration consists mathemati- 
cally in taking the limit of this expression for hw 
infinite, or expressed otherwise, in letting © and y be 
together infinitely small but keeping the ratio 0/y 
= kT/E, constant, i.e., 


(oabr/(hon)= ff stdu-4(4T/Eo) f s(2—s)du, (19) 


0 


which is exactly the expression (1) with coefficients in 
agreement with the analytic expressions given by 
Placzek. On the other hand, it is clear that the asym- 
ptotic form of (é)r for low energies may also be written 
in the form, 


(G0)2/(ho0)~a'(kT/Eo)+0’ (20) 


by dropping in Eq. (18) all the terms involving positive 
powers of y. a’ and 6’ are expansions in power of @ 
whose constant terms are the coefficients of MTR 
theory written explicitly in Eq. (19). The formulas 
(19) and (20), in the case of H, and CH, at room 
temperature are compared in Table I. 


Il 


In the case of the scattering by H2 molecules, the 
axis of the Hz molecule constitutes the axis of cylindrical 
symmetry of the scattering problem. The mass tensors 
nu, v have the following components: wi:=2, p2.=1, 
v,=%, vo=}4, and 1/s=1—}*. The rotational constant® 
B=0.007356 volt. The energy of vibrational quantum 
hw=0.54617 volt. A vibrational state is designated 


*G. Herzberg, Molecular Spectra and Molecular Structures 
(Prentice-Hall, Inc., New York, 1939), Vol. I. 
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Taste I. Comparison between the expressions of o/ey given 
by MTR theory and MTV theory (at low incident energy) for 
scattering per proton in H; and CH, at room temperature (&T 
=(.0258 volts). A maxwellian distribution of molecular rotations 
is assumed. 








MTR expression Asymptotic MTV expression 





0.488 (kT /Eo)+ 1.200 


H: 0.491(kT/Eo)+ 1.216 
0.3314(kT / Eo) + 2.2058 


CH, 0.3468(kT /Eo)+2.3778 








by the number » of its vibrational quanta. The thresh- 
olds for the successive inelastic collisions, 7,= 3nhw. 
If g is the normal coordinate (corresponding to the 
hamiltonian for the vibrational motion Hyi,=}(?* 
+w*g’)), it is connected with the displacement w of 
the H nucleus from its equilibrium position by 
w=(2m)~g. Then, from the definition (5’) and with 
help of Eq. (8): 


B,= (n!)—"(wP?/4mhw)* exp[ — 2 P*/4mhw |, 
Bo= exp[ —u2P*/4mhw }. 


Here ‘= *. It is convenient to compare the calculated 
cross sections with the scattering cross section o; by 
free protons, rather than with ¢.; cs=}0%. 

A complete treatment of the elastic cross section is 
now given; the latter is equal to the total cross section 
as long as Ey<0.819 volt (y<0.75). The numerical 
calculations have been made at room temperature: 
kT=0.0258 volt, where the distribution of rotations 
is not yet maxwellian; the mean rotational energy 
(Er)r= 0.0235 volt. At such a temperature, about 7 of 
the molecules have quantum number J=1, One may 
question the validity of considering those rotating 
wave packets in the initial state, as was done in Sec. I. 
On the other hand, one sees from formulas (15) or (17) 
that the theory gives (é)r as a sum of terms: the first 
term is independent of the temperature (it may be 
obtained by writing V,=0 in all the preceding steps) ; 
the following terms may be understood as corrections 
for the doppler effect due to thermal agitation; those 
last terms will turn out to be very small for the values 
of the incident energy y where the theory is valid—the 
third term in Eq. (15) is even completely negligible.’ 
Consequently, (o)r has been calculated from formula 
(15), retaining only the two first terms, and expressing 
the second term itself as a sum of two contributions: 
one given by assuming a maxwell distribution of 
rotation, the second being the correction due to devi- 
ation from this distribution, as deduced from 


(mv) ;*)r=s~\(2—s)kT —}(1—w*) (RT —(Er)r). 


(21) 
(22) 


(23) 
Writing merely oo for (é)7, this gives 
oo/0;=Q+R(kT/Eo)—R'[(kT—(Er)r)/Eo]+--+ (24) 


7It may be shown to be less than 0.003(k7/E»)o,. It has been 
taken into account, however, in the comparison between MTV 
and MTR theory. 
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TaBLe II. Numerical values of the coefficients of the first 
powers of y, in the Taylor expansion of Q, R, R’ [see Eqs. (24a), 
(24b), and (24c)]. 
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TABLE III. Energy dependence of the scattering cross section 
per protons in Hy in the region of pure elastic scattering when 
T =300°K. Comparison with experiment. 








Q R R 


1.2159728 0.490626 0.186633 
—0.3379821 — 0.671468, —0.164495 
0.1174249 0.535065 0.094721 
—0.03685118 —0.299159 —0.041201 
0.0101218 0.014424 
—0.0024428, —0.00422; 
0.0005227, 
—0,0001005; 
0.0000175 
—0.0000027; 
0.0000004, 











y f [1—exp(—w's%y) (du/w), (24a) 


(24b) 


1 
f s(2—s)($—w’s*y) exp(—u’s*y)du, 
0 


1 
R= f (s?/2)(1—u?)(}—w?s*y) exp(—u?s*y)du. (24) 


Then it has been merely considered that the correction 
term for deviation from Maxwell distribution 
R'[(kT—(Er)r)/Eo] gives the limit of accuracy of the 
theory. It is given as such in Table III, and the numer- 
ical values of oo/o, are indicated accordingly. Q, R, R’ 
have been calculated by expanding the integrand in 
power of y and by analytic integrations of the coeffi- 
cients; the numerical values of the coefficients of the 
lowest powers are given in Table II. Table III gives, 


25; 
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Fic. 1. Energy dependence of the slow neutron scattering cross 
section per proton by He molecules at room temperature (T 
=300°K): theoretical curve given by MTV theory and ri- 
mental points. Arrow V indicates the energy threshold for inelastic 
collision. 


Theo- 
retical 
R’ [kT value 
R(kT/Es) —(Ep)r/Eo) ¢/os 
0.47888 


(¢/as)exp 
1.725 +0.01 
1.600 +0.01 


1.01569 








at some specific value of Eo, the values of oo/oy at 
room temperature and the contributions of each term 
in the sum (24). In Fig. 1 is shown the curve oo/a; at 
room temperature in a 1/E» diagram with its asymptote 
for low energies. 

One now turns to the inelastic cross sections. The 
expressions are much more complicated than in the 
elastic case and it is no longer possible to take so 
simply the effect of thermal agitation into account. 
The inelastic cross sections are treated here, neglecting 
the thermal agitation. It follows from Eqs. (10) and 
(10’) where one makes 2;;=0, E,=nhw and substitutes 
for B, expression (21). Again, the g and P integration 
may be carried out analytically and one is left with a 
single integral in u. 

If one sets 


fia)= f (xie~*/i!)dx=1—e*[1+(0/1!)+-+++(v'/i!)] 
: (i=0, 1, 2, eee), 
0, = }0s[ (sy)! (sy—m)*F, 


0 if y>n 
uo=42[1—(y/n)}! if n>y>3n, 
1 if #>y 


the final result is 
1 
#n/0;= (1/9) f Cfa(os)—falv-)du/u). (25) 
ud 


The right-hand side can be expressed in terms of 
elementary functions and the error integral in the 
special case: y=m (see Appendix). For all other values 
of the energy, one has to perform the integration 
numerically. Then the total cross section is given by 


C=) nbn. (26) 


It is interesting to study the asymptotic behavior of 
the total cross section a, and to see if it agrees, in this 
special case, with the general expression of the scattering 
cross section by a bound nucleus, which is obtained by 
assuming that the nucleus scatters as free and by 
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taking the doppler effect into account,’ i.e., 
o/o;=1+[(K)/3u.Eo], (27) 


where (K) is the average kinetic energy of the nucleus 
and u,= mass of scattering aucleus/mass of the neutron. 
In the case of He, neglecting thermal agitation, the 
latter formula reduces to 


o/as=1+(1/48y). (28) 


To solve this asymptotic problem, it is convenient to 
put Eqs. (25) and (26) in a slightly different form. 
One introduces o,(u) such that 


on(u) ‘aie tenia if sy>n 
os re 0 if sy<n 


(on(u)du is the scattering cross section with energy 
transfer of m quanta and momentum transfer directed 
in the cone between u and u-+dz), and also o(u): 


o(u) tev) fon(u) 
5) 
os n=0 Cs 
The symbol [sy] means: the greatest integer contained 
in sy. Then Eqs. (25) and (26) may be written 


(29) 


subege f (ex(u)/e;)du, o/ej= f (o(u)/o/)du. (30) 


Writing the right side of Eq. (29) explicitly, one gets 


Ea GY 


v4 = }0°s[ (sy)! (sy—n)! f. 


with 


Setting 
py’ =4/u?s= (4/u?)—1, 
e'= (E'/hw')=sy, 
rg= pet (e’—n) 1, 


the last expression may be written 
(el 2" 
o(u)/os=([(u'+1)?/4y’ Je f (x"e~*/n!)dx. 
n=0 J x_ 


In this form, o(u) is easily seen to be equal to the 
scattering cross section o’ of a neutron of energy E’ by 
a nucleus of mass M’=my’ oscillating harmonically 
and isotropically in its ground state around an infinitely 
heavy center with frequency w’. The asymptotic be- 
havior of o’ has been derived explicitly. If u’=1, Eq. 
(27) gives? only the average of the asymptotic cross 
section over an energy region of width hw’ around which 
the cross section fluctuates with period hw’. If u’~1, 
however, Eq. (27) is valid without averaging.® 


o'/os~wlt+(1/4y'e’). 
* A. Messiah, J. phys. et radium 12, 670 (1951). 
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In the present problem, y’ ranges from 3 to © and one 
deals only with the latter case. Accordingly 


o(u)/or~1+(u?/16y). 
Integrating over u 
o/ay~1+(1/48y), 
which agrees with Eq. (28). 
A numerical study of the total cross section abeve 
the threshold for inelastic collision has been made, up 
to the energy: y=3. The result is shown in Fig. 2, 


where o/a; and also &/a;, &:/oy7, «**, are plotted 
against (1/y). In order to see the rapidity of convergence 
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Fic. 2. Energy dependence of the slow neutron scattering cross 
section per proton by H; molecules above the threshold for 
inelastic collisions without thermal effect: elastic ¢9/a,, inelastic 
o:/a7, o2/e7, «--, and total o/ey cross sections. The plot: 
c=48y(e/a;—1) vs 1/y, emphasizes the quick fluctuating trend 
of o/ay toward its asymptotic form ¢/o;~1+(1/48y). 


of o towards its asymptotic form (28), the plot of ¢ 
against (1/y), where c is defined by 


o/os=1+ (c/48y), 


has been drawn on the same diagram. One sees that 
a/ay exhibits a fluctuating trend towards its asymptotic 
expression ; such fluctuations vanish very quickly as y 
increases and the asymptotic formula is practically 
reached when y=3 (c=0.97). 


IV 


In a CH, molecule, the carbon nucleus is not involved 
in the molecular rotation; therefore no mass tensor 
treatment is needed to derive the scattering cross section 
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Fic. 3. Coordinate system for the methane molecule. 


by the C nucleus. This section is concerned only with 
the scattering cross section per proton in CHy. The 
total scattering cross section per proton will be called 
o and the notations of Sec. III will be used all along. 


The axis joining the center of mass of the molecule to the 
scattering proton is then the axis of cylindrical symmetry of the 
scattering problem. 

The mass tensors yu, v have the following components: «i= 16, 
u2= 16/7, vi=16/17, ve=16/23, and 1/s=(23—6u*)/32. The 
rotational constant :* B=0.0006 volt. The distribution of rotations 
is a maxwell one at room temperature. 

There are 4 normal vibrations:* a nondegenerate one involving 
the H’s only (along the C—H bond) : hw; = 0.37563 volt; a twofold 
degenerate one involving the H’s only (1 to the C—H bond): 
hw2=0.17236 volt; and two threefold degenerate: hws=0.16832 
volt, ftw,=0.39139 volt. Those last two belong to the same 
3-dimensional irreducible representation of the group of sym- 
metries of the CH, molecule. As ws is the lowest frequency, 
according to our conventions, 


y=Eo/2hws, Q=kT/2hws. 


A vibrational level will be indicated by its 4 quantum numbers 
listed in the order given above (the ground level will be more 
simply referred to by the index 0). The thresholds for inelastic 
collisions are 


Tningnang= (1/01) (mihwi+-nehert+nshws+nghos). 


The thresholds (in volts) for the first inelastic cross sections are 
indicated below: 


Too10 To100 Too20 Toro T0200 T 1000 T 001 


0.1788 0.1831 0.3577 0.3620 0.3662 0.3991 0.4158 


One expresses now the displacement w of the scattering proton 
as a linear combination of the normal coordinates, in view of the 
calculation of Bnyngngny. In the derivation of w, some symbols 
which were introduced before will be used with a different 
meaning; the new meaning will be given in time and will be used 
for this specific derivation only, so that any confusion may be 
easily avoided. 

Call Ho the proton nucleus whose displacement will be con- 
sidered, H:, Hs, and Hs, the three others, 0 the center of mass of 


®D. M. Dennison, Revs. Modern Phys. 12, 175 (1940); see 
also J. E. Rosenthal, Phys. Rev. 45, 538 (1936), and Phys. Rev. 
46, 730 (1934). 
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the molecules; I, J, K a right-handed triorthogonal basis of fixed 
unit vectors, such that K be along the rest position of OH» and I 
in the rest position of the plane HyOH o—the sense of those 
vectors is indicated on Fig. 3. Introduce also (according to 
Dennison’s notation) g; and gs, gs and q, gs and qe, the variations 
in magnitude of the three pairs of opposite edges; &, 7, ¢, the 
coordinates of the displacement of the carbon nucleus in the 
reference frame (ji, js, js) of unit vectors respectively orthogonal 
to each couple of opposite edge. 

T and V, the kinetic and potential energy of vibration of the 
CH, molecule, are given by 


27 =3m(E+ 7+ &) + fds G2—tmZ a op. 4:4; +}mZop. didi, (31a) 


WV =a(P+7°+2)+02; qi2?+2cZn.op. GiGi +2dZ op Vidi 
+2e[&(gi—g2) +0(Gs—Gu) +$(Gs—9e) ], (31b) 


where Zy.op. means the sum of all cross products of non-opposite 
qi, qj (12 terms), and Zo». means the sum of all cross products of 
opposite g;, gj (3 terms). a=8.5881X105 dyne/cm, 6=1.6468 
X10® d/cm, c=0.3584X108 d/cm, d=—0.4278X10® d/cm, 
e=—2.0104 105 d/cm. Due to the degeneracies, there exists a 
certain freedom in the choice of the normal coordinates. The 
most suitable choice will appear obvious in the course of the 
derivation. 

As a first step, one introduces the following “geometrical 
symmetry” coordinates: 


S=Qitgetgatqtgtds d=a-q § 
P= (qa+9q)— (Gs+9e) ds=G—-q 7 
r=2(9:+92)—(gst+qa)—(Qstqe) ds=gs—-ge £ 


(32) 


One obtains w as a linear combination of those 9 coordinates by 
inspection of 9 particular displacements (without translation 
or rotation) : 


w= [s(64/24) +(d,+ds+ds) (64/12) — (+-n+$)v3/4] K 
+[r(v3/12) + (2di—da—ds)(v3/24) +(28—n— $)(0/8) II 
+[40+ ds—4s)§+(n—$)3v2/8]J. (33) 
A simpler expression is obtained if one introduces the new co- 
ordinates," 
X= (v3/3)(E+n+5), 
X2= (6#/6)(2&—-n—$), 
X= (v2/2)(n—$), 
Then 


6 1 ] [¥ 4s )] 
ail nt T LS fh 
w [Serie D,—3X,;) | K+ Dr +7 3 D2+3X-2)} II 


D,=(v3/3)(ditds+ds), 
D2z= (64/6) (2di—ds—ds), 
Ds=(v2/2)(ds—ds). 


(34) 


+[to+i(Zo.+ax.) [5.5 


From Eqs. (31), (32), and (34) 
2T =3m>; X2+4m>d; D2+24mH+pym(P+3p—), 


2V= ad; X2+2e2; XiDi+4(6-—d) 2; D2 
+$(4c+b+d)s*+74(b+d—2c)(r?+3p*). (36b) 


This suggests the following choice of normal coordinates: 
o=mis/24 related to frequency wi; @=(}m)*p and x=(qym)i¢ 
to we; U:, Us, and Us to wa; Vi, V2, and V3 to ws. The U; and 
V; (¢=1, 2, 3) are derived from (3m)*X; and (}m)§D; by the 
linear orthogonal transformation 


(3m)*X;= U; cos8+V; sing 

(}m)*D;= — U; sin8+ V; cos, 
such that the cross terms vanish in the expression of V as a 
function of the normal coordinates. 


(36a) 


(37) 


1 J. E. Rosenthal and G. M. Murphy, Revs. Modern Phys. 8, 
317 (1938). 
" The X; and D; are related to the &, n, ¢, a, 8, y introduced 
by Rosenthal (reference 10) in the following way: 
Dyt=a. 


Xi=f, Xi=n, Xs=—§, DvZ=—y, Dyvl=—B8, 
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Substituting Eq. (37) in Eq. (36) leads to the condition 
cote=(v3/2)e"[b—d— ta] = —0.27709. 
There is an irrelevant arbitrariness in the choice of @ itself; in 
order to have the U; and the V; correspond to ws and a, respec- 
tively, one takes 
cos8=0.79595, sin8= —0.60540. (38) 


Substitution of Eq. (37) in Eq. (35) gives the desired expression 
for w: 
mbw= (fo-+0,U1+b,V1) K+ (4x +a2U2+b2V2)1 
+(4@+a2Us+bVs)J, (39) 
with 
a,= —4V3 cos8—4v2 sin8, a:=}v3 cos8—}v2 sin8, 
bi = 4V2 cosB— 43 sing, b= }v2 cos8+4v3 sinB. 
The calculation of Bninmsn, follows from Eq. (39). One gives 
here the derivation of Bo only. The B’s relative to inelastic 
scattering, except for more complication in writing, are derived in 
the same way and their expression is given in the Appendix: 
Bo= |(O|exp(iP- w/h) |0)|2. (41) 


Calling P,, Py, P, the components of P in the referential (I, J, K), 
one gets from Eq. (39) 
P- w/h=(1/hm'){(40+0,U1+0,V)P, F 

+(4x+-a2U 2+b2V2)P2+(4o+a2Us+b2Vs)P,}. (42) 

Substituting Eq. (42) in Eq. (41), one obtains By as a product 

of 9 absolute squared matrix elements of one-dimensional oscil- 
lators of the type given in Eq. (8). 
Bo=exp[—(P.2/2m) ((1/4itw1) + (a:*/ hws) + (b1*/he)) 

— ((P22-+P,?)/2m) ((1/4hew2) + (as?/ hws) + (b2*/ha)) J. 
Introducing spherical coordinates for P with 0H as polar axis, 
it can be put in the form of Eq. (11): 


Bo=exp[—t(2hws)-(P?/2m)], t=Avi+As, (43) 


A, = (ws/2w1) — (wa/2e2) +2(a;2— ag") +(62°— 2) (2ws/ws) (44a) 
= —0,2895, 


Ag= (ws/2w1) +202 +b2(2ws/w) 
= 1.1128. 


(40) 


(44b) 


With those numerical values, the treatment of the 
elastic cross section follows at once from Eq. (17), 
namely, 


oo/a7=Q+(R/y)O+(S/y) +> (45) 

Taste IV. Energy dependence of the scattering cross section 
per proton in CH, at room T in the region of pure elastic scattering 
when 7'=300°K. Comparison with experiment. 








Theo- 
retical 
value 
o/as 


Experi- 
mental 
value 
y Q (R/y)® (¢/es)exp 
2.337 
2.333 
2.307 
2.291 
2.273 
2.258 
2.240 
2.218 
2.192 


2.040 
1.474 





3.55120.045 
3.431+0.055 
3.174+0.065 
2.894+0.04 
2.758+0.02 
2.740-+0.025 
2.648+0.02 
2.53220.02 
2.411+0.01 
2.387+0.01 
2.115+0.01 
1.677+0.01 
1.460+0.01 


1.416 
1.137 
0.901 
0.677 
0.538 
0.446 
0.364 
0.291 
0.222 
0.190 
0.059 
—0.016 
—0.023 
—0.021 


0.0166 
0.0202 
0.0246 
0.0309 
0.0374 
0.0428 
0.0499 
0.0582 
0.0692 
0.0760 
0.1304 
0.2908 
0.4337 
0.53125 








AND CH, 


with 


Q=y [ L1—exp(—s) 
0 


= f s(2—s)(4—S*ty) exp(—s*ty)du, 


0 
1 
s=f ts*(2—s)*(—§+- 3 sty 
0 
—4s‘Py*) exp(—s*ty)du. (45c) 
The numerical calculations have been carried through 
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Fic. 4. Energy dependence of the slow neutron scattering cross 
section per proton by CH, molecules at room temperature 
(T=300°K) : theoretical curve given by MTV theory and experi- 
mental points. The line given by MTR theory is also reported. 
Arrow V indicates the energy threshold for inelastic collisions. 


120° 140 160 160 | 


at room T (kT =0.0258 volt) for Ey below the threshold 
of the first inelastic collision. The lower range of energy 
has been treated by expanding Q, R, S in power of y 
and integrating analytically the coefficients of this 
expansion, exactly in the same way as in the H; case; 
for greater values of Eo, Q, R, S merely have been 
integrated numerically. Contrary to the Hy» case, the 
term in ©? in the expansion could not be neglected; in 
fact, for the same value of 7, © is not so small here 
and the convergence of the series (45) in powers of @ 
is slower. For the same reason the asymptotic form for 
low Ep differs much more from the MTR result than 
in the Hz case, as may be seen in Table I. 
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Fic. 5. Energy dependence of the slow neutron scattering cross 
section per proton by CH, molecules at room temperature 
(7 =300°K): experimental curves and theoretical points given 
by MTV theory. Arrow V indicates the energy threshold for 
inelastic collisions. 


a/o; is plot against 1/E» on Fig. 4; the asymptote 
of the curve and the MTR line are also drawn on Fig. 4. 
Table IV gives, at some specific values of Ey and at 
room temperature, the values of o/a; and the contri- 
bution to them of the first terms in the expansion in 
power of ©. One sees that the thermal effect is much 
less important than in the He case; this must be 
expected because, on the average, the velocity V, of 
the scattering proton is much smaller in CH, than in 
Hz, at the same temperature. 

When Ep exceeds Too10=0.1788 volt, inelastic colli- 
sions contribute to the total scattering process. Even 
if one neglects the rather small thermal effect, the 
numerical calculation of o/o; soon becomes very 
cumbersome. The general analytical formula for the 
inelastic cross sections neglecting thermal effect is given 
in the Appendix. 


V 


This section is devoted to a discussion of the previous 
results and to a comparison with experimental data. 

The limitation of the theory to scattering media of 
sufficiently large temperature has been already studied 
in the preceding sections. As far as the incident energy 
of the neutron is concerned, the calculation of the 
elastic cross section is based, in both cases, on two 
approximations: (a) the mass tensor approximation; 
(b) the thermal approximation, i.e., the neglect of 
higher values of »;; which allowed one to make expansion 
(18). As Eo decreases, both approximations become 
poorer and the whole theory progressively loses its 
validity. To put the thing in a more quantitative 
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fashion, one may define critical values E., E>, of Eo, 
under which, crudely speaking, each of the above 
approximations breaks down, namely: (a) A “mass 
tensor’ critical value E,. When Ey)= Ea, the neutron is 
able to transfer to half of the molecules the energy 
necessary for a transition to the next higher rotational 
level; i.e., the reduced energy of the neutron is equal to 
the average level spacing of the rotational states of the 
molecule. (b) A “thermal critical” value Ey. When 
E)=£E;, the number of states such that 4m,;?> Eo, 
must be small compared with the number of other 
states. We shall take for E, the angular average 
(integration over «) of (3mv,)?)r. 

The following numerical values (in volts) are found, 
for the E,, Es, relative to the scattering cross section 
per proton in H; and CH,, at room temperature: 


E. Eb 


0.06 0.01 
0.01 0.004 


H, (46) 


CH, 


Below the threshold of inelastic collisions our numer- 
ical results can be compared with the recent measure- 
ments performed with the Columbia velocity selector 
on Hz and CH, samples at room temperature.” For 
this purpose, one defines (¢/oy)exp=@exp/@fexp- Texp 
is the experimental scattering cross section per proton. 
In the Hy case, it is deduced at once from the experi- 
mental data by subtracting the capture cross section. 
In the CH, case, one has in addition to subtract the 
scattering cross section ¢ by the C nucleus. The value 
a‘) = ¢,° =4,70 barns has been taken (0, cross section 
by free carbon nuclei). Strictly speaking," o? depends 
on Ep, and the exact formula for the ratio o/o, is 
given in the Appendix. But, in the range of energy 
that is considered here, the binding effect is very small 
and may be neglected in the derivation of gexp. Ofexp 
is an experimental value of the scattering cross section 
by free protons. The value derived by Melkonian from 
his scattering experiments on H, at higher energy has 
been adopted, namely, 20.36 barns." 

The values (¢/o;)exp so obtained have been reported 
in Figs. 1 (Hz), 4 (CH,), and 5 (CH,), and also in 
Tables III (H2) and IV (CH,). The experimental errors 
indicated in the tables and graphs correspond to sta- 
tistical errors in ox»; all experimental points are subject 
to a common supplementary error due to a possibly 
inaccurate value of oyexp. The arrow, V, in each of 
Figs. 1, 4, and 5 indicates the threshold of the first 
inelastic collision. 


122 E. Melkonian, Phys. Rev. 76, 1750 (1949). 
13 g(©) is in fact slightly greater than o;‘°. This may be seen as 


the consequence of two effects: (1) The binding effect proper. 
It amounts to give to the neutron a reduced mass somewhere in 
between the one for the system (neutron+C) and the one for 
(neutron+CH,). (2) The thermal (or doppler) effect, which 
gives a net increase of (k7/32E)o in the cross section. It 


follows that 
1<0/o7 < 1.044 (kT /32Ep). 
4 E, Melkonian, Phys. Rev. 76, 1744 (1949). 





SCATTERING OF SLOW 


Looking at Hy first, one notices a quite satisfactory 
agreement where it is expected. In Fig. 1 the diagram 
a/a,z vs 1/Eo has been extended far below its expected 
range of validity. It may be crudely divided in three 
regions: when E,>£,=0.0€ volt, theory and experi- 
ment agree; when Ey goes from E, to E,=0.01 volt, 
ie., in a region where most of the Hz molecules can 
suffer only elastic or hyperelastic collisions as far as 
rotations are concerned, discrepancies occur, but they 
are not very large and the experimental points follow a 
somewhat fluctuating line approximately 5 percent 
above the theoretical curve; when Ep» goes below Ez, 
the calculated thermal effect is notably too big and the 
experimental points drop below the theoretical curve. 

The same features are noted with CH,. The agree- 
ment is very satisfactory at higher energy, Eo>E, 
=0.01 volt. This is particularly well emphasized on 
Fig. 5, where the experimental curve is drawn and 5 
theoretical points are reported. Figure 4 shows again a 
diagram o/o; vs 1/Eo extended far beyond the expected 
range of validity. Following the experimental points on 
the side of low Eo, one sees them fluctuate more and 
more around the theoretical curve as Eo, goes beyond 
E,, and drop below it as Ey approaches E,=0.004 volt. 

I am greatly indebted to Dr. G. Placzek, who sug- 
gested the subject of this work, informed me of his 
own results prior to publication, and helped me with 
many invaluable discussions and comments. I should 
like to thank Dr. J. R. Oppenheimer for the hospitality 
offered at the Institute for Advanced Study, Princeton. 
Thanks are due also to Dr. E. Melkonian for communi- 
cation of his experimental results. 

I am very appreciative of the assistance provided by 
the ONR in numerical calculations. Finally, I want to 
express my gratitude to the Direction des Mines et de 
la Siderurgie (Paris), whose support made my stay 
abroad possible. 


APPENDIX 
A. H, Case: Exact Integration of ¢ When y=n 


At such value of y: 1,=}[u/(1F4u) Pn, and &,/o;=(1/n) 
XSL n(v4) —fn(v_) }(du/u*). Integration by parts gives 


nd ./0;=fu(n/9)—faln)-+,J, [(04%e-*+/n!) (do,,/du) 
— (v_"e~*-/n!) (dv_/du)[(du/u). 
Taking v,, v_ as new variables leads to 
nd »/0;=fa(n/9)— fan) + J, "[(nt-+0}) /20k]Loe-*/mi do 
— {Cento /208 Lore-*/n tao 


= ifa(m/9)—4fn(n)+4nt | ” (o™-te-*/nido. 


n/d 
The integral in the lower right-hand side is easily expressible as a 
linear combination of elementary functions and error integrals. 


B. General Formulas for Diatomic Molecules 


The formulas given here are relative to the cross section for 
scattering by a nucleus in any diatomic molecule. Let S be the 
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scattering nucleus, 7 the other one; call their masses, respectively, 
m,= pM, M.= pm. 
The components of the mass tensors are 
Mi= Mets, o2= Mey i= (ust we) /(1+ metus), ¥2= we/(1+us), 
and 


2/s=[(1+- us) / te] — Dose/ ewe toe) 


The displacement is w=(my,)4g, with n= ue(ust+u.)/ms. The 
relation between o. and oy is of=[pe/(1+s) Pow. 

The axis of the molecule is again an axis of symmetry for the 
scattering problem. The treatment of Sec. II applies, taking 
t=2u*/u,. The expression corresponding to Eq. (24) is then 
easily deduced. 

As far as the inelastic cross sections are concerned, Eq. (25) 
has to be replaced by 


Gn/o7= (e/(1+-us))*(un/2y) Sr Lpal0s) —fu(v_) \(du/u*) 
with the same definition of f, and 


04. = (ws/2pn)[(sy)'(sy—n)'F, 
if y>n/2vy 
n/2v.>y>n/2n 
n/2v,>¥. 
The same asymptotic study may be carried through with help of 
the model of the isotropic oscillator, taking u’=2y,/u*s and 
e’=sy. This leads to 
o/az~l+(1/24 ny) 


in agreement with expression (27). 


0 
uo= | (un/v2)*(1— 2vey/n)? 
1 


C. Inelastic Scattering Cross Section per Proton in 
CH,, Neglecting Thermal Effect 


Bninanang is calculated from Eqs. (39), (40) and (7). Setting 


N=n,+n2+ma+m, 
71 = (w3/2w)u?, 


73= 2[(a2—a2")u*+a27], 


one gets 


72= (w3/2w2)(1—u*), 
74 (2w3/o4)[(d12?— bx?) a? +-b2"], 


Byy= [TL (vem/mat ][C2han)“4(Pt/2m) exp —H(2an)-*(P*/2m)} 
(The subscript N is a short writing for meng.) Also 
En =2hoyn= 2 shan 
Then, applying Eqs. (10) and (10) with »1;=0, 
Gn/oy=(1/) Se Iuto,)— ful yore)[ TL (rem | uo 


with 
v= }s[(sy)t(sy—2yy)*F, 
0 if y>yn/vs 
uo= | [»1/(vi— v2) PL1—(v2y/yw) if yw/me>y>yn/mr 
1 if yn/¥ > ¥. 
D. Scattering Cross Section by the Carbon 
Nucleus in CH, 


The carbon nucleus is involved only in the 3-fold degenerate 
vibrations. Its displacement w, is given by 


(48m)*w.=(U; cos8+V; sing) K 
7 (U2 cosB8-+ V: sin8)I—(U; cos8+ Vs sing) J. 
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The sum of squared matrix elements Bngn, is 


Bngng = (-y2"/ms!) (-ya™/m4!) [(2hws) 1 P2/2m) Jets 
Xexp[c(2hws)"(P?/2m)], 


where 
ys= (1/24) cos*B8, ya=(1/24)(ws/ws) sin’s, 


The reduced mass of the system (neutron+CH,) is »=16/17. 
Setting s= 2», one obtains formulas quite analogous to those of 
the cross section per proton. It must be emphasized, however, 
that these formulas do not involve any mass tensor approximation. 
Below the threshold of the first inelastic collision, 0.1788 volt, 


c=yat7%. 
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one gets 

of) /g 46°) = $(13/12)*{[1—exp(—s*cy) V/cy 
+(@/y)s(2—s)(4—s*cy) exp(—s*cy) 
+(O*/y)cs*(2—s)*(— $+ §stcy— fstc*y*) eaaiage 


The general formula for inelastic scattering is 


Gnang /o 6 = 4(13/12)*(1/y)(N1/c%*) 
X (ys/ms!) (ye™/ne)) Lin (04) —fv(o_)] 
with 
N=nat+m, 05 = }es[(sy)t(sy—2yw)'F, 
yn = (2hws) En = 4[ mst (wa/wa)na). 
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Using good geometry, homogeneous fast neutrons of energy 
4.3 Mev, supplied by the D—D reaction in the Bartol Van de 
Graaff statitron, have been scattered in bismuth and lead. Using 
binocular microscopes and Eastman NTA plates, fifty thousand 
fields of view were examined to obtain 5000 acceptable recoil 
proton tracks. The energy spectrum of the scattered neutrons 
was studied to establish the presence or absence of any inelastic 
groups. From a consideration of gross effects, it is concluded that 
no inelastic group exists in the bismuth data with an intensity 
greater than five percent of the elastically scattered neutrons, or 
that no level in Bi*® lying between the ground state and 3.4 Mev 


INTRODUCTION 


HEN neutrons are scattered by nuclei, both 
elastic and inelastic scattering can occur. The 
elastic process takes either of two forms, potential scat- 
tering or resonance scattering. The former is sometimes 
referred to as “hard sphere” or “diffraction” scattering, 
and the latter may be termed “capture elastic scat- 
tering.” The capture elastic scattering and inelastic 
scattering are considered to be two phases of the same 
nuclear process, because an intermediate compound 
nucleus is actually formed, the product nucleus being 
left in the ground state after the elastic collision and in 
an excited state after the inelastic collision. In the case 
of potential or diffraction scattering, the compound 
nucleus is not formed. The foregoing terminology has 
been previously outlined by Feld.! 
Neutrons from the deuteron-deuterium reaction have 
been employed in two previous scattering experiments 


a 
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Fic. 1. Geometric arrangement for fast neutron scattering. The 
average length of the scatterer is 6.1 cm. 


1B. T. Feld, Phys. Rev. 75, 1115 (1949). 


is excited by a neutron group of more than five percent of the 
intensity of the elastic group. Appreciable inelastic scattering was 
noted in naturally occurring lead, the inelastic scattering cross 
section being less than half the elastic cross section. The energy 
distribution of the inelastically scattered neutrons is interpreted 
to indicate an energy level in lead in the vicinity of 3.3 Mev. This 
level is consistent with radioactivity measurements which show 


that most of the beta-disintegrations of ThC’”S*Pb™s lead to 
energy levels in the vicinity of 3.2 Mev, and with Q-values of the 
reaction Pb*’(d,p) Pb*°* which disclose an energy level at 3.45 Mev 
in the nucleus Pb. 


dealing with the elastic and inelastic scattering of fast 
neutrons by lead.?:* These measurements have been 
interpreted by Feld! to give energy levels in naturally 
occurring lead at ~0.8 Mev,? and in the vicinity of 
0.92, 1.87, and 2.67 Mev.’ 

It was decided to irradiate both bismuth and lead 
with fast neutrons to observe the inelastically scattered 
neutrons, because in both cases magic numbers are 
involved.‘ All of the naturally occurring isotopes of lead 
are “magic” for protons, since each of them contains 
82 protons; Pb*’, in particular, may be regarded as a 
double closed shell nucleus, -because it contains 82 
protons and 126 neutrons, both of which are magic 
numbers. The monoisotopic Bi*® contains 83 protons 
and 126 neutrons and therefore is magic for neutrons.‘ 
Magic number nuclei should have widely spaced energy 
levels and should not, therefore, follow the statistical 
theory of Weisskopf.® 

The previously mentioned data?:* were obtained with 
the use of “poor geometry,” whereas the measurements 
of the present paper employed “good geometry” for 
better resolution. 


2H. F. Dunlap and R. N. Little, Phys. Rev. 60, 693 (1941). 

3 Barschall, Manley, and Weisskopf, Phys. Rev. 72, 875 (1947). 
4M. G. Mayer, Phys. Rev. 74, 235 (1948). 

*V. F. Weisskopf, Phys. Rev. 52, 295 (1937). 
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Fic. 2. Curve A is the “background run” or data taken without 
scatterer so that the data collected with the scatterer in position 
could be properly corrected for “room scattering” and other 
effects. Curve B was observed with the bismuth scatterer in 

ition. The two curves were “normalized” to take into account 
irradiation time and plate area scanned. 











GEOMETRIC ARRANGEMENT AND EXPERIMENTAL 
PROCEDURE 


Fast neutrons were prepared in the Bartol Van de 
Graaff statitron when deuterium targets were bom- 
barded by deuterons of mean energy 1.15 Mev. The 
targets were of heavy ice calculated to have a thickness 
of 0.2 Mev for 1.25-Mev deuterons. The scatterer was 
placed before the target as shown in Fig. 1. As indicated 
in the figure, an angle of 30° in the forward direction was 
intercepted by the scatterer at the target, resulting in 
a mean neutron energy of 4.36 Mev and an energy 
spread of 0.27 Mev. Since an acceptance angle of 12° 
in the forward direction was employed in selecting 
recoil protons in the photographic plates, the half-angle 
of the truncated cone of the scatterer adjacent to the 
plates was chosen to be 12°. Recoil proton track lengths 
in Eastman NTA plates were measured in calibrated 
binocular microscopes. Only tracks lying in the shaded 
area of the plates were observed so the acceptance 
angle would be preserved. 
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The general procedure was to expose the plates with 
the scatterer in position, then remove the scatterer, 
replace the plates, and observe the background or the 
shape of the neutron spectrum with no scatterer in 
place. Fresh targets were frequently prepared, and the 
experimental arrangements with and without scatterer 
were alternated so that for each target a constant 
fraction of bombarding time was given to the back- 
ground run and to the run with scatterer in position. If 
a newly prepared target was first employed in a back- 
ground bombardment, the next target was first irra- 
diated with scatterer in position. This procedure was 
followed in order to compensate for any changes in 
target thickness or deposition of carbon which might 
occur in the course of a given bombardment. About 
one thousand tracks were usually collected over the 
entire spectrum both for the case of background, and 
for the case of the scatterer in position. Beyond this 
point the actual recording of the tracks was limited to 
those lying below 3.7 Mev in energy. This was done to 
increase the rapidity of scanning and the statistical 
accuracy in the region of inelastic scattering. Before the 
data with and without scatterer could be compared, 
they had to be normalized to take into account plate 
area scanned and bombarding time. 

In neutron measurements, room scattering is usually 
a serious problem. To reduce this effect, the beam of the 
Van de Graaff statitron was brought to a point about 
6 ft from the iron beam focusing magnet and 4 ft above 
the floor. The flooring was lined with about 5 cm of 
paraffin to further reduce scattering. 


BISMUTH 


The energy distribution of the fast neutrons scattered 
from Bi? is shown in Fig. 2. The data without scat- 
terer are shown in Fig. 2(A), and the measurements 
with scatterer intervening between target and plates is 
shown in Fig. 2(B). From the areas under the two 
curves, it is calculated that the principal group is 
reduced to about 30 percent of its initial value by 
insertion of the scatterer. Using the peak of Fig. 2(A) 
as a model, the data of Fig. 2(B) were replotted (indi- 
cated by the broken line) to give the shape expected 
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NUMBER OF ACCEPTABLE RECOR PROTONS 


Fic. 3. Distribution of neutron energies less than or equal to 
3.7 Mev collected with and without the bismuth scatterer in 
osition. The data are plotted in energy intervals of 0.10 Mev. 
e open circles refer to the “background run” with no scatterer, 
and the closed circles to data obtained with scatterer in position. 
The open circles clearly dominate, showing that the number of 
neutrons in the inelastic region is reduced with insertion of the 
scatterer. 
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Fic. 4. Curve A is the “background run” or data taken without 
scatterer. Curve B was observed with the lead scatterer in 
position. 


were no scatterer present. The area under either curve 
not under the other represents a considerable fraction 
of the elastically scattered neutrons. Thus, a minimum 
of twenty percent of the tracks in the principal group 
of Fig. 2(B) is attributed to elastic scattering, and the 
remaining percentage is composed of primary neutrons, 
passing through the scatterer to the photographic plates 
without suffering scattering of any kind. Since 2500 
tracks are contained in the main group of Fig. 2(B), 
at least 500 are elastically scattered. 

When the data below 3.7 Mev were plotted in detail 
as shown in Fig. 3, it became apparent that more 
acceptable tracks were found without the scatterer in 
place than when it was present. This fact indicates that 
most of the background neutrons emanate from a direc- 
tion from which the plates are shielded with the scat- 


TaBLE I. Number of tracks, calculated and observed, in the 
inelastic region, for Bi. 





Calculated I 
167+8 


Observed I 
201+ 10 


Observed Jo 


424425 
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terer in position, probably coming from the target, the 
target backing, and the glass target chamber. At first 
thought, the disturbing conclusion was reached that 
the background, though very small, was sufficient to 
mask any real inelastic scattering. However, a method 
of analysis was developed whicl made possible an 
estimate of an upper limit for inelastic scattering as 
compared to elastic scattering. The region of energy 
from 0.4 Mev to 3.7 Mev was divided into energy inter- 
vals of width 0.2 Mev. The value of exp(— pionix) was 
calculated for each energy interval.* From these values, 
letting Io; be the number of tracks found on the jth 
interval of the background run, and letting J; be the 
background with the scatterer in position, J; could be 
calculated. The total number of background tracks on 
the large interval, 0.4 Mev< £,<3.7 Mev, the region 
of inelasticity, is given by 


N 
To= QL L03, 
1 
and the total number of background tracks in .the 


region of inelasticity with scatterer in position can be 
calculated from 


N N 
[=> [;= ee Io; exp[— (npioni) jx |. 
1 1 


Thus from Table I, it is seen that the calculated back- 
ground for bismuth with scatterer in position is 167+8 
tracks as compared with 201+10 tracks actually 
observed at neutron energies of 3.7 Mev or less. The 
difference, 34-13 tracks, could be explained by scat- 
tering from directions not shielded by the scatterer or 
by elastic scattering of the background neutrons. At 
any rate, were the inelastic contribution as much as 
100 tracks spread over the region below 3.7 Mev, it 
would have been detected. Were fifty inelastic tracks 
concentrated in an energy interval of 0.5 Mev or less, 
they would have been detected. Since there are at 
least 500 inelastically scattered tracks, the estimates of 
100 tracks and 50 tracks set conservative upper limits 
of 20 percent for an inelastic continuum and 10 percent 


TABLE II. Numbers of tracks, calculated and observed in the 


inelastic region, for Pb. ; 





Calculated J 
15547 


Observed J 
479+ 16 


Observed Jo 
447+16 








for an inelastic group in terms of the elastic scattering. 
Since, on the average, the correction factor for neutron- 
proton scattering cross section and acceptance prob- 
ability is a factor of two greater for the region below 3.7 
Mev than for the principal group, the upper limits of 
the percentages are reduced to 10 percent and 5 percent, 
respectively. 


*z=6,.1 cm, the average length of the scatterer. 





SCATTERING OF FAST NEUTRONS BY Bi AND Pb 


LEAD 


Curves similar to those of bismuth have also been 
obtained for lead. Figure 4(A) is a plot of the back- 
ground run for lead, and Fig. 4(B) is one of the neutron 
distribution with the lead scatterer in position. As 
described in the section under bismuth, the data of 
Fig. 4(B) were replotted to give an estimate of the 
elastic scattering cross section in lead. It turns out that 
at least sixteen percent or 300 tracks in 1900 can be 
attributed to elastic scattering. 

From Table II, it is seen that 4794.16 tracks were 
observed at 3.7 Mev or less, the region of inelasticity, 
whereas 155-7 tracks would be expected from back- 
ground alone. Then 324+17 tracks in the region of 3.7 
Mev or less must be attributed to inelastic scattering 
of the 4.3-Mev primary neutrons in lead. This is to be 
compared with at least 300 tracks elastically scattered. 
The average correction for neutron-proton scattering 
cross section and acceptance probability further reduces 
the inelastic total by a factor of two, so that the inelastic 
scattering cross section for 4.3-Mev neutrons in lead is 
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Fic. 5. Distribution of neutron energies less than, or equal to, 
3.7 Mev collected with and without the lead scatterer in position. 
The data are plotted in energy intervals of 0.10 Mev. The open 
circles refer to the “background run” with no scatterer, and the 
closed circles to data obtained with scatterer in position. 


less than one-half as great as the elastic cross section. 
The data for lead obtained both with and without the 
scatterer in position are shown plotted in intervals of 
0.10 Mev in Fig. 5. 

Thus far, inelastic scattering in lead has been estab- 
lished purely from a consideration of the gross effects 
of Table II. A more detailed approach is necessary to 
obtain an actual curve of the inelastic contribution. 
Dividing the region 0.4 Mev< E,< 3.7 Mev into inter- 
vals of width 0.2 Mev, the actual background with scat- 
terer in position was calculated for each interval 
according to the equation 

T;= Io; exp[— (mpro rr) s«]. 
Io; is the number of tracks observed in the jth energy 
interval without scatterer, and J; is taken to be the 
true background with scatterer in position. This value, 
I;, was then subtracted from the number of tracks 
observed in the energy interval with scatterer in 
position. 

The resulting curve is plotted in Fig. 6. When the 
observed curve is corrected for variation with energy of 
the neutron-proton scattering cross section and ac- 
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Fic. 6. Distribution in energy of 4.3-Mev neutrons inelastically 
scattered in naturally occurring lead. The broken line is the dis- 
tribution after correction for variation with energy of n-p scat- 
tering cross section and acceptance probability. 


ceptance probability, the broken line of Fig. 6 is ob- 
tained. This curve is interpreted to represent a neutron 
group at an approximate neutron energy of 1.0 Mev, 
corresponding to an energy level in naturally occurring 
lead at ~3.3 Mev. The evidence for existence of the 
level in lead at 3.3 Mev finds some confirmation in 
natural radioactivity, since, by the coincidence method, 
it has been shown’ that each beta-ray of the transition 
ThC”+,*Pb** is followed, on the average, by 3.2 Mev 
of gamma-ray energy. About fifty percent of the 
naturally occurring lead nuclei are Pb*, The remaining 
percentage is distributed among Pb‘, Pb, and Pb?°”. 
A level at 3.45 Mev has been reported® excited in the 
reaction Pb?"’(d,p)Pb°*. The odd fact that the well- 
known level at 2.62 Mev in Pb” is excited in radio- 
active decay and not in the above-mentioned primary 
disintegration has been previously emphasized.® This 
point is strengthened by the neutron scattering experi- 
ments. 

The question of carbon contamination arises when 
the group at 1.0 Mev is considered in detail. The cxperi- 
mental procedure outlined earlier in the paper should 
have taken into account the carbon effects. Moreover, 
the observed peak at ~ 1.0 Mev occurs at too large an 
energy for the bombarding energy of 1.15 Mev to 
assign it to carbon. The effect of elastic scattering is to 
shift the peak to a lower value rather than to a slightly 
higher one. Carbon peaks observed at the same bom- 
barding energy and with the same geometry occur at 
about 0.8 Mev or less.!° In Fig. 6, contributions to the 
inelastic peak are appreciable at 1.3 Mev. 


CONCLUSIONS 


Whatever the interpretation of the fine structure of 
the results may be, it can be concluded from the data 
of this paper that in the inelastic scattering process, 
bismuth behaves entirely differently from lead, since 
much more inelastic scattering of fast neutrons of energy 
4.3 Mev has been found to occur in lead. 


7J. V. Dunworth, Rev. Sci. Instr. 11, 167 (1940). 

8 J. A. Harvey, Phys. Rev. 79, 241A (1950). 

* Kinsey, Bartholomew, and Walker, Phys. Rev. 82, 380 (1951). 
( 10 W. D. Whitehead and C. E. Mandeville, Phys. Rev. 77, 732 
1950). 
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The differential equations governing the removal of ions by recombination in competition with time- 
dependent production or exchange processes are solved for three different important cases. Firstly, the 
gradual transformation from one type of carrier into another is discussed where the two types of carriers 
may have widely differing recombination coefficients. A relatively simple solution is given if the rate of 
decay of the first type is dominated by the rate of transformation. In the two other cases ion production 
caused by collisions of metastable atoms is considered. It is reasoned that the rate of production may either 
decrease exponentially just as the concentration of metastables or the rate of production may decrease 
quadratically if the removal of metastables is controlled by ionizing collisions between the metastables. 


Both cases can be solved rigorously. 





LASSICAL literature on recombination generally 
treats the case where negative carriers of a single 
type recombine with positive carriers of a single type, 
the densities of carriers being equal. Thomson briefly 
considers the situation where concentrations are un- 
equal, and where several different carrier types are 
present.' The very complex recombination processes 
now accessible to experimental investigation with pulsed 
microwave breakdown, the recombination being fol- 
lowed by photomultiplier, spectroscope, and microwave 
probes, lead to situations where the previous derivations 
no longer apply. 


A. IONS FORMED OUT OF OTHER IONS 


Some analyses of this situation have been made for 
special situations in upper atmosphere studies but are 
not generally applicable.? In a recent paper Johnson, 
McClure, and Holt* have observed an example where 
both atomic and molecular helium ions were recom- 
bining with electrons. The molecular ions, with a rela- 
tively large recombination coefficient, were produced 
during the measurement at the expense of the atomic 
ions whose coefficient of recombination was consider- 
ably smaller. In order to solve the equations resort was 
had to numerical integration, whereas a perfectly 
general formal solution could have been used. A similar 
situation would arise if gradual electron attachment in 
an ionized gas volume, for example, in oxygen, would 
result at least temporarily in the simultaneous existence 
of negative ions and electrons. 

Since the case described by Johnson e/ al. appears to 
be an important one, let us adopt their notation re- 
ferring to the coexistence of electrons and atomic and 
molecular positive ions. Assuming the effects of diffusion 


* This work was supported by the ONR. 

1J. J. Thomson, Conduction of Electricity through Gases (Uni- 
versity Press, Cambridge, 1928), third edition, Vol. 1, pp. 20, 22. 

2N. E. Bradbury, Terr. Mag. 43, 55 (1938); E. V. Appleton 


and J. Sayers, J. union radio sci. intern. 78, 272 (1938); Bates, 
Buckingham, Massey, and Unwin, Proc. Roy. Soc. (London) A170, 
322 (1939); D. R. Bates and H. S. W. Massey, Proc. Roy. Soc. 
(London) A187, 261 (1946). 

3 Johnson, McClure, and Holt, Phys. Rev. 80, 376 (1950). 


to be negligible, they write the system of equations 
governing the time dependence of the carrier concentra- 
tions after ionization has ceased in the following form: 


(1a) 
(1b) 
(1c) 


where m, M, and A are functions of the time only and 
represent the numbers per cubic centimeter of electrons, 
molecular, and atomic ions, respectively. a; and a are 
the respective recombination coefficients and are con- 
sidered to be constant. 6 is the probability that an 
atomic ion attaches a neutral atom to form a molecular 
ion in one second and, likewise, is considered to be 
constant. These constants will, of course, depend on the 
nature of the gas, on the temperature, and, possibly, on 
pressure. In the example of electron attachment A 
would have to represent the electrons, M the negative 
ions, and m the positive ions. 

One of the variables can at once be eliminated, since 
n—M— A=0, so that 


n—M—A=6=m—Mp—Apo (2) 


n=—a;Mn—aAn 
M=—a,Mn+8A 
A=—a,An—BA, 


if m9, Mo, and Ao are the concentrations at ‘=0. This is 
obvious as in this treatment the net charge density 
should be constant. Nevertheless, being nonlinear, the 
system (1a, b, c) cannot be simply solved in all cases. 
But an interesting and important solution can be 
obtained if ao, i.e., if the term containing a2 can 
be neglected in Eq. (1c). This is quite likely to be the 
case, €.g., as in the observations by Johnson ef al. 
where n<10", a2<10-§, and 8=10*. Under such cir- 
cumstances it is a fair approximation to write 


A=A oe Ft, (3) 


By means of (2) and (3), M and A can be eliminated 
in Eq. (1a) yielding 


r=— aywn+[(ai— a2)A oe Ft a6 |n, (4) 
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which has the solution 


t 
1/n=1/e(1/netox f sit), 
0 
where 


g=exp {dait+[Ao(a:— az) |/B(1— Bt} ) 
If a1= a2 or Ao=0 or B=0, this goes over into 
(1/n)—1/5=[(1/mo)— 1/8] exp(—éai/), (6) 


which is the solution for the ordinary case of just two 
kinds of carriers, one of which having an excess con- 
centration 6. For conditions where da<1 this ap- 
proximates to 


1/n=(1/mo)+a(1—5/mo)t, (7) 


showing how an inequality of concentrations may affect 
the apparent coefficient of recombination. When 6=0, 
we, of course, obtain the well-known equation 


1/n=(1/mo)+ aut. (8) 


The integral in Eq. (5) cannot be evaluated in finite 
form but has to be expressed as a series. In the usual 
case 6=0 this series can be written as follows: 


fa-[-/° a(a1— aor) 





k-k! 


Ao(ai— a2) 
exp] (9) 
B 


a2) < B. 
Fortunately, however, this last condition is quite 
frequently fulfilled, since, because of Eq. (2), Ao<mo 
and we have limited our cases already to those where 
aynoKB. Of course, if axKa;, the additional simplifying 
restriction a,A9< is more severe than the one formerly 


which converges rapidly only if Ao(a:— 


assumed. If, on the other hand, Ao(a:— a2), as was 
the case in the studies by Johnson e/ al., we may neglect 
the terms k>1, and Eq. (5) becomes 


| 


Ne 


Ao(ai— az) 


1 
x| (+ 
No 
which differs from Eq. (8) only by a small correction 
term. This is plotted in Fig. 1, substituting the values 
used in the work mentioned above. It should be noted 
that for convenience we, too, neglected a in the 
numerical evaluation which for small / is accurate only 
if aKa. This latter actually is a reasonable assumption 
since theory predicts a,~10~" for radiative recombina- 
tion of helium ions and electrons while a; was observed 
to be of the order of 10-°. 


at— 


= )a—%) ase) (10) 
Pr) 
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(5 a,< 1970 

B =1.0x10* 
N= .0x10" 
M, = 5x10? 
A $=9.5x10/0 
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Fic. 1. Inverse concentration of carriers when slowly recom- 
bining type transforms gradually into rapidly recombining type. 
Example of Eq. (10), constants being taken from reference 3. 


Equation (10) has the asymptotic form 
1/n—~(1/mo) — [A o(a1— a2) / Bo }+- anit, (11) 


so that the intercept of 1/n=1/mo with the asymptote 
occurs at i;~Ao(ai—a2)/noai8. Thus, if m is known 
from measurements, (A o/8)(1—a2/a:) is found immedi- 
ately. Since a; is known from the slope of Eq. (11), it 
remains to determine Ap or 6 separately. 

With the help of Eqs. (3) and (10) n, M=n—A, and 
thus also (Mn)! can be plotted directly which, with the 
same constants as before, results in exactly the same 
curves as those given by Johnson and co-authors. Since, 
if a2 is negligible, the recombination radiation is pro- 
portional to Mn, the maximum intensity should occur 
when (Mn)! is a maximum. With the help of Eqs. (1a), 
(1b), (2), and (3) it can be shown that the condition 
for this maximum is 


e®t= (1+ 8/a;M)Ao/2n, (12) 


which differs slightly from the approximation used in 
the work mentioned above. Combined with Eq. (10) 
this represents a rather complicated transcendental re- 
lationship between #, 8, a1, mo, and Ao. Inasmuch as mo, 
a, and ¢ for this maximum can fairly readily be meas- 
ured, Eq. (12) yields a second relationship between 8 
and Ao, so that it should be possible to determine these 
quantities separately. 


B. ION PRODUCTION DUE TO METASTABLE ATOMS 


It seems possible that under suitable circumstances 
metastable atoms might cause ionization. If, in a mixed 
gas, for instance, the energy of excitation of the meta- 
stables of one constituent is larger than the ionization 
energy of the other, collisions between two such atoms 
might very well result in ionization. Such a reaction is 
observed to take place in mercury contaminated helium 
where it could be written in the following form: 


Hg+He"—Hgt+e-+He. 


In a pure gas, on the other hand, if the metastable con- 


(13) 
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Fic. 2. Ion concentration when exponentially decreasing pro- 
duction is competing with ordinary recombination. Example of 
Eq. (20), constants being chosen for convenience in computation. 


centration is sufficiently high, one might find ionization 
taking place on metastable-metastable collisions. Such a 
reaction would be written 


He"+ He"—Het+ e+ He. (14) 


In these cases only two types of carriers are involved 
and, neglecting diffusion, the system of recombination 
equations takes the form 


n= A=—anA+q(2), (15) 
where again » and A represent the concentrations of 
the electrons and positive ions, respectively. g(¢) is the 
production term and depends on the time dependence 
of the ionizing source. Obviously, we again have 

n—A=b=mnNo— Apo. 
Usually, of course, 5=0, but the solutions which can be 
found for an unspecified 6 shall be given in the more 
general form. Eliminating A we therefore obtain the 
differential equation 
n=—an’+aédn+q, 
which with the substitution an=X/X transforms into 


(@X /d?)—ab(dX/di)—agX =0, (17) 


(16) 


i.e., a linear equation. 

Now two relatively important cases happen to have 
fairly simple solutions. 

(a) If the ionizing source decays exponentially as 
would most likely be the case in reaction (13) and also 
in (14) if the metastable removal is not controlled by 
this latter process, we can write g= be~*'. Thesubstitution 


T= (2/8) (ab) te~48* (18) 


then reduces Eq. (17) to a bessel-type equation with 
the general solution‘ 


X= 1“ /6(C yD asip(7) +C2K asja(7) ]. 

‘ For the definitions of the functions J and K see G. N. Watson, 

Theory of Bessel Functions (Cambridge University Press, London, 
1922), pp. 77, 78. 


(19) 


KUNKEL 
For 5=0 the complete solution then is 


b K,-cl, 
n=— et, 


ge Kot+clo 


(ab)4K (2a'b4/8) — anoK o(2a'd*/8) 


© (ab) I (2a'b*/B) + anal o(2atd*/B) 





Equation (20) is a complicated expression in /, but Jp 
and K, can be found in tables, so that n(¢) is fairly 
readily computed. 

If +1, which is a possible case, e.g., a~10~°, B-~10', 
and 610", so that r<210-*, Eq. (20) simplifies to 


1— (2abc/B%)e-# 
oa (2c,/8)[In(8/otb*) —0.577-+-¢] 





(21) 





(82/2) — BnoLIn(B/a4d*) —0.577] 
a b+ Bro 


c 


If Bob we can approximate further 


=a 
2ano 


B 
-to| ——]+0.577- 


aibi 2an,* 


so that Eq. (21) can be transformed into 


i ae bfi 
~<a —|-« —o)— aie} (22) 


Bno 


which differs only slightly from relation (10), i.e., repre- 
sents a curve similar to that shown in Fig. 1. The simi- 
larity of these approximate solutions follows, of course, 
also directly from the differential Eqs. (4) and (16) for 
q=be-**, since here the exponential term is considered 
to vary much more rapidly than n(¢) making the 
equations practically equal in their characteristics. 

Nonlinearities as shown in Fig. 1 actually have been 
directly observed! possibly indicating one of the mecha- 
nisms described above. It must be clear, however, 
that the functional relationship alone as a rule will not 
permit us to decide which jof the processes was taking 
place. 

If, on the other hand, m»=0, we have 


c™(8/2ab)>1, 


nm No No 


(23) 
so that 
i-e? 


i, 
at+ (8/6) 


which for 6{>1 becomes very similar in form to the 
simple case of Eq. (8). 
A typical case is graphed in Fig. 2. 


(24) 


5 Holt, Richardson, Howland, and McClure, Phys. Rev. 77, 
239 (1950). 





DECAY OF Sr**-, 


(b) Finally, it seems at least possible that the ion- 
izing source might decay quadratically as would be the 
case in reaction (14) if the removal of the metastables 
were controlled by this process. The metastables them- 
selves would then disappear according to the simple 
recombination equation and we would have to write 


q= BM?=B(1/Mo+ ft), (25) 


where again @ is the probability that a metastable atom 
is colliding with another one causing the reaction (14) 
and Mp is the initial concentration of such excited 
atoms. 

For 6=0 Eq. (17) then has the solution X =C,M1“+® 
+C.M-**®, where d?= 1+ 4a/8, so that 


BM (1—d)M4—(1+4)C 
Xx 


°o— 
2a M¢—C 





’ (26) 
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with 


pom (1—d)BM,y 
2emy—(1-+d)BM > 


C=M;j 





This relation consists of elementary functions only and 
should, for any specific case, be relatively easy to 
analyze. But since this case probably is of minor im- 
portance a more detailed discussion shall be dispensed 
with. 

In general, however, it can be seen that in some cases 
finite solutions of more complex recombination problems 
do exist and it is felt that these rather than numerical 
integrations or more crude approximations should be 
used whenever possible. The writer wishes to thank 
Professor L. B. Loeb, who initiated this analysis, for his 
advice and guidance and also Professor S. C. Brown for 
several valuable suggestions. 
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The 2.8-hr Sr8™, 80-hr Y*’, and 14-hr Y* activities were studied by means of a thin lens beta-ray spec- 
trometer, Geiger counters in coincidence, and scintillation crystals. 

The following results were obtained: (a) Sr®™: 4;=2.80+0.05 hr, y-energy=390+2 kev, K conversion 
coefficient=0.24+0.05, ratio of K to (14M) conversion=6.9+0.4; (b) Y*’: 4;=80.0+1 hr, decays to 
Sr’™, more than 99 percent K-capture, 0.7-Mev positrons, gamma-ray follows K-capture with energy 
=485+3 kev and K conversion coefficient=3.2+0.7 X 107; (c) Y®™: 4;=14+1 hr, y-energy = 384+3 kev 
(definitely different from Sr*™ y-ray), K conversion coefficient =0.24+0.07. 

These data are compared with the predictions of the theories of internal conversion, nuclear isomeric 
transitions, shell structure, and beta-decay. The results are incorporated in a decay scheme and probable 
spin and parity assignments are given. Conventional beta-decay theory and the spin orbit coupling shell 
model give incompatible assignments to the energy levels in Y*’. 


INTRODUCTION 


HIS experiment was undertaken to establish the 

decay scheme for Y*™, Y*’, and Sr’. From the 
data that were available in the literature, it seemed 
likely that a careful investigation of these activities 
would produce convincing checks of several different 
theories. These earlier data will be given below in the 
course of the presentation of our own data. The results 
of our investigation improved the precision of the 
known data and removed several inaccuracies and 
inconsistencies which had existed. 

The data which were obtained are summarized in 
the decay scheme shown in Fig. 1. The description and 
discussion of the results will be presented in three 
sections: (1) general experimental findings for each 

* Now at Stanford University, Stanford, California. Some of 
oo of this paper was included in the doctorate thesis 


+ This research was supported by the joint program of the 
ONR and AEC. 


activity, (2) measurement and interpretation of con- 
version coefficients, and (3) comparison of results with 
the theory of nuclear isomers, the spin orbit shell 
structure model, and beta-decay theory. 

The incompatibility between the assignments in Y*’ 
from beta-decay theory and shell structure does not 
depend on detailed quantitative analysis. The discrep- 
ancy is gross and would require either drastic changes 
in the decay scheme or a modification of one of these 
theories. 


SOURCE PREPARATION 


Y* and Y*™ were produced by cyclotron bombard- 
ments of ordinary metallic strontium and chemically 
pure strontium nitrate with protons or deuterons.' The 
bombardments using 10-Mev deuterons were most 
satisfactory, since they produced less of the unwanted 

1 The authors are indebted to the cyclotron staffs at the Uni- 


versity of Chicago and the University of Washington in St. Louis 
for these bombardments. 
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Fic. 1. Decay scheme of Y*™, Y*’, and Sr*’™., Of the two possible 
assignments given for the states of Y*’, those taken from the 
shell model theory seem more reasonable. 


100-day Y**. A 400-microampere hour bombardment 
gave about two millicuries of 80-hr Y*®’ activity. In the 
course of a short bombardment about equal numbers 
of radioactive Y*’ nuclei are formed in the 14-hr and 
80-hr states. 

The radioactive Y was separated from the bombarded 
Sr by precipitating Y(OH); from an HCI solution of Y 


374 Kev 


1/64 X COUNTS / MIN 








76 78 80 82 8.4 
CURRENT (ARBITRARY UNITS) 


Fic. 2. Conversion electron spectrum of the 390-kev gamma- 
ray. The dotted curves indicate the contributions due to the K 
and (L+M) electrons. 
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and Sr using NH,OH. The effectiveness of this pro- 
cedure was tested by checking the radioactivity re- 
sulting from both an Y*-Sr® separation and an Y*’-Sr*” 
separation. These tests showed that the separation 
was good to 2 percent after a single precipitation and 
0.1 percent after a repetition. 

Additional chemical purification was necessary to 
produce sufficiently thin beta-spectrometer sources. 
Considerable inactive iron was found (presumably 
introduced in the preparation of cyclotron targets). 
The iron was separated from the yttrium by performing 
the hydroxide precipitation of Y(OH); in an oxalic acid 
solution.? 


2.80-hr Sr8™™ 


The present investigation of Sr*’™ was undertaken 
mainly to obtain an accurate experimental value for 
the internal conversion coefficient. In addition, the 
reports of other investigators were in general confirmed, 
discrepancies were removed and the experimental 
determinations were made with improved precision. 

This 2.8-hr activity was first reported by Stewart, 
Lawson, and Cork* and confirmed by Stewart‘; its 
isomeric nature and isotopic assignment were shown by 
DuBridge and Marshall.5* In addition, Helmholz,’ 
Robertson, Scott, and Pool,® the present authors,® and 
Hyde and O’Kelley’® have published data on this 
activity. 

Investigation of this Sr isomer, separated chemically 
from its 80-hr Y parent, showed the presence of Sr Auger 
electrons, K and L conversion electrons, x-rays, and 
gamma-rays. Each electron line was observed to decay 
with the proper half-life in the spectrometer. This 
double thin lens spectrometer was adjusted to have a 
resolution of 2.8 percent and a transmission of about 
1 percent. For a precise energy determination the Sr 
conversion electrons were studied in equilibrium with 
the 80-hr Y*’ parent source. The gamma-ray energy 
was determined as 390+2 kev using the 624-kev 
conversion electrons of Cs!’ as a standard." Other 
reported determinations of this energy are 386 kev’ 
and 394+4 kev.'® The K to L+M ratio was determined 
by analyzing the partially resolved conversion line as 
shown in Fig. 2 and comparing peak heights. The shape 
of the upper energy edge of the K conversion line was 
obtained from the K conversion line of the 88-kev 
gamma-ray of Ag'®® which is completely resolvable from 
the Z line in our spectrometer. The value of the K to 
L+M ratio was determined as 6.90.4; two other 


2M. J. Glaubman developed the purification procedure and 
performed much of the necessary chemical work. 

3 Stewart, Lawson, and Cork, Phys. on a 901 (1937). 

‘D. W. Stewart, Phys. Rev. 56, 629 (19. 

‘L.A. DuBridge and J. Marshall, “Hag Rev. 56, 706 (1939). 

6 L. A. DuBridge and J. Marshall, Phys. Rev. 58, 7 (1940). 

7A. C, Helmholz, Phys. Rev. 60, 415 (1941). 

8 * Robertson, Scott, and Pool, Phys. ay 78, 318 (1950). 

L. G. Mann and P. Axel, Phys. Rev. 80, 759 (1950). 
we, K. Hyde and G. D. O’Kelley, Phys. Rev. 82, 944 (1951). 
1 L, M. Langer and R. D. Moffat, Phys. Rev. 78, 74L (1950). 
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reported values are 6 to 77 and 7.2.!° A search was also 
made for the conversion electrons of the 485-kev 
gamma-ray, but these were not present in a Sr®”™ source. 
The half-life was measured with Geiger counters which 
detected the x-rays, gamma-rays, conversion electrons, 
and the electron x-ray coincidences as shown in Fig. 3. 
The x-ray was differentiated from the gamma-ray by 
using absorbers. In addition, the electrons from one 
source were followed with a Geiger counter for 9 half- 
lives. The value of the half-life is 2.80+-0.05 hr in 
excellent agreement with 2.75+0.1 hr* and 2.80+0.03 
hr.!° The total conversion coefficient was measured as 
0.280.06 by a coincidence method which depends on 
the decay scheme and which will be discussed below. 
This value is more precise than the previously measured 
value of 0.15.7 As would be expected from Fig. 1 
neither x-« nor x-y coincidences were observed. The 
relative intensities of the x-ray, gamma-ray, and con- 
version electrons are determined in the course of the 
measurement of the conversion coefficient. The absence 
of any other radiations is also indicated by these 
intensity measurements, 


80-hr Y*’ 


The detailed investigation of the 80-hr transition 
showed the presence of a gamma-ray of 485 kev which 
had not been reported in this activity. The 80-hr 
activity was first reported by Stewart‘ (8244 hr) and 
assigned to Y®’ by DuBridge and Marshall* (80+ 3) hr. 
X-rays, gamma-rays, and x-y coincidences as well as 
the Sr’ daughter electrons and e-x coincidences were 
followed for more than three half-lives giving a value 
80.0+1 hrs. Representative curves are shown in Fig. 4 
and Fig. 8. (In these and other gamma-ray or x-ray 
curves, it was necessary to subtract the contribution of 
the 100-day Y** which was present.) 

The evidences that the 485-kev gamma-ray was 
associated with the 80-hr activity are given by the 
following data: 

1. The x-y coincidence rate observed with an 80-hr 
half-life in Fig. 4 is not present in either the 2.8-hr or 
14-hr activities. 

2. An 80-hr Y source which had the Sr removed at 
zero time showed the initial gamma-ray activity (pre- 
sumably the 485-kev gamma-ray) and the growth of 
the 2.8-hr Sr activity (the 390-kev gamma-ray). The 
data taken on a Nal scintillation detector are shown 
in Fig. 5. 

3. The 469-kev K conversion electrons were observed 
in the spectrometer with an Y*’ source and were not 
observed with a Sr®™ source. This conversion peak 
was followed for 200 hours and decayed with an 80-hr 
half-life. 

4. The 469-kev K conversion electrons were observed 
in the spectrometer and exhibited a 14-hr growth in a 
freshly bombarded Y source, followed by an 80-hr 
decay, as shown in Fig. 6. 
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Fic. 3. Decay curves of 2.8-hr Sr*™, A. ElectronsX yy. B. 
e¢~—«x coincidences X64. C, X-rays. D. Gamma-rays counted in 
x-ray counter. 


These data seem conclusive despite the fact DuBridge 
and Marshall® saw no 80-hr gamma-rays and that 
Robertson, Scott, and Pool® associate this gamma-ray 
with the 2.8-hr daughter activity. Hyde and O’Kelley’® 
did not see the conversion electrons but indicate that 
they may have overlooked them, considering the low 
intensity. 

The ratio of the 469-kev electrons to the 374-kev 
electrons of the Sr daughter is 1/(59-+-2) as measured 
by peak counting rates. This gives a value of the K 
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Fic. 4. Decay curves of photons in 80 hr Y*. A. X-rays. 
B. Gamma-rays. C. X~y coincidences X 640. A 100-day Y** back- 
ground has been subtracted. 
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Fic. 5. Growth of 2.8-hr Sr" gamma-rays into an 80-hr Y*’ 
source. Detector: 3-cm Nal scintillation crystal. A. Equilibrium 
activity extrapolated to zero time. B. Observed gamma-ray 
counting rate. C. Difference curve (A—B), showing a half-life of 
2.6+0.3 hr. 


conversion coefficient of the 485-kev gamma-ray as of 
3.2+0.7X10-*. It should be noted that most of the 
error in the determination of this conversion coefficient 
is directly related to the error in the 390-kev gamma-ray 
conversion coefficient. 

In addition to the radiations already mentioned a 
very weak positron spectrum (less than 1 percent of 
total conversion electrons) of maximum energy about 
0.7 Mev was observed in the spectrometer. Because of 
the small intensity it was necessary to use a thick 
source and the resultant spectrum was very poor. These 
positrons were too weak to be followed for more than 
two half-lives but they seemed to decay with an 80-hour 
half-life. These positrons were also reported by Robert- 
son, Scott, and Pool.® 


14-hr Y*™™ 


In the course of this investigation, the genetic 
relationship between the 14-hr and 80-hr Y was defi- 
nitely established.* The energy of the transition was 
measured and the fact that it differed from the Sr*™ 
gamma-ray by only 6 kev was confirmed. This fact was 
first reported by Hyde and O’Kelley.'® The internal 
conversion coefficient was also measured with respect to 
the Sr*™ conversion coefficient and found to be about 
the same. 

The 14-hr activity was first reported by Stewart 
(142 hr) and later correctly assigned by DuBridge 


MANN AND P. 


AXEL 


and Marshall® as an excited isomeric level in Y*, 
genetically related to the 80-hr ground state. How- 
ever, DuBridge and Marshall reported a 0.5-Mev 
gamma-ray and some conversion electrons. Their diffi- 
culty in establishing the character of the radiations 
more precisely was due to the masking effect of the 
2.8-hr Sr which quickly grows into the 80-hr ground 
state. Robertson, Scott, and Pool® postulated the decay 
of the 14-hr state to the isomeric level of Sr. In an 
earlier report,’ we also postulated some branching 
directly to Sr*’™ because of our inability to resolve the 
two electron lines, 6 kev apart (1 percent in momentum). 
All of the aforementioned investigators had used cyclo- 
tron bombarded Sr and had, therefore, both the 14-hr 
and 80-hr activities to contend with. 

The most conclusive proof of the existence of a 
14-hr gamma-ray activity of only slightly less energy 
than the 2.8-hr Sr was given by Hyde and O’Kelley.'® 
They used 100-Mev protons to bombard niobium and 
produced 94-minute Zr*’. This positron emitter decays 
predominantly to the 14-hr Y state. With this source 
it was possible to observe the 14-hr conversion line, 
follow its decay and also to watch the growth of 80-hr 
activity together with its 2.8-hr Sr daughter. In addi- 
tion, Hyde and O’Kelley used a spectrometer of higher 
resolution and were able to resolve both lines even 
when they were present in equal intensity. 

The present investigation with the beta-ray spec- 
trometer and with Geiger counter coincidence experi- 
ments established the following facts, before the 14-hr 
and 2.8-hr electron lines were resolved: 

1. The 80-hr activity grew from the 14-hr activity as 
indicated by the 469-kev K conversion line shown in 
Fig. 6. 

2. There were 14-hr x-rays, gamma-rays, electrons, 
and electron-x-ray coincidences as shown in Figs. 7 
and 8. 

3. There were no detectable 14-hr x-gamma coinci- 
dences. 

While these data would have been consistent with 
the branching postulated earlier,? there were two 
contradictory indications: (1) It was impossible to 
observe the predicted 2.8-hr growth in a 14-hr Y8™ 
source after Sr had been separated. (2) The efficiency 
for detecting the 14-hr x-ray in a krypton-filled Geiger 
counter was greater by a factor of 4 than that of the 
2.8-hr x-ray. (This indicated that the 14-hr x-rays were 
Y x-rays, since these are detected much more efficiently 
by krypton.) 

To resolve the two gamma-rays, a fresh Y*’, Y87™ 
source was obtained and studied in the spectrometer as 
soon as possible after the Sr had been chemically 
removed. While two conversion lines could not be 
resolved, it was obvious that the low energy side of the 
line was decaying with about a 14-hr half-life and that 
the high energy side of the line grew in rapidly (pre- 
sumably 2.8-hr) and then grew more slowly. The line 
shape was followed in detail for about 2 half-lives (7 
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days). The 80-hr activity was then corrected back in 
time using the 14-hr growth relation of the type shown 
in Fig. 6. The extrapolated 80-hr activity was sub- 
tracted from the unresolved lines and an electron line 
was found about 6 kev below the Sr*™ line. It was 
planned to repeat this procedure, but before this was 
done, the report of Hyde and O’Kelley'® became 
available. 

Our resultant value for the 14-hr gamma-ray transi- 
tion is 384+3 kev. This value is to be compared with 
389 kev reported by Hyde and O’Kelley. (It should be 
noted that the calibration of the spectrometer used by 
Hyde and O’Kelley is evidently 4 or 5 kev above the 
one used in this investigation.) Our subtraction process 
is not precise enough to determine a K/L ratio for 
comparison with the value of 8.3 given by Hyde and 
O’Kelley. 

In order to determine the contribution of the 14-hr 
activities to the various Geiger counter rates shown in 
Figs. 7 and 8 it was necessary to take into account the 
growth of the 80-hr activity (as indicated by the dotted 
curves, which were patterned after Fig. 6). This sub- 
traction necessarily limited the precision of the 14-hr 
measurements; our value for the lifetime is 14-41 hr. 
The 14-hr activity measurements were further compli- 
cated by the existence of some of the 2- or 3-hr x-ray 
and gamma-ray activities in Y resulting from deuteron 
bombardment of Sr.*:® However, these short-lived 
activities disappeared completely and ceased to influ- 
ence the experiments after about 15 hr. 

In addition to the observed x-rays, gamma-rays, and 
electrons which will be discussed more quantitatively 
below, a 14-hr positron spectrum of maximum energy 
about 1.1 Mev was observed. However, Hyde and 
O’Kelley”’ convincingly assign these positrons to 14.6-hr 
Y*% which would have been produced in our strontium 
target by either a (d,2m) or a (p,m) reaction. 

No other 14-hr activities were found. Specifically, we 
did not see any trace of the high energy conversion 
electrons reported by Hyde and O’Kelley.'° While we 
may have overlooked the low intensity conversion 
electrons they reported in the region above 1 Mev, we 
would have seen any appreciable gamma-ray intensity 
in our observations with Geiger counters (from curves 
such as shown in Fig. 7). In addition, if these gamma- 
rays followed the 384-kev gamma-rays, appreciable 
14-hour x-y coincidences would have resulted. Neither 
our data nor any reasonable decay scheme consistent 
with our data give any indication of high energy 
gamma-rays originating in 14-hr Y*™™. 


LIMITS ON UNREPORTED BRANCHINGS 


The 2.8-hr Sr isomer was investigated carefully to 
show that the conversion electrons of the 485-kev 
gamma-ray were not present. In addition, the coinci- 
dence data indicated a one-to-one correspondence be- 
tween x-rays and electrons to within 5 percent. No 
experiments would have detected weak branches of 
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other gamma-rays emanating from this state, if they 
gave many fewer conversion electrons than the 485-kev 
gamma-ray from 80-hr Y. 

Specifically, the data gave no evidence for low energy 
excited levels which would be necessary to explain 
gamma-rays following beta-decay in Rb®. It is particu- 
larly difficult to explain the existence of these gamma- 
rays in a Rb*’ source, since any state to which Rb* 
(spin 3/2) decays would probably also be reached from 
the 2.8-hr Sr state. It is energetically possible for the 
2.8-hr Sr state to decay by K-capture to Rb*’. However, 
the energy available is so low that this mode of decay 
would be less than 1 percent and undetectable in our 
experiments. 

The 80-hr Y*’ activity was studied in sufficient detail 
to rule out the presence of any conversion lines except 
those due to the 485 kev and the 390 kev from the Sr 
daughter. The 390-kev transition was observed to grow 
into the 80-hr source. A very careful search was made 
for conversion electrons of very low energy in a com- 
bined 14-hr, 80-hr, 2.8-hr source; however, only Auger 
electrons were observed. 

A freshly prepared 80-hr Y source was followed using 
a Nal scintillation detector to observe the relative 
proportion of the 485-kev gamma-ray and the growing 
390-kev gamma-ray. Using the measured conversion 
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Fic. 6, Fourteen-hr growth and 80-hr decay of the conversion 
electrons from the 485-kev gamma-ray. Electrons viewed in spec- 
trometer. A. Equilibrium activity extrapolated back to zero time. 
B. Observed counting rate. C. Difference curve (A—B) showing 
the 14-hr half-life. Curves B and C are extrapolated back to the 
time of bombardment. 
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Fic. 7. (a) Decay of gamma-rays from Y*’ source. The 2.8-hr Sr®™ daughter was in equilibrium. A. Actual total 
counting rate. B. Long-lived activity extrapolated back to zero time, after the 100-day y-ray background was sub- 
tracted. C. Known 14-hr growth of 80-hr activity. D. Difference curve showing 14-hr (384-kev) y-ray contribution 
to total counting rate. (b) Decay of x-rays and x-y coincidences in Y*’ source. A. X-y coincidences X 640. B. Observed 
x-rays. C. Long-lived x-ray activity extrapolated to zero time after the 100-day background was subtracted. D. Known 
14-hr growth of 80-hr x-ray activity. E. Difference curve showing 14-hr x-ray contribution. 


coefficient (which is based only on the one-to-one 
correspondence between K-capture in 80-hr Y and 
growth of 2.8-hr Sr) it was possible to show the equality 
of intensity to within about 8 percent. Except for this 
equality there can be no direct experimental evidence 
that the 390-kev state was formed through the 875-kev 
state. However, the multipolarity of the 485-kev 
gamma-ray and shell structure both add support to 
this contention. None of the experimental data would 
have indicated a small K-capture branch directly to 
the ground state. However, if the other aspects of the 
decay scheme are accepted, the equality of the intensi- 
ties of the 390-kev and 485-kev gamma-rays put a 10 
percent upper limit on this branch. Of course, it is 
improbable for the 80-hr Y to have appreciable branch- 
ing to both members of the Sr*’ isomeric pair. 

The positrons associated with the 80-hr Y were placed 
in the decay scheme mainly on the basis of the ex- 
tremely high K-capture to positron ratio. This ratio 
would not be theoretically understandable if both K- 
capture and positrons led to the same state. Although 
the decay scheme shown is not consistent with beta- 
decay theory, at least it is consistent with expected K- 
capture to positron ratios. 

The only aspect of the 14-hr decay which has not yet 
been mentioned is its possible branching directly to the 
ground state of Sr. Although e-« coincidence data were 
taken, the relative inefficiency of the detector for Sr 
X-rays prevents our reducing the upper limit of this 


direct K-capture branch below about 15 percent. How- 
ever, even if all the positrons we observed were due to 
Y%™, instead of Y**, they would have represented only 
a 1 percent branch. The theoretical prediction for the 
K-capture branch is about the same value. Furthermore, 
Hyde and O’Kelley’® report that the positrons were 
less than 0.1 percent of the electrons; this corresponds 
to a branching of less than 0.025 percent. 


INTERNAL CONVERSION COEFFICIENTS 


A measurement of the internal conversion coefficient 
is essentially a determination of the branching ratio 
between conversion electrons and gamma-rays. Thus, 
it is necessary to know the absolute detection efficiency 
for the K conversion electrons or for the K x-rays which 
accompany them and for the gamma-rays. While it is 
usually very difficult to determine the absolute detec- 
tion efficiency, in the case of some simple known decay 
schemes coincidence experiments can be used to obtain 
efficiencies directly. The efficiencies determined in this 
manner include all of the corrections which are usually 
very difficult to determine, such as the absorption of 
the radiation by the source or any absorbers, the solid 
angle factor, the absolute efficiency of detector for a 
radiation which reaches it and most of the possible 
electronic idiosyncracies of the recording circuits. 

In these experiments the electrons were detected by 
a commercial bubble side window Geiger counter whose 
window thickness was about 2.5 mg/cm? (counter 1). 
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Fic. 8. Decay of elec- 
trons and e~—<x coinci- 
dences in Y®™ source. 
A. Observed coincidence 
counting ratex64. B. 
Known growth of 80-hr 
coincidences from 14-hr 
activity. C. Difference 
curve (A—B), showing 
14hr (13.6-hr) contri- 
bution to coincidences 
(X64). A’, B’, and C’ 
are similar curves for 
electron counting rate 
Xs 
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The x-rays were detected in a Geiger counter (counter 2) 
filled to a pressure of 30 cm of krypton with about 5 
percent methylal used as a quencher. A 5-mil gold 
cathode Geiger counter (counter 3) was used to detect 
the gamma-rays. It was filled to a pressure 10 cm of 
argon with 5 percent ethyl alcohol as a quencher. 

The coincidences were recorded by an electronic 
circuit with a resolving time which was varied between 
0.2 and 0.4 microsecond. The circuits were capable of 
introducing artificial delays up to 1 microsecond. This 
delay feature was used to insure the fact that the 
resolving time was large enough to count the coinci- 
dences with an efficiency of 100 percent. In addition, 
several of the experiments were done with a four- 
channel delay unit’ which provided a continuous 
check on the constancy of the relative delay between 
two Geiger counters. 

The procedure by which the conversion coefficients 
were derived from data such as shown in Figs. 3.to 8 
and the corrections which had to be made are most 
easily seen by examining the equations which are given 
below. These equations give the expected counting 
rate, m, for a source having a rate of decaying nuclei, 
N, assuming the decay scheme shown in Fig. 1. The 
following symbols and values will be used: 


a=N,/N.=total conversion coefficient, 

k=Nx/(Ni+Nut+-:-)=ratio of K shell conversion 
to all other conversion (= 6.9), 

r=ratio of K-capture to L capture (= 10.1)," 

f=fluorescence yield= fraction of K shell holes which 


2 The authors are indebted to Dr. Sherman Frankel for the 
use of this multichannel unit, which he designed, built, and tested. 
13M. E. Rose and J. L. Jackson, Phys. Rev. 76, 1540 (1950). 
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result in K x-rays (=0.62).!5 Only K x-rays are 
observed in this experiment. 

E=detector efficiency including solid angle factor; 
subscripts are used to differentiate between counters 
and radiations. The gamma-rays were counted in either 
counter 2 or counter 3; y will be used for the 390-kev 
and 7’ for the 485-kev gamma-ray. 


For the 2.8-hr Sr*’" Source 


a ik 
n2= N—— ——fEis 
1+a1i+k 


Nez= N—— ——fE,,E2, (coincidences). 
1+a1+k 


For the 80-hr Y*’ Source in Equilibrium 
with the Sr*™" 


(For this equilibrium there are 1.04 Sr decays for 
each Y decay.) 


nz=Ny[(r/1+1)+1.04(a/1+a)(k/1+k) ]fEi2 
n.=Ny1.04(a/1+a)E2, 
Ny+y' = Ny Esy +1.04(1/1+a)Es, J 
Ner= Ny1.04(a/1+a)(k/1+k)fE\2Ex. 
4 A. H. Compton and S. K. Allison, X-Rays in Theory and 
Experiment (D. Van Nostrand Company, Inc., New York, 1935). 


1H. S. W. Massey and E. H. S. Burhop, Proc. Roy. Soc. 
(London) A153, 661 (1936). 
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This set of eight experimental counting rates m, can 
be used to determine the 7 unknowns. In addition, 
several of these unknowns can be checked independent 
of these radioactive sources. The ratio of the efficiencies 
of the 485- to the 390-kev gamma-ray (i.e., E3,-/E3,) 
for the gold cathode Geiger counter was determined 
from the curves given by Saurrer'® as 0.93. Both Eo, 
and E,, were checked by using an In" source. Thus 
only four unknowns, the two source strengths, the 
gamma-ray efficiency, and the conversion coefficient, 
were determined by using experimental values for the 
observed counting rates in these eight equations. The 
internal consistency of these values confirms both the 
decay scheme and the reliability of the procedure. 

The internal conversion coefficient can be obtained 
directly from any of the following ratios: 

(n-/nz)sr (Mex/Mz)sr 1 
(n./nz)y (Mex/Mz)y 1.04r+1 
= 1.52+0.524(1/a), (1) 


(n,/ny)sr 0.81a°+1.72a 


1.81a+0.90- 


TABLE I. Total conversion coefficient a. 


(n,/n)y 








Source No 1 
Coincidences 0.36 
Singles 0.31 


2 
0.27 


0.23 0.29 








In this experiment, we concentrated our efforts on 
determining a from Eq. (1), since it is independent of 
the position of the 485-kev gamma-ray and of any 
branching which might occur from the 80-hr state 
directly to the 2.8-hr state. 

Physically, this equation represents a comparison of 
the number of x-rays of a Sr8™™ source with those of an 
equilibrium 80-hr Y*’—2.8-hr Sr8’™ source. It was not 
until we had taken data on several sources that the 
decay scheme was established so that Eq. (2) could be 
used to determine a. The results obtained from 3 
different sources, using Eq. (1) are given in Table I. 

If, in addition, a correction is made for the coinci- 
dences due to the 485-kev conversion electrons (2.8 
percent), the values of a from coincidences become 0.34 
and 0.26. The final value is a2=0.28+0.06, obtained by 
weighting source 2 a little heavily because of the 
superiority of the data. When this value is corrected 
for the K to L ratio, the K conversion coefficient is 
found to be 0.24+0.05. The error indicated is twice the 
average deviation and represents a reasonable estimate 
of the accuracy based on a detailed study of the curves 
from individual determinations. 

The conversion coefficient of the 485-kev gamma-ray 
can be calculated from the determined coefficient of the 
390-kev gamma-ray by using the measured conversion 
electron ratio of 1/59 and the decay scheme in Fig. 1. 


"6H, Saurrer, Helv. Phys. Acta 24, 381 (1950). 
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The resultant value of « is 3.5+0.7X10~*. The critical 
aspect of the decay scheme for this calculation is the 
assertion that a negligible fraction of the 2.8-hr state 
is formed from the 80-hr Y state without going through 
the 875-kev state in Sr*’. 

These conversion coefficients are compared with the 
values obtained from theory in Table II. The theoretical 
values were taken from the following sources: 


1. The K conversion coefficients are taken from the 
tables of relativistically calculated K conversion coeffi- 
cients, which have been privately circulated by Rose, 
et al!” 

2. The electric K to L ratios are obtained from the 
nonrelativistic calculations of Hebb and Nelson.!* 

3. The magnetic K to L ratios were determined from 
the approximate values given by Tralli and Lowen."® 

In the case of each of the gamma-rays, the experi- 
mental error is so large that two different assignments 
are possible. However, since the experimental determi- 
nation of the 485-kev gamma-ray conversion coefficient 
is based on that of the 390-kev gamma-ray, the errors 
in these two values are correlated. Thus, if the multi- 
polarity of the 390-kev gamma-ray is Magnetic 4, the 
485-kev gamma-ray is Magnetic 1; if the 390-kev were 
E5, the 485-kev would be E2. 

The experimental value of the K/(L+M) ratio for 
the 390-kev gamma-ray does not agree with either 
theoretical value. However, this is the rule for isomers 
rather than the exception and the calculations of the 
theoretical values are only approximate. Despite this 
disagreement, the K/(L+M) ratio can be used, since a 
smooth empirical curve can be drawn for other M4 
transitions (if empirical K to L+M ratios are plotted 
as a function of Z*/E) and our value fits on this curve. 
Furthermore, Sunyar and Goldhaber*® have shown that 
experimental values of K to L (or K to L+M) ratios 
are consistently lower than the theoretical values. Their 
empirical curves predict a E4 K-to-L ratio of less than 
4; for E5 the value would be less than 2. Thus, from 
our experimental results the multipolarities of the 390- 
kev and 485-kev gamma-rays can be assigned as M4 
and M1, respectively. 

The internal conversion coefficient of the 384-kev 
gamma-ray in *4-hr Y*°’ can be measured with the 
same technique. In this case it is simplest to determine 
this coefficient by comparing Y*™ and Sr®’™. Figure 1 
can be used to give the following equations: 


(n./ny)14-br Y ayt™ 


—) ? 
(n-/ny)2.8-hr Sr &s,r*™ 


(nz/ny)ys™ a [akEok/(k+ 1) }ys™ 
(nz/Ny)sr™ [aE sek/(k+1)]e:= 


17 Rose, Goertzel, Spinrad, Harr, and Strong, report privately 
circulated. 

18M. H. Hebb and E. Nelson, Phys. Rev. 58, 486 (1940). 

19N. Tralli and I. S. Lowen, Phys. Rev. 76, 1541 (1949). 

20 A. W. Sunyar and M. Goldhaber, Phys. Rev. 83, 216 (1951) 
and M. Goldhaber and A. W. Sunyar, Phys. Rev. 83, 906 (1951). 
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TABLE II. Experimental and theoretical conversion coefficients. 








Experimental 
Total K 
conversion conversion 
Ne/Ny Nex/Ny 


Conversion 


ratio 
K/(L+M) 


Theoretical 


K conversion* K/L ratio» 





0.28 0.24+0.05 
3.5X10-* 


6.940.4 


3.2+0.7X 10° 


ES 5.6 
M4 8.3 


M4 0.194 
M5 0.640 
M1 2.64X 107° 
M2 86 X10 


EA 0.079 
ES 0.274 
Ei 1,.12x10-* 
E2 3.76X10-* 








* See reference 17. 


Since the energies of the radiations are almost the 
same, the efficiency factors do not appear in Eq. (3). 
However, in Eq. (4), the x-ray efficiencies differ by a 
factor of 4, since krypton absorbs Y x-rays, but not Sr 
x-rays, in the K shell. This relative efficiency was 
determined experimentally by comparing the e-x coinci- 
dence rates per detected electron for the 14-hr and 
2.8-hr activities. 

The required data were taken before the 384-kev 
transition in Y*™ was identified. They, therefore, are 
not as precise as they could be using this comparison 
technique. The results give the ratio as 1.0+0.2; a 
ratio of 1 would establish the equality of the multi- 
polarities of the 384-kev and 390-kev transitions. The 
K to L ratio of 8.3, reported by Hyde and O’Kelley 
for the 384-kev transition, while somewhat higher than 
the expected value, would also indicate an M4 assign- 
ment. 


ISOMERIC THEORY 


The theory of isomers can be used to calculate the 
expected gamma-ray lifetimes for radiations of different 
multipolarities once the energies are known. The 
gamma-ray lifetime can also be obtained from the 
experimental data by correcting the experimental life- 
time for any other competitive mode of decay. If 
internal conversion is the only competitive process, the 
correction factor is (1+-a), where a is the experimentally 
determined total internal conversion coefficient. For 
2.8-hr Sr this factor is 1.28; within our precision a 
correction factor of 1.28 is also suitable for 14-hr Y. 

These corrected experimental values indicate a for- 
biddenness of /=5 according to the classification of 
Axel and Dancoff.”! This assignment would be consistent 
with a multipolarity of either M4 or £5. However, an 
improved formula for gamma-ray lifetime has been 
suggested by Weisskopf. This formula gives the 
gamma-ray half-lifetime for an electric k-pole transition 


as 
k 
ty*(E)= (— )t1xsxsx +++ (2k+1)P 
k+1 
137 
x(— 
Ww 


21 P. Axel and S. M. Dancoff, Phys. Rev. 76, 892 (1949). 
2 'V. Weisskopf and J. M. Blatt, to be published in a book on 
theoretical nuclear physics. 


2k+1 1 


—4.54x 10? sec, 
prt 


> See reference 18. 


* See reference 19. 


where p=nuclear radius/2.82X10-" and W=energy/ 
mc. According to Weisskopf a magnetic k-pole transi- 
tion is less probable and leads to a lifetime which is 
180p? times the electric lifetime. The predictions of 
these formulas are compared with the experimental 
value in Table III.f 

In addition to the theoretical values, Table ITI lists 
the value obtained from the empirical formula for the 
M4 group obtained by Sunyar and Goldhaber.” This 
formula contains a statistical factor dependent on the 
spin of the upper state of the isomer, /;, and is 


+y= 1.0 104(21;+1)/A*E Mev’. 


For Y*’, J; is taken equal to 9/2, following the pre- 
dictions of the shell model. 

Using the Weisskopf formulation, an assignment of 
M4 is the only acceptable one. While the agreement of 
the M4 assignment with the empirical formula of 
Sunyar and Goldhaber is excellent, their empirical 
analysis indicate that this lifetime might also be suit- 
able for £4. However, the £4 possibility is completely 
inconsistent with the conversion coefficient. 


SHELL STRUCTURE 


Using the shell model of Mayer,” predictions can be 
made of the spin and parity of odd A nuclei. For Sr*? 
with 49 neutrons, the prediction is for a go/2 or p12 
ground state and a second excited state of p32. The 
measured™ ground-state spin of 9/2 when used in 
conjunction with the shell model uniquely gives the 
order of the Sr®’ levels as go/2, p12, and p32. For Y*? 
with 39 protons, the shell model predicts either the 1/2 


TABLE IIT. Gamma-ray lifetimes. 








Sunyar and 


Weisskopf and Blatt Goldhaber 


M4 FA ES M4 
6.7X10* 66X10 49X10" 1.3X 10+ 
7.5X10 74X10 5.6X107 7.3X 104 


Energy Experimental 





390 
384 


1.29 10* 
6.45 X 10 








t Note added in proof: A revised lifetime estimate was published 
by V. F. Weisskopf in Phys. Rev. 83, 1073 (1951). This estimate 
would increase the lifetime of electric transitions by the factor 
(1+3/3)?. It also changes the ratio of magnetic to electric lifetime 
to 18p*. These changes are small but strengthen the assignment 
given. 

%M. G. Mayer, Phys. Rev. 78, 16 (1950). 

“ M. Heyden and H. Kopferman, Z. Physik 108, 232 (1938). 
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or g9/2 orbit. The spin for the neighboring Y** has been 
measured” as 1/2. From this and the fact that the 
80-hr ground state decays to the excited states in Sr*’, 
it seems reasonable to assign the levels in Y* as pio 
and go/2. However, it will be pointed out below that 
this assignment is inconsistent with beta-decay theory. 

It is interesting to compare Sr*’ and Y*’, since they 
are representable as a single neutron and a single 
proton, respectively, added to a core of 38 protons and 
48 neutrons. This comparison seems more promising 
because the first excited state in each nucleus occurs at 
close to the same excitation energy. However, a more 
careful examination indicates that the similarity in 
energy is probably accidental. One factor is that the 
positions of the 1/2 and go/2 states are interchanged in 
the two nuclei. Furthermore, if the nuclear forces were 
identical, the coulomb repulsion would tend to make 
the odd proton (i.e., Y), more stable with the go/2 
configuration, whereas the p12 seems more probable. 
Of course, it is quite reasonable to expect the extra 10 
neutrons to make an appreciable difference. 


BETA-DECAY THEORY 


The calculations and published curves of Feenberg 
and Trigg*® were used to compare the observed data 
with beta-decay theory. For a 700-kev positron, the 
ratio of K-capture to positron emission for allowed 
transitions is about 5.9. Since the observed ratio was 
about 300 it seemed likely that the main K-capture 
branch was going to a higher energy state. If the 
positrons are emitted during a transition from the 
80-hr Y to the 390-kev Sr state, the main K-capture 
branch can lead to the 875-kev Sr state. The theoretical 
K-capture to positron ratio for this branch is 760 and 
these positrons would not have been noticed in the 
700-kev positron group. The logft for the main K- 
capture branch would then be 5.65 indicating an 
allowed transition. 

25M. F. Crawford and N. Olson, Phys. Rev. 76, 1528 (1949). 

26 FE. Feenberg and G. Trigg, Revs. Modern Phys. 22, 399 
(1950). We wish to thank Mr. Trigg for sending us an enlarged 
set of the graphs contained in this article. 


AND P. AXEL 


However, all other comparisons with beta-decay 
theory are inconsistent with shell structure assignments. 
If the theoretical K-capture to positron ratio for allowed 
transitions is used, the maximum branching ratio from 
the 80-hr Y to the 390-kev Sr state is 2.5 percent. This 
leads to a logft of 7.6 indicating a forbidden transition. 
Similarly, if the maximum experimentally allowable 
branching of about 2 percent is assumed for K-capture 
plus positron branching from the 14-hr Y state to the 
ground state of Sr, the log/t value is 7.4. This experi- 
mental limit for the 14-hr Y is based on the 1.1-Mev 
positron data taken with our cyclotron produced 
sources. According to Hyde and O’Kelley, the main 
fraction of the positrons we observed are associated 
with 14.6-hr Y* and the upper limit on positron 
branching in Y* is about 0.025 percent. This lower 
limit is supported by the fact that the positrons we 
observed were not of the proper energy to fit into our 
own decay scheme. 

These beta-decay results could be consistent with 
the other results only if either: 

(1) The level assignments in Y*’ were changed to 
fsy2 and 113/2. The small beta-branchings would then be 
expected, since the transitions would be second for- 
bidden. This would be incompatible with Mayer’s 
shell model. 

(2) Some special selection rule were operative in- 
hibiting both of the expected beta-branches. 

The authors are deeply indebted to the group which 
built and tested the beta-ray spectrometer used in this 
experiment. Professor W. E. Meyerhof supervised the 
design and construction, and Dr. A. J. Saur and J. 
Ovadia gave invaluable assistance. Dr. Sherman 
Frankel helped with some of the design problems of 
the spectrograph and also designed some of the elec- 
tronic equipment. 

We are grateful to Dr. Ovadia and Mr. M. J. Glaub- 
man for their assistance during the course of the experi- 
ments. We also wish to thank Professor F. Metzger 
for many helpful discussions and for his aid in carrying 
out the experiments with scintillation detectors. 
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The decay scheme of 5.2-minute Cu® has been determined by beta-ray spectrometer, scintillation spec- 
trometer, and coincidence measurements. It is found that 9.2+1 percent of the beta-ray transitions go to an 
excited state of Zn® whose lifetime is less than 10~? second and are followed by 1.044++0.010-Mev gamma- 
rays. The remaining 91 percent of the beta-decays go to the ground state of Zn®, with an upper energy 
limit of 2.63 +0.02 Mev. This high energy beta-group appears to have the allowed spectrum shape. Both 
beta-decays have ft values characteristic of allowed transitions. Spin and parity assignments for Cu® and 
for the 1.044-Mev level of Zn® are made, and some features of the decay of Ga® to Zn® are discussed. 





I. INTRODUCTION 


HE radiations from Cu® have been investigated 
by means of lens spectrometer, scintillation 
spectrometer, and coincidence measurements. This 
study was originally undertaken because Langer and 
Moffatt,’ in their decay scheme for Ga**, had proposed 
a 1.03-Mev level in Zn® with a lifetime greater than 
10~* second, and because it seemed of interest to es- 
tablish if this level was involved in the decay of Cu® 
also. The results of the present work indicate that about 
9 percent of the beta-disintegrations of Cu® do indeed 
go to a Zn® level at 1.044+0.010 Mev, but that this 
level has a lifetime of less than 10-7? second. The re- 
maining 91 percent of the Cu® decays go to the ground 
state of Zn, 
The half-life of Cu®* has been variously reported as 
5 min,? 4.34+0.03 min,’ and 5.18+0.10 min.‘ The 
maximum beta-particle energy was reported as 2.9 Mev 
from cloud-chamber measurements® and as 2.58 Mev 
from absorption data.’ Meitner’ observed gamma-rays 
and gave their energy as 1.32 Mev from lead absorption 
measurements. 


Il. EXPERIMENTAL WORK 
Sample Preparation and Half-Life Determination 


All samples of Cu® were prepared by short (1 second 
to 6 minutes) neutron irradiations of copper in a pneu- 
matic tube in the Brookhaven reactor. For the scintilla- 
tion and lens spectrometer measurements of the gamma- 
rays, electrolytic copper was used in the form of 0.001- 
inch sheet. All other data were taken with copper films 
0.2 to 2 g/cm? thick, evaporated in vacuum onto 0.001- 
inch Cellophane. To determine what corrections, if any, 


* Research carried out under the auspices of the AEC. 

1L. M. Langer and R. D. Moffatt, Phys. Rev. 80, 651 (1950); 
79, 237 (1950). 

? Amaldi, D’Agostino, Fermi, Pontecorvo, Rasetti, and Segré, 
Proc. Roy. Soc. (London) A149, 522 (1935). 

*L. M. Silver, Phys. Rev. 76, 589 (1949). 

4A. G. W. Cameron and L. Katz, Phys. Rev. 80, 904 (1950). 

5 K. Sinma and H. Yamasaki, Sci. Papers Inst. Phys. and Chem. 
Research (Tokyo) 35, 16 (1938). 

* Godzinskii, Golotsvan, and Danilenko, J. Exp. Theor. Phys. 
USSR 10, 1 (1940). 

7L. Meitner, Arkiv Mat. Astron. Fysik 33A, 3 (1946). 


needed to be made for activities induced in the Cello- 
phane backings, Cellophane blanks were irradiated 
along with the copper samples and their activities 
checked in the various experimental setups used in the 
copper measurements. The corrections required for the 
Cellophane activities were negligible in all cases. 

The decay of the total beta-radiation from a copper 
source irradiated in the reactor for 2 minutes was 
followed for 90 minutes. After subtraction of the long- 
lived background (mostly 12.9-hour Cu™), which ac- 
counted for about 1 percent of the initial counting rate, 
a simple exponential decay with a half-life of 5.2+0.1 
min resulted, in good agreement with the value of 
Cameron and Katz.‘ The gamma-rays were found to 
decay with the same period. 

To minimize the effects of Cu™ radiations, measure- 
ments were made after each irradiation during the first 
10 to 15 minutes only. 


Beta-Spectrum 


The beta-spectrum of Cu®* was measured with a con- 
ventional lens type spectrometer with point focusing. 
Evaporated copper films 0.3 to 0.7 mg/cm? thick were 
used. Each film was irradiated for 2 minutes and then 
used for about 10 minutes of spectrometer measure- 
ments; this procedure made it possible to run, with fair 
statistics per point, over approximately half the spec- 
trum with each source. A total of 10 sources was used. 
The effects of varying source strengths and of source 
decay were eliminated by an automatic monitoring 
technique which utilized the counting rate of a G-M 
counter in a fixed position to adjust each counting in- 
terval to the source strength. Since a vacuum gate was 
not available, the sources were located outside the 
spectrometer end plate immediately adjacent to a 10- 
mg/cm? aluminum window. 

The Fermi-Kurie plot of the beta-spectrum, con- 
structed with the use of the Fermi functions given by 
Feister,® is shown in Fig. 1. It is linear from about 1.5 
Mev to the end point at 2.62 Mev. The maximum beta- 
energy, corrected for energy loss in the spectrometer 
window, is 2.63+0.02 Mev. The deviation from the 


$1. Feister, Phys. Rev. 78, 375 (1950). 
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Fic. 1. Fermi-Kurie plot of the Cu® beta-spectrum. With wine 
dow absorption corrections, the upper energy limit becomes 
2.6340.02 Mev. The deviation from the straight line F—K plot 
below 1.5 Mev is partly due to the 9 percent low energy beta- 
group (end point 1.59+0.03 Mev), partly due to the effect of the 
window between source and spectrometer. 


straight line F—K plot below 1.5 Mev is compatible 
with the presence of a beta-group of 1.5+0.1-Mev 
maximum energy with an intensity of less than 20 
percent of that of the 2.63-Mev group. However, the 
observed deviation from linearity cannot be taken as 
proof of such a low energy group because at least part 
of the deviation is probably caused by the aluminum 
window between source and spectrometer as shown in 
experiments by H. Motz on the spectra of Al?* and P® 
sources taken under the same conditions. 


Gamma-Ray Measurements 


In a preliminary search for gamma-radiation, a 
Cu® source was placed near a Nal scintillation counter, 
and the pulse-height distribution as displayed on an 
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Fic. 2. Photograph of scintillation counter pulse distribution 
for Cu® as displayed on an oscilloscope screen. Photopeaks and 
Compton distributions of the 1.04-Mev gamma-ray of Cu® and 
of the Cu® annihilation radiation can be seen. The Cs"’ pulse dis- 
tribution is shown at the right, for comparison. 
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oscilloscope screen was photographed. The pulse height 
distribution obtained about 5 minutes after a 2-minute 
irradiation is shown in Fig. 2, together with the spec- 
trum of Cs"? which was used for energy comparison. 
A photoelectron line at 1.00.05 Mev and the asso- 
ciated Compton distribution were found to decay with 
a half-life of approximately 5 minutes. Another gamma- 
ray, of about 0.5-Mev energy, was initially weaker than 
the 1-Mev radiation, but decayed very little in a few 
hours; it is undoubtedly annihilation radiation asso- 
ciated with the positron decay of 12.8-hour Cu. 

To determine the gamma-ray spectrum of Cu® more 
accurately, the photoelectrons ejected from a uranium 
radiator 27 mg/cm? thick were measured in the lens 
spectrometer with a resolution setting of 2.7 percent. 
Copper sources weighing about 50 mg each and about 
2 mm in diameter were placed in an open-ended brass 
capsule whose walls were thick enough to absorb all 
the beta-rays. The closed end of the capsule was placed 
against the outside of the spectrometer window, and 
the uranium converter was attached to this window 
inside the spectrometer. The G-M counter used to 
monitor source strength was placed opposite the open 
end of the source capsule and was shielded with enough 
aluminum to absorb all of the Cu™ beta-radiation, so 
that the counting intervals for the spectrometer counts 
were automatically adjusted for the Cu® decay. 

The spectrum showed K and L photoelectron peaks 
and Compton electrons due to a gamma-ray of energy 
1.044+0.010 Mev (Fig. 3). In addition, weak K and L 
photoelectron peaks from 0.51-Mev annihilation radia- 
tion were observed; but because of the monitoring 
technique the intensity of these peaks (which are 
associated with Cu™) varied as a function of time 
relative to the gamma-ray spectrum due to Cu®, A 
careful search above about 200 kev revealed no evidence 
for any other gamma-rays associated with the decay 
of Cu®, 


Search for Internal Conversion Electrons 


After the energy of the gamma-rays had been es- 
tablished, a careful search for conversion electrons was 
made with the lens spectrometer. The experimental 
arrangement was the same as in the beta-spectrum 
measurements, except for the fact that the resolution 
was changed to 2.0 percent. Data were taken with 
each of 22 sources on 17 points in the energy range 900 
to 1100 kev. Unfortunately, the internal conversion 
line of the 1.04-Mev gamma-ray would occur at the 
peak of the beta-distribution. The statistics were such 
that one conversion electron in 4000 beta-rays would 
have been detected. However, no internal conversion 
line was found ; from this result and from the gamma-to- 
beta intensity ratio of 0.09 (see the following section) 
an upper limit of 3 10-* can be set for the conversion 
coefficient of the 1.04-Mev gamma-ray. Langer and 
Moffatt! observed conversion electrons of the 1.03-Mev 
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gamma-ray of Ga®, but gave no estimate of the con- 
version coefficient. 


Relative Intensities of Beta- and Gamma-Rays 


To determine the relative intensities of beta- and 
gamma-rays from Cu®, a copper source mounted on 
2.5-mg/cm? Cellophane was placed between a thin 
window G-M tube and a Nal scintillation counter 
shielded by about 1.2 g/cm? of aluminum. Counts were 
taken simultaneously with the two counters, and correc- 
tions were applied to the results for natural back- 
ground, for the (very small) activity of the Cellophane 
backing, for the long-lived Cu® activity, for the absorp- 
tion of beta-rays in the air and counter window, and 
for the gamma-counting rate in the G-M counter. The 
resulting corrected ratio of gamma-to-beta counts in 
the particular experimental setup used was 0.0675. 
Measurements were taken under identical conditions 
on sources of Co® and Cs’, and with the appropriate 
background and absorption corrections the gamma-to- 
beta counting rate ratios turned out to be 1.54 for Co® 
and 0.529 for Cs'*’, In case of the Cs'*’ the “beta-rate”’ 
includes the contribution of the conversion electrons 
from the 0.66-Mev gamma-ray. 

According to the well-known decay schemes? of Co 
and Cs"? the ratios of gamma-quanta to electrons 
emitted in the decays of these nuclides are 2.00 and 
0.764, respectively. Therefore, the ratio of ratios is 


(y/B)co/(¥/B)cs_]theor= 2.00/0.764 = 2.62. 
The corresponding measured ratio of ratios is 
[(¥/B)co/(¥/B)cs jmeas= 1.54/0.529= 2.91. 


Assuming the counting efficiency of the G-M counter 
to be the same for all the beta-rays and conversion 
electrons concerned, this result indicates that the 
scintillation counter registered the Co® gamma-rays 
(average energy 1.25 Mev) about 10 percent more 
efficiently than it did the 0.66-Mev Cs’ gamma-rays. 
By interpolation one may conclude that the 1.04-Mev 
Cu® gamma-rays were counted about 6 percent more 
efficiently than the Cs!” gammas. 

The measured ratio of y/8-ratios for Cu® and Cs? 
was 


[(¥/B)cu/(7/B)cs }meas = 0.0675/0.529=0.128. 


With the 6 percent difference in gamma-counting effi- 
ciency taken into account, the true ratio of ratios thus 
becomes 


[(v/B)cu/(¥/B)cs_}neor= 0.94 X 0.128=0.120. 


Therefore, the ratio of the number of gamma-quanta to 
the number of beta-particles emitted by Cu® is 


0.120X 0.764 =0.092. 


®* Way, Fano, Scott, and Thew, “Nuclear data,” Natl. Bur. 
Standards (U. S.) Circ. 499 (1950), (unpublished). 
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Fic. 3. External conversion spectrum of Cu® gamma-radiation 
taken with a uranium converter in a lens spectrometer. The 
K and L photoelectron peaks and the Compton distribution due 
to the 1.044+0.010-Mev gamma-ray are shown. 


A consideration of the experimental errors indicates 
that the uncertainty in this ratio is about 10 percent. 


Coincidence Experiments 


With an anthracene scintillation counter as a beta- 
particle detector and a Nal scintillation counter for 
gamma-rays, beta-gamma coincidences were observed 
from Cu® sources. The coincidence circuit used had a 
resolving time of about 0.3 microsecond. The number 
of beta-gamma coincidences per beta-count was found 
to be 0.076 times as large in Cu® as in Au'®* which is 
known to emit one gamma-quantum per beta-particle. 
This is consistent with the gamma-to-beta ratio 0.092 
for Cu®, provided the variation with energy of the 
gamma-counter sensitivity is taken into account. This 
result alone would seem to exclude the possibility of a 
lifetime greater than 10~* second for the 1.04-Mev 
state in Zn® as postulated by Langer and Moffatt.! 
However, to confirm this conclusion, delayed coin- 
cidences were determined as a function of delay time 
by introducing variable time delays from 10~* to 
1.7X10~-* second in the beta-side of the coincidence 
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Fic. 4. Decay scheme of Cu®, 
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arrangement. The curves obtained of coincidence 
counting rate vs delay time had identical shapes within 
statistics for Au'®* and Cu®, and from these data a 
conservative upper limit of 10-7 second can be set for 
the half-life of the 1.044-Mev state of Zn. 


III. DISCUSSION 


The experimental results reported lead to the decay 
scheme for Cu® represented in Fig. 4. The abundance 
of 9.2+1 percent for the low energy beta-group de- 
duced from the y/8 intensity measurements is consis- 
tent with the F—K plot (Fig. 1) of the beta-spectrum. 
Using the nomographs given by Moszkowski,!® one 
finds log (ft) values of 5.35 and 5.45 for the high and 
low energy beta-groups, respectively. This clearly labels 
both transitions as allowed." The ground state of the 
even-even nucleus Zn® presumably has spin 0 and even 
parity; therefore, Cu®* may be assigned spin 0 or 1 and 
even parity, and the 1.044 Mev level in Zn® must have 
even parity and spin 1 or 2, depending on whether the 
Cu® spin is 0 or 1. This assignment is confirmed by the 
upper limit of 10-7 second for the 1.044-Mev excited 
state which would not be compatible with a spin change 
>3 for the 1.044-Mev transition.” The rather high 
upper limit of 3X10~ for the conversion coefficient 
of the 1.044-Mev gamma-rays does not contribute to 
the spin assignments. It would be compatible even with 
a 2‘-pole transition.” 

If the 1.044-Mev state of Zn® observed in the Cu® 
decay can be identified with the 1.03-Mev level re- 
ported by Langer and Moffatt,! the decay scheme of 
Ga®® given by these authors must be modified. The 
absence of coincidences between the most energetic 
positron group of Ga®* (4.144 Mev) and the 1.03-Mev 
gamma-ray was interpreted by Langer and Moffatt 
to indicate that these positrons lead to the 1.03-Mev 
level, but that this level has a lifetime in excess of 10~® 


10S. A. Moszkowski, Phys. Rev. 82, 35 as. 
1 E, Feenberg and G. Trigg, Revs. Modern Phys. 22, ot aad 
12 M. Goldhaber and A. Sunyar, Phys. Rev. 83 900 
( 3 Rose, Goertzel, Spinrad, Harr, and Strong, Phys. Gor. ‘s, 79 
1951). 
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second. The present data contradict this assignment 
and lead to the conclusion that the 4.144-Mev positrons 
of Ga® probably go to the ground state of Zn. Further 
confirmation for this interpretation is the recently 
published value of 6.05 Mev for the Zn%*(p, n)Ga® 
threshold (or 5.96 Mev for the Q of the reaction) ; this 
corresponds to 5.18 Mev for the Ga®—Zn** mass 
difference, or 5.18—1.02=4.16 Mev for the maximum 
energy of the positron transition to the ground state of 
Zn*, This is in excellent agreement with the measured 
value of 4.144 Mev. 

This re-evaluation of Langer and Moffatt’s Ga® data 
allows a further narrowing of the Cu® and Zn® spin 
assignments. Since Langer and Moffatt did not find 
any evidence for a positron group with a maximum 
energy 4.144—1.044=3.10 Mev, one must conclude 
that the positron transition from Ga® to the 1.044-Mev 
state is more highly forbidden than the ground-state 
transition. This in turn would be very hard to explain 
if the spin difference between ground and first excited 
states in Zn® were only one unit with even parities for 
both. Thus by far the most likely spin value for the 
1.044 Mev level is 2; the Cu® spin is then 1. 

It is a pleasure to thank Mr. A. Weinstein for the 
preparation of the evaporated copper films and to 
acknowledge the help given by Miss E. Wilson in taking 
some of the data. The authors are grateful to Dr. H. 
Motz for giving them the use of his lens spectrometer 
set up near the reactor, and to Mr. E. der Mateosian 
for the loan of his scintillation spectrometer. 


4 Blaser, Boehm, Marmier, and Peaslee, Helv. Phys. Acta 24, 
3 (1951). 

t Note added in proof:—Dr. W. E. Meyerhof has kindly called 
the authors’ attention to the fact that the 8+ transitions from 
Ga® to the 1.04-Mev and ground states of Zn® may well have 
the same degree of forbiddenness. With a branch of the order of 
one percent to the 1.04-Mev level, the log (ft) values would be 
quite similar, and such a small branch could have escaped detec- 
tion in Langer and Moffatt’s work. The spin of 1 for the 1.04-Mev 
level can therefore not be conclusively ruled out, although spin 2 
is still more probable. 

The authors are very grateful to Dr. Meyerhof for sending 
them the results of Roderick, Meyerhof, and Mann on the Cu® 
decay prior to publication. These results are in substantial agree- 
ment with the present work. 
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The radiation from an electron moving in a uniform magnetic field is investigated quantum mechanically. 
Reasons are given for expecting deviations from the classical calculations at electron energies of about 100 
Mev in the presence of a magnetic field of 10 gauss. The quantum-mechanical calculation is carried through 
and is compared with the classical calculation. Although the deviations are considerable, it is explained why 
the experiments of Elder, Langmuir, and Pollock of the G. E. synchrotron would not detect them. 





I, INTRODUCTION 


HE problem of the radiation of a relativistic elec- 
tron moving in a uniform magnetic field has been 
treated classically.!? The frequency spectrum of the 
radiation emitted contains only harmonics of the fre- 
quency of rotation of the electron. For a nonrelativistic 
electron, most of the radiation will be in the first 
harmonic, but for a relativistic particle it was pointed 
out by Schwinger that most of the radiation occurs 
in the higher harmonics. 

For the sake of definiteness, we shall keep in mind 
during our calculations the specific case of a 200 mc* 
or 102-Mev electron moving in a magnetic field of 10* 
gauss. For these numbers the angular frequency of 
rotation of the electron is w=8.8X 108/sec. According 
to Schwinger, most of the radiation will occur near the 
harmonic \,=(E/mc*)’ and thus near the angular fre- 
quency K.=(E/mce*)’w, where E is the energy of the 
electron and m its mass. In our case \.=8X 108 is the 
critical harmonic and K.=7.04X10"*/sec correspond- 
ing to a wavelength of 2680A. 

The question now arises whether the classical calcu- 
lation is correct for a high energy electron. The most 
evident criterion, and the one pointed out by Schwinger, 
is that the energy emitted of frequency K should be 
small compared to the energy of the electron, that is 
hK<E. This may be interpreted that if AKE, then 
the particle-like or quantum properties of light may be 
disregarded and classical electrodynamics will succeed. 
If we put for K the critical frequency K,, our cri- 
terior for the classical calculation to be correct over 
the major portion of the radiation spectrum becomes 
EXmce(me?/ho), wo=eH/mc. For a magnetic field H 
of 10* gauss, this gives EX2.34X 10° Mev so that we 
seem quite safe at E=200 mc’. 

However, a more stringent criterion arises from the 
following considerations. Classically, the initial state 
of the electron is taken to be a sharply defined orbit, 
and its motion is maintained by some external agent. 
Ignoring the reaction of the radiation on the electron 
is not important as the electron radiates very little of 
its energy ; but quantum mechanically the initial space 

* Now at the University of Notre Dame, Notre Dame, Indiana. 

1 J. Schwinger, Phys. Rev. 75, 1912 (1949). 


2G. A. Schott, Electromagnetic Radiation (Cambridge Uni- 
versity Press, Cambridge, England, 1912), pp. 109, 110. 


position of the electron cannot be so sharply defined. 
In the quantum-mechanical state in which the energy 
of the electron is well defined, this state being given by 
the eigenfunctions of the hamiltonian of this problem, 
we find that the orbit of the electron will be smeared out 
over a small distance b=(h/mw»)'. This distance 6 
depends only on the magnetic field H. For H=10* 
gauss, b=2.58X10-* cm. If the wavelength of the 
emitted photon is large compared with }, then the 
smearing out of the orbit is not noticeable, and we 
should get the classical result ; but if the wavelength of 
the radiation becomes small compared with 6, then the 
uncertainty in the orbit will cause deviations from. the 
classical result. 

Our criterion for the correctness of the classical re- 
sult is then that the wavelength of the radiation be 
large compared to the smearing out of the orbit, 5; that 
is that Kb/c<1. If we put for K, the critical frequency 
K., then our criterion becomes E<mc(mc?/hwo)', 
which we see is more severe than the previous criterion. 
For H=10* gauss, our criterion says EX220 Mev and 
indicates that deviations from the classical results 
should be obtained at E= 200 mc’. 

Il. THE QUANTUM-MECHANICAL CALCULATION 

We propose then, since we expect deviations from 
the classical results, to calculate the radiation from an 
electron moving in a uniform magnetic field H quantuin 
mechanically. Our experimental situation is such that 
initially we have our electrons in a state in which the 
energy is well known, and the orbit is fairly well de- 
fined with a fairly well-defined radius. A little examina- 
tion of the problem will show that we have only to 
follow the well-known pattern of the usual atomic 
radiation problem. We shall start out in an initial 
state which is an eigenfunction of our hamiltonian for a 
particle in a uniform magnetic field, which thus has a 
definite energy and which is associated (in a manner 
we will indicate later) with a definite orbit-radius. 
We shall then calculate the transition probability/time 
for the electron to emit a photon and to go to a final 
state of lower energy whose associated orbit-radius 
will be correspondingly smaller. 

The initial and final states of the electron are eigen- 
functions of the Dirac hamiltonian, 
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where II= p+ eA, A is the vector potential for a uniform 
magnetic field H in the z direction; A,=—}Hy, 
A,=}Hx, A,=0. Also we have put h=c=1. 

These four-component Dirac eigenfunctions may be 
written down simply in terms of the eigenfunctions of 
the corresponding nonrelativistic Schroedinger equa- 
tion. The nonrelativistic eigenfunctions of an electron 
in a uniform magnetic field H may be classified accord- 
ing to the following three properties ;* the orbital energy 
of the electron given by the quantum number 2, the 
z-component of the momentum #,, and the position of 
the center of the orbit given by the quantum number /. 
We may write these eigenfunctions as** 


Wnips(pgz)=uUni(p, g)es#*/L! (2) 


uni(p, ¢)= (1 !/2an !)(1/b)e*erPLi(t)-e**, (3) 


where t= p?/26*, b? =hc/eH=h/mwo, and v=n—I gives 
the s-component of the angular momentum. L,’(t) is 
the associated Laguerre polynomial’ and Z~ a box- 
normalization length. 

As a nonrelativistic eigenfunction (2) represents an or- 
bit with the energy Enps= En+ pi'/2m, En=hwo(n+4), 
where wo=eH/mce is the nonrelativistic frequency of 
rotation whose radius R, is given by the classical rela- 
tionship }woR,2=E, or R,x=b(2n+1)!. The / quantum 
number gives the location of the center of the orbit. 
Let xo, yo be the coordinates of the orbit center, and 
let R=(xo?+-yo*)!, then the center lies in the circle 
R,=0(2/+-1)! 

We can now write the Dirac eigenfunctions of Eq. (1) 
in terms of the foregoing nonrelativistic eigenfunction.* 
Let X, be a spinor which is the simultaneous eigenfunc- 
tion of o, and of 8B, o,.X,=sX,, s=+1, and BX,=X;,. 
Then the relativistic eigenfunctions for a state A, 
which is given by the quantum numbers z/p; and a 
spin index s, may be written 


o4= [2E« (Eat m) }-*(Eat+ a T+ Bm) 
XX wWrip;(p, ey z) (4) 


and 


and corresponds to the energy 
E4=Enp3s= { p?+m*+ mwo(2n+s+1)}?. (5) 


Either sign of the root in Eq. (5) is possible. 

In the initial state of our problem we have p3;=0; and 
if we neglect the spin term s and the mass of the elec- 
tron M, the quantum number » of the state is given by 
n=(E/m)*(m/wo). For a 200 mc electron in a field 
of 10‘ gauss, we have n=8.85X 10". 

The radius of the orbit is given by R,=b(2n+1)! as 
determined by the radial dependence of the wave func- 
tion, since the radius operator is no longer diagonal as 
in the relativistic case. One can also see that the classi- 
cal relation for a highly relativistic particle HeR,= Ey, 


5M. H. Johnson and B. A. Lippman, Phys. Rev. 77, 702 (1950). 
‘L. Page, Phys. Rev. 36, 444 (1930). 
5 Magnus and Oberhettinger, Special Functions of Mathematical 
Physics (Chelsea Publishing Company, New York, 1949), p. 84. 
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is satisfied. The position of the orbit center is deter- 
mined by / as before. 
Our interaction with the radiation field is given by 


5’ = ea: Araa, (6) 


where A,aq is the vector potential of the radiation field 
which permits the creation and destruction of photons. 
For our problem we need to calculate the matrix ele- 
ment of H’ from an initial state in which the electron 
has energy E,, a certain radius Rn, ps=0 and /=0 (so 
that the orbit-center is well located), to a final state 
with electron energy E;, a smaller radius R,’, the Z 
momentum /;’, the orbit center given by /’ and a 
photon emitted with momentum K and polarization 
vector ex. The direction of the photon makes an angle 
© with the Z-axis, and we will put the azimuth angle 
equal to zero for convenience. As pointed out in the 
introduction, the energy of the photon emitted is much 
smaller than the energy of the electron by a factor of 
about 10’ in the major portion of the spectrum, so 
we will put Z,= £; in the following and regard the ratio 
K/E, as very small. Our matrix element between the 
states ¢; and ¢z, is then 


Hra’=e f $;*a-Axrdadr, (7) 


where 
An= (29/KL*)'e—*® tex, 


or, putting in Eq. (4) 
Rea’ = [e, ‘2E.(Eat m)ifar Wn'l’p3’Xo"* 


X(Eyt+a-2+ 8m) a-Agy(Eata-xt+Bm)X Waoo. (8) 
The spinor product can be greatly simplified, for 
Xy*(Eo+ @- T+ Bm) a: Ax (Eat a-Tl+ Sm)X, 

= X,*(E.+m)(e:Axne-ll+ a-Me-Axg) 
=(E,+m)X*(2Am-T+e-curlAgn)X,, (9) 
using the results that X,*aX,=0, BX,=X,, and the 
rule (a-A)(a-B)=A-B+io-(AXB) where A and B 


commute with a. 
Our matrix element reads now 


m 
Rea’ =— drwn'l'p3* 
E. 


é e 
4 | —Aia-#+——o-curlAm WnooXs (10) 


m m 


This last result, apart from the factor m/Ea, is ex- 
actly what we would have written down if we had 
described the electron by means of the nonrelativistic 
Pauli spin theory. Indeed, both the Schroedinger and 
Dirac equations give identical results except that the 
frequency of rotation of the electron is w»=eH/mc 
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nonrelativistically, while it is w=wo(m/Eq) relativisti- 
cally. This is true only when the energy carried off by 
the photon is small and is indicated by the classical 
calculation in which the motion of the electron is de- 
scribed neither relativistically nor nonrelativistically, 
but is simply maintained by an externa! agent. 

To simplify further our matrix element, we make 
use of some properties of the II operator. First, 
TL.Wnoo= Pz, Wnoo=0, and Il,=I1,+iI], have the prop- 
erties of annihilation operators, 


(n+1)! 
T1_tn1= —imenb2! ni 


(11a) 
Un—1, le (11b) 


So we write exx:‘T=43{exT,.+exmt-IL}, where 
€x* = €x,7*biex,”, and we can now write our matrix 
element as 


T1.t¢n1= imorb2! Un+1, ly 


mefnxmv? 
Xer,'=—-() muob(n+ 1)! 
E,m\KL' 


x {exZor, l’|n+1, 0) 


n A 
+(—) exat](n’, l’|n—1,0)}, (12) 
n+1 
where 


I(n’, \nl)= fi uary* exp(—iKap cosy)tapdedy, (13) 


K,=K sinO and we have dropped the spin term in 
Eq. (10), since it is smaller than the orbital term by 
the factor K/E,. 

Since the energy of the final state does not depend on 
l’, to get the probability for the emission of a photon 
with a certain energy K, we will have to sum over all 
values of /'; that is, there are many final states with the 
same energy differing only in the location of the orbit 
centers. However, we will show in the Appendix that 
if the quantum numbers » and n’ are very large, then 
as long as the momentum of the emitted photon is small 
compared with that of the electron, only the /’/=0 
transition is significant. If the photon carried away ap- 
preciable momentum, the recoil of the electron to- 
gether with the action of the external magnetic field 
would cause the orbit center to shift and the transitions 
to higher /’ would become important. Since we are 
interested in the low momentum photons, we will put 
l’=0 in Eq. (13) and write Z(n’, 0|n, 0)=Jnrn. 

To calculate the transition probability per unit time 
for our process, we will need the density of final states 
p(Er). This is given simply by the density of the 
photon state, so that 


p(Er)dEr=p(K)dK, (14) 
where 


p(K)=(L/2m)*K*dQ, 
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dQ is the solid angle in which the photon is emitted. 


Now as 
Ev={ps'*+m’+ mao2n’}!+ K, (15) 
and p;'=K cos@, then it follows that 
(2Er/2K)e=(K/E;,) cos*0+1: 
therefore, we have 


p(Er) = (L/2x)'K*dQ/[1+ (cos*®)K/E;} 


(16) 


(17) 


p(Er)=(L/2x)*K*dQ, 


since K/E;<1. 

Let us now specify the polarization vector as being 
the unit vectors in the 9- and ®-directions. exi= ee, 
ex2= es. Then we have e9*=cos0i0 and eg*= bi. 

Let we(O, K) and we(9, K) be the transition prob- 
abilities/sec for emitting the photon K with polariza- 
tions in the 6- and ®-directions, respectively. Then we 
find 


dQ 2 wb 


4n hcle 


XK {Ta ni Tn’, n—1}, (18a) 


dQ é [wb K 
wa(0, K=—— [nt —w 
4n hele hw 


X {Da neat ne, v1}, (18b) 


and the energy radiated/sec with 9- or #-polarization 
is given by 

P.(9, K)=Kw(9, K) (19a) 
and 

P,(0, K)=Kwe(9, K). (19b) 


It should be noted that only photons whose fre- 
quencies are harmonics of the frequency of rotation, w, 
are emitted. By conservation of energy we have for the 
energy of the photon emitted 


K = E.-— Ey 
= (m?+ 2nwym)!— (m?+-2n'wom+ p;'*)! 
=(n—n'\hw— ps'ps'/Eo 


=(n—n'\ho, 


(20) 


where w=wom/E, is the frequency of rotation of the 
electron and we have assumed that KXE, and thus 
p;'/E.1. So in the transition to the n’ state, the 
harmonic emitted is A=n—n’. 

Our only task left now is to compute the integrals 
In,n41 and In,n-1, which occur in Eq. (18). We will 
quote the result here and give the derivation in the 
Appendix ; 


Ty,n=(n'!/n!)4 exp(—}a*)(—a?/2)\*Ly(a?/2), (21) 


where a= Kb sinO=)wb sinO@, X=n—n’, is the har- 
monic radiated, and L,” is again an associated Laguerre 
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polynomial. The quantity @ involves the ratio of the 
smearing out of the orbit, 5, to the wavelength of the 
photon emitted, so that according to the argument 
presented in the introduction, the limit a1 should 
give the classical results. 

Now Eq. (21) involves a Laguerre polynomial of 
very high order and it can be expressed in terms of 
bessel functions. We have the following result for 
Laguerre polynomicals of very high order (proof in the 
Appendix). 


(n+)! t\} 
L,(j)=— Cy) ven (“) +] 
als’ n n 
XJIn(2(nt)#) (22) 


if both » and ) are very large and (t/n)! is sufficiently 
small. If we let 5=2(nt)!/X and y=(1—&)-}, then we 
should have (t/n’)!«1/y?. 

Substituting Eq. (22) into Eq. (21), we get 


Ty,n=(—1)? exp[—Aa/(2n’)!]Jy(a(2n’)'), (23) 


where we used [(n+A) !/n!]}¥&n>/, if n is large and 
AK. 

We may eliminate n’ from Eq. (23) in terms of more 
physical parameters. The radius of the orbit is given by 
R=5(2n)!. So 

a(2n)'=dwb (sin6)R/b 


=) sin, 


(24) 


where 8 is the velocity of the electron. Also we have 
\/(2n)!=a/B8 sind. We put these results in Eq. (23) 
and get 


In, n=(— 1)? exp(—a?/B sin®)J,(AB sin8). (25) 


We put Eq. (25) in Eqs. (18) and (19) and get our 
final result for the energy radiated with the different 


polarizations: 
2a? 
. cos’0 
B sinO 


Jy(AB sin®) P 
x|-———] , (26a) 
B sinO 


2? ) 
8 sinO 
X [Jy (A8 sin®) F, 


where a= Kb sinO=)wb sin@/c and X is the harmonic 
radiated. 

If we compare Eq. (26) with the classical result,! we 
see that our quantum-mechanical result differs only in 
the factor exp[ —202/8 sin@]. It is clear that for a1, 
we get the classical result as we expect. 

In the result (26), @ may not become too large, as in 
formula (22) we had an upper limit on (¢/n)!. This 


dQ é 
P(9, K)= ~~ 
lr k 


7 


Bw exp(- 


P,(9, K 


dQ é 
)=—— “de! w exp( -- 
? 


s 


(26b) 


PARZEN 


imposes the limit on a, that 


a<(m/E)(m/«o)', (27) 


or, in terms of the harmonic emitted, we should have 
AKm/wo. (28) 


Since the important frequencies occur for \~ (E/m)*, 
Eq. (28) yields the criterion for the correctness of our 
result that 

E<m(m/w»)'. (29) 


For a field of 10* gauss, this means EX1.64X 10* Mev. 
This limitation is only a mathematical one owing to the 
use of the formula (22). In the Appendix the more 
exact result is given. 


Ill. RESULTS 


In Fig. 1 we have plotted the energy radiated per 
second per unit solid angle and per unit wavelength at 
@= 7/2, that is, in a direction which lies in the plane 
of the orbit against the wavelength of the radia- 
tion. It should be noted that the quantity plotted is 
P»(/2, K)/wavelength, this being the quantity plotted 
in the experimental paper of Elder, Langmuir, and 
Pollock.® 

We have plotted both the classical curve and the 
results of our quantum-mechanical calculation for an 
electron of 200 mc? energy moving in a field of 10* gauss. 
The deviations are evidently considerable. 

From Fig. 1 we may see why no deviations were de- 
tected in the experiment. The wavelength range covered 
in the experiment was only the visible region from 
4000A to 8000A and also only the relative intensity 
was measured. Figure 1 shows that in this region the 
classical and quantum-mechanical curves are similar in 
shape, though there is a considerable separation, and 
either curve could be made to match the experimental 
points. 


APPENDIX 


We will treat here the mathematical problem of calculating the 
matrix element 


I(n'l’|\n0) = fu Un'w'* exp(—iK yp Cosy) tnopdpd y 


y 
wale —te(ntn’—V) 7 on’ 
-(- -) Sr dt [doe tthmtw OL yr’) 


Xexp[i{(n—n’—I’) p—a(2t)t cose} J, (31) 


where we substitute into Eq. (30) the eigenfunctions as given by 
Eq. (3) and a= XKéb sin9. 

The integration over yg can be done and gives a bessel function, 
so that 


T(n'l’|10) = (4 ) De ater idtirtn—v 


X Ly" OIy40(a(28))), 


(30) 


(32) 
where we put A=n—n’. 
Now we replace the Laguerre polynomial by its power series 
expansion 
(—2)* 


2 = 
wn K i(s—K) 1 (r+K)! -K)! 
6 Elder, Langmuir, and cia Phys. Rev. 74, 52 (1948). 


L,"() =(r+s)! (33) 
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and we get 


Int |) = (= i pen 2 K\l— 


x f~ ate Orin tnt EJ, val 20) fo (34) 


(-—1)* 
K)\(K+n’—1’)! 





For the integral over ¢ we have the result? 
= die itl) +n'-U+K Jy | 1(c(2#)4) 
= (n' I +-K) (go?) #+™ exp(—Ja*) Lav 4x**"(a?/2). 
Thus, we have 


4 to NO 
rin't 0) =(“") (—4ayier exp(—4a’) 


vy (-1 d (= 
x2 Reema) 09 


(35) 


For the important case /’=0 we get 


which is the result quoted in Eq. (21). 

For /’>0 we wish to show for n, n’ very large that J(n’l’|n0) 
will be smaller than J,,, by a factor of order 1/n. In the sum over 
K occurring in Eq. (36), as long as I’n’ and n’=8.85 X 10" in our 
case, then one might expect that 

Lu —i4K*! = Ly *¥+0(1/n). 
We will see in a later paragraph where we evaluate L,”* in terms of 
bessel function that this is actually the case. In Eq. (36) the sum 
over K gives 
. C m4. 4 Mra F 


> pee ek. Ba AS 1a FS 
geaKkKW-K)t" pee EV 


(37) 


(38) 


(-—1)* 
K)! 
f 1 
x4 La mr got *)}=0+ (39) 
And for very high /’, /’~n’, the matrix element is small, since it will 
decrease as /’ becomes larger. Thus, only the /’=0 transition is 
important. 
We have now to establish the approximate relation, Eq. (22), 
used to evaluate the very high order Laguerre polynomial occur- 
ring in I»’,,. To this end we will expand L,(2) in bessel function : 


' t « \i\m 
AOFM 8S cot (—r6)Prrai2imry, 40) 


n! (nt)/2 m=0 m. 
where, in general, 
Cu (=" "3 m! (n+A+r) “1 
2 rim—)l GENIN 


But in our case \n, and if we further assume that only mA 
is important, since X~10* in our problem, then C,,=1. For then 
we have (n+A-+r) !/(m+A) !o¢n’(1+(A/n))’, and the sum can be 
done by the binomial theorem. 

In order to sum Eq. (40), we will make use of the fact that the 
order of the bessel functions involved is very large and thus 
Im4x=Jy, when mi. The more exact range of m for which we 
can factor out the bessel functions from the sum over m in Eq. (4) 
will be established later. For the moment let us assume this is 
permissible for m<m. The sum in Eq. (40) now becomes the known 





7 See reference 5, p. 88. 
5 See reference 5, p. 95. 
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Fic. 1. Plot of the energy radiated per second per solid angle 
per unit wavelength in a direction which lies in the plane of the 
orbit against the wavelength of the radiation for an electron of 
200 mc* energy moving in a magnetic field of 10* gauss. 


exponential series, and we can write 
(m+r)i 1 (: )’ ] 

~ (ns) exp] —A 2 +# |J)(2(im)4), (41) 
provided we can neglect those terms from which m>m; and this is 
so if we have the restriction 

Nt /n)i<<m. (42) 

Equation (41) is the result we desire except that we have yet 
to find the restriction under which it holds; that is, we must de- 
termine m for which we can say J) 4m=J,, >m. 

For large order bessel functions we may write J)(2(tm)#) = J)(A8), 
where in our case 6 is smaller than, but very close to, one, and® 


—kin(ne), (43) 


L.()= 


Jy(2(in)!) = 
where e= (1—8*)*<1 in our case. Also 


Kia(h(A+m)en*), (44) 


Jim 


where 
m= {1—8(A/(A-+-m))*} 41 — (1 —2m/d) Ft. 

It is easy to see now that if we restrict m so that m)e’, then 
we find €m—e=e(m/d)<e. So we put m= dre’, and for mK, ém will 
differ only slightly from ¢ and J) 4m2%Jj. 

Combining this value for *» with Eq. (42) we get the restriction 
for Eq. (41) to be correct: 

(t/n)Ke=1/7*. (43) 
°G. W. Watson, Bessel Functions (Macmillan Company, New 
York, 1945), p. 248. 
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The identification and characteristics of several beta-emitting nuclides are reported. The half-life of W'™ 
is 65 days, Os™ about 700 days, while Re™ might be either of two isotopes having half-lives of about 150 
days or of at least five years. The mass assignment of W'*' has been confirmed in view of its presence in 
thermal-neutron irradiated tungsten. Re" was found to have a half-life of 16.9 hours. No gamma-radiation 
could be found by absorption measurements to be associated with the 18-hour Ir™ daughter of Os™. 
Thermal-neutron activation cross sections are reported for most of the nuclides. 





I. INTRODUCTION 


[Ik we consider the thermal-neutron capture reactions 


ZA(n, y)Z4** and Z4t+(n, y)Z4+*?, (1) 


then if Z4*! is unstable with a half-life short compared 
with the time of exposure to the neutron flux, a fixed 
amount of Z4*! will be present after “equilibrium” has 
been reached. Under these conditions it can be shown 
that 


(AN) 442= Posoasin[ 1 —exp(— Na+et) A441, (2) 


where the )’s are the respective decay constants, J is 
the intensity of the neutron flux, the o’s are the activa- 
tion cross sections, and m is the number of target nuclei 
of the isotope 24. 

Therefore, the factors favorable to an increasingly 
large value of (AV)4+42 are (1) large activation cross 
sections for both reactions shown above, (2) an intense 
neutron flux, (3) a large natural isotopic abundance, 
(4) a small value for A441 (even though Eq. (2) was 
simplified for the case in which 1/A441<?), and (5) an 
exposure time, /, long enough such that the factor in 
parentheses in Eq. (2) is of the order of magnitude 
of unity. 

Yaffe, ef al.,! using the heavy water pile at Chalk 
River, were able to thus produce Ba° from second- 
order capture of thermal neutrons by Ba'®. By chemi- 
cally purifying the irradiated barium and then making 
periodic separations of lanthanum, they were able to 
establish the presence of Ba° through its La™° daughter, 


TaBLe I. Relative abundances and cross sections for 
some heavy isotopes. 
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* This work was performed under contract with the AEC. 
! Yaffe, Sargent, Kirsch, Standil, and Grunlund, Phys. Rev. 76, 
617 (1949). 


and to calculate the thermal-neutron activation cross 
section for Ba!®. However, since Ba!® has a half-life of 
only 85 minutes and an activation cross section calcu- 
lated by them to be four barns, it is evident that only 
the most intense neutron flux could produce feasible 
amounts of activity of the second-order capture 
products. 

Inspection of an isotope chart shows that, owing 
either to a small value for o, a low natural abundance, 
or a large value for \44:, or to a combination of these 
factors, (AV) 4+2 would likely be vanishingly smail with 
anything but the largest values of J, for most regions of 
the isotopic chart. However, the elements tungsten, 
rhenium, osmium, and iridium appear to have large 
thermal-neutron activation cross sections for their 
heaviest isotopes (which are, moreover, relatively abun- 
dant) and reasonably long half-lives for the first-order 
products of neutron capture. The data in Table I, 
taken from Seren, Friedlander, and Turkel? illustrate 
these conditions. 

It seemed worth while to investigate second-order 
capture in these elements, studying the decay periods 
of any new nuclides thus formed, and also to calculate 
the thermal-neutron activation cross sections for the 
A+1 nuclides, as well as several cross sections that 
have not hitherto been calculated for first-order re- 
actions. 


Il. EXPERIMENTAL PROCEDURE 


Samples of W, Re, and Os metals were irradiated in a 
nuclear reactor and, after the period of irradiation, 
were allowed to stand for several months until the 
shorter-lived activities had effectively disappeared. The 
materials were then chemically purified and examined 
for products of second-order neutron capture. As re- 
ported in a previous note,* definite proof for the forma- 
tion of new beta-emitters was found. 


Tungsten 


The nuclide of interest in the irradiated tungsten 
would be W™ arising from second-order capture by 


2 Seren, Friedlander, and Turkel, Phys. Rev. 72, 888 (1947). 
3M. Lindner and J. S. Coleman, Phys. Rev. 78, 67 (1950). 
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W'®. The product would necessarily decay by beta- 
emission to the well-known 18-hour Re. Since the 
level of any W"® activity would be orders of magnitude 
smaller than that of the 75-day W™ formed by first- 
order capture, direct observation of the radiations of 
W'® was not possible; but the half-life was determined 
by measuring the equilibrium level of the separated 
Re daughter activity at various intervals of time. 
The chemical separation procedure and the results of 
the measurements have been described elsewhere,‘ but 
the latter will be repeated below for convenience. 


Osmium 


Since the principal long-lived activity present in 
thermal-neutron activated osmium is the 97-day Os™, 
the difficulty encountered in observing a second-order 
product such as Os™ is similar to that described for 
tungsten. Again, however, because Os™ would neces- 
sarily decay to the known 18-hour Ir™, the elucidation 
of the parent through its radioactive daughter seemed 
the most feasible approach. 

The chemical method used for the separation of any 
possible Ir™ consisted in initial purification of the 
osmium by dissolving it in, and distilling it from, boiling 
aqua regia, the volatile osmium tetroxide being ab- 
sorbed in dilute sodium hydroxide. The distillation 
procedure was repeated several times from nitric acid 
to insure a pure osmium fraction, and the final solution 
of sodium perperosmate made to a definite volume. 
Equal aliquots of this solution and equal volumes of a 
standardized iridium chloride solution were added to 
each of seven test tubes. The tubes were then sealed. 
One of the tubes was analyzed several weeks after this 
procedure, the succeeding tubes at intervals of from 
three to five months. 

Analysis consisted of transferring the contents of the 
opened tube to a distillation apparatus provided with 
a stream of air, adding perchloric acid, and distilling 
the osmium tetroxide. This simple method proved to be 
so effective in removing osmium that factors of 10° in 
purification were achieved with no difficulty. The 
residue, consisting only of unvolatilized iridium per- 
chlorate, was taken up in water and the iridium reduced 
to metallic form with zinc metal, filtered, weighed, and 
counted. The counting rate extrapolated to the time 
of the osmium distillation was, together with the 
chemical yield correction, taken as the equilibrium 
level of Ir™, 


Rhenium 


Rhenium was purified by distillation of the dis- 
solved irradiated metal from boiling concentrated sul- 
furic and phosphoric acids, this being followed by 
precipitation of the rhenium as tetraphenylarsonium 


on Lindner and J. S. Coleman, J. Am. Chem. Soc. 73, 1610 
(1951). 
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perrhenate. Decay and absorption data were obtained 
from this material. 


Ill. EXPERIMENTAL DATA 


As reported elsewhere,‘ periodic tungsten-rhenium 
separations led to the isolation of a Re™ daughter the 
yield of which decreased with a half-life of 65 days. 
Of at least 15 such separations, the average half-life for 
the Re’ was 16.9 hours rather than 18 or 18.9 hours.® 
The lowest value was 16.7 hours, the highest, 17.2 
hours. 

The purified tungsten itself showed residual radiation 
when the beta-particles from W™ were stopped with 
Lucite absorbers. This residual radiation consisted of, 
principally, x-rays characteristic of the tungsten region, 
a lesser amount of undetermined hard gamma-radiation, 
and decayed with a half-life of about 120 days. This 
thus confirms the assignment made by Wilkinson® of 
W! made by deuteron bombardment of tantalum. 
The x-ray energy was determined by absorption in 
aluminum and in lead. 

Periodic osmium-iridium separations also led to the 
isolation of the 18-hour beta-emitter Ir™. A plot of the 
decrease of the specific activity of the iridium samples 
due to the decay of the Os™ is shown in Fig. 1. An 
accurate value for the half-life of the Os™ has not thus 
far been feasible by this method because its very long 
half-life still renders errors in mounting and counting 
from sample to sample appreciable as compared with 
the fraction decayed. However, the half-life appears to 
be around 700 days. Since direct decay measurements of 
the osmium itself indicate that the shorter-lived Os’ 
is gradually giving way to the Os™, it will be possible 
within two years to observe the latter directly. 

Of some interest is the absorption curve for the Ir™ 
daughter taken through Lucite absorbers, shown in 
Fig. 2. It is to be noted that no gamma-radiation is 
detectable which exceeds 0.1 percent of the intensity of 
the beta-activity. This is in cortrast with observations 
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Fic. 1. Decrease with time of specific activity of iridium 
samples in equilibrium with Os™, 


5G. T. Seaborg and I. Perlman, Revs. Modern Phys. 20, 585 
(1948). 
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Fic. 2. Lucite absorption curve of Ir™ separable from 
thermal-neutron-irradiated osmium metal. 


made on the isotope produced directly,’ the most recent 
being that of Cork’ wherein it is reported that a single 
gamma-ray of 327.5 kev follows the beta-transition 
of Ir, The evidence from Fig. 2 would seem to indicate 
no electromagnetic radiation other than bremsstrahlung 
can be found associated with this nuclide. The question 
of efficiency of detection of the gamma-radiation has 
been ruled out through the use of both a helium-filled 
and an argon-filled mica end-window counter. Identical 
absorption curves were obtained in both cases. 

The second-order capture product of interest in 
irradiated rhenium is the nuclide Re". Because of the 
absence of a parent-daughter relationship, such a 
nuclide would have to be observed by direct decay of 
the activity remaining in the purified rhenium. Figure 3 
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Fic. 3. Decay curve of long-lived rhenium isotopes produced in 
thermal-neutron irradiation of rhenium metal. 


7 Cork, LeBlanc, Stoddard, Childs, Branyan, and Martin, Phys. 
Rev. 83, 222 (1951). 
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shows the decay curve of rhenium followed for about 
two years. Although resolution is difficult, and the 
accuracy rather low, the most careful resolution indi- 
cates three components: (1) one of about 40 days, 
(2) a 150-day component, and (3) a component of at 
least five years in half-life. 

The forty-day period is undoubtedly Re™ formed by 
the comparatively rare (n, 2n) reaction. However, the 
presence of two other long-lived activities in presumably 
purified rhenium poses a more difficult problem in mass 
assignment. One of these two is probably Re’ formed 
by second-order capture by Re'*’, although no daughter 
activities exist which could prove the point. While the 
remaining period might be an independent isomer of 
either Re’ or Re, another possibility seemed to be 
an independent isomer of Re’ formed either from 
second-order capture by Re or by inelastic scattering 
of fast neutrons by Re"*’. The latter isotope is known 
to decay to Os'* with a half-life of 10! years.® 

Although the total amount of the two long-lived 
activities was very low, it was possible to gain further 
limited information from careful absorption measure- 
ments after the 40-day component had become neg- 
ligible. Figure 4 shows absorption curves taken on a 
nucleometer methane flow-type windowless proportional 
counter’ with aluminum absorbers up to a thickness of 
about 200 mg/cm?. 

Curve B was taken one year after curve A, and there- 
fore represents a greater contribution from the longer- 
lived component. It is significant that points on these 
two curves in the region from 40 to 60 mg/cm? of 
aluminum indicate very little decay over the time in- 
terval between measurements. In fact, two such corre- 
sponding points indicate a minimum half-life of at 
least four years, in good agreement with the value 
obtained as the minimum necessary to resolve the 
decay curve of Fig. 3. Curve C is the difference between 
curves A and B, and represents the absorption of the 
shorter-lived, or 150-day, component. It appears to 
consist of electrons or beta-particles of roughly a 50- 
mg/cm? range. Although these results are comparatively 
crude, they do indicate that the shorter-lived isotope 
emits particles of lesser energy than the longer-lived one. 

Absorption data were also taken on a more conven- 
tional, mica end-window type, helium-filled Geiger 
counter. These are shown in Fig. 5 for curves taken 
one year apart on the same dates as the curves of 
Fig. 4. It is seen that, in addition to a trend similar to 
that of Fig. 4, the range of the longer-lived beta-particle 
is 300 mg/cm’, corresponding to an energy of about 
0.75 Mev. 

It is not possible to decide further from the informa- 
tion above concerning the mass assignments of these 
two nuclides, other than to postulate that one of them 
be Re. If Re'®’ be the other one, then there existed 
the possibility that, in the irradiation of tungsten with 


8S. N. Naldrett and W. F. Libby, Phys. Rev. 73, 487 (1948). 
® Radiation Counter Laboratories, Chicago, Illinois. 
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TaBLE II. Activation cross sections for nuclides of W, Re, and Os. 
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thermal neutrons, at least some of the first-order cap- 
ture product, W"’, might decay to such an isomeric 
Re’. To test this point, a sample of the irradiated 
tungsten metal was dissolved and, without initial purifi- 
cation, rhenium carrier was added to, and separated 
chemically from, the tungsten as described for W-Re 
separations.‘ Although, in addition to the Re", a rela- 
tively small amount of an activity which seemed to 
correspond roughly to the absorption and decay charac- 
teristics of the shorter-lived component of the irradi- 
ated rhenium, the rhenium carrier could be separated 
from the activity by volatilization, indicating that there 
is no evidence supporting the postulate of the existence 
of another long-lived isomeric state of Re™. 

Turner and Morgan” report that rhenium activities 
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Fic. 4. Absorption curves of long-lived rhenium activities taken 
on a windowless flow-type proportional counter. 


10S. E. Turner and L. O. Morgan, Phys. Rev. 81, 881 (1951). 
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Fic. 5. Absorption curves of long-lived rhenium isotopes 
taken on a mica end-window counter. 








produced in irradiation of tungsten with deuterons and 
helium ions yield a decay curve consistent with a 120- 
day Re'** and a 250-day component which they sug- 
gest may be Re™. Their absorption data differ from 
those shown above, so that it must be assumed that 
two entirely different activities were being investigated 
by them. 


Thermal-Neutron Activation Cross Sections 


The cross sections, ¢, for their formation, and the 
decay characteristics for the new activities formed from 
second-order capture, are reported in Table II, to- 
gether with the cross sections for formation of the two 
nuclides W"! and Os", whose decay characteristics 
have been previously reported. The new data are shown 
in italics. 

Column 3 serves to indicate the decay mode rather 
than to describe the radiations involved. The values in 
the last column were calculated from the activation 
data using Eq. (2). 

The cross-section values for W*! and Os are subject 
to an additional uncertainty arising from the inability 
to determine the absolute number of disintegrations 
per minute in the samples containing these nuclides. 
W'"', for example, showed considerable x-ray activity 
when detected with a counter filled with argon and 
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alcohol, but only electron and hard gamma-rays when 
a counter filled with helium and alcohol was used. 
A one-percent counting efficiency was assumed for these 
x-rays determined with the argon-alcohol-filled counter. 
This figure could probably be in error by a factor of ten. 
An analogous situation existed for Os. In this case, 
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the 0.75-Mev gamma-ray was assumed to be detectable 
with a one percent counting efficiency. 

The author wishes to express his appreciation to the 
Atomic Energy Commission for making these irradia- 
tions possible, and to the Oak Ridge National Labora- 
tory for the handling and shipping of the samples. 
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The correction to nuclear quadrupole moments on account of the quadrupole moment induced in the 
electron shells has been obtained by solving the Schroedinger equation for the perturbed core wave functions 
for Li, Al, and Cl. The correction factor by which the average (1/r*) over the valence electron function in 
the equation for the quadrupole coupling should be multiplied to take account of the induced effect is 1.11, 
0.83, and 0.68, respectively. The previously described Thomas-Fermi calculation of this effect has been 


carried out for 13 additional elements. 


I. INTRODUCTION 


HE correction to nuclear quadrupole moments on 
account of the quadrupole moment induced in 
the electron shells has been previously estimated by 
means of the Thomas-Fermi model.' In the first part of 
this paper we present a calculation of this effect by 
solving the Schroedinger equation for the cases of Li, 
Al, and Cl. It was found that the inclusion of exchange, 
which is not contained in the Thomas-Fermi model, 
may change the quadrupole correction considerably. In 
general, the exchange terms have sign opposite to the 
direct terms. For Al and Cl they are larger than the 
direct terms, so that the sign of the effect is reversed, 
the complete quadrupole correction being such as to 
increase the interaction energy for a given value of the 
nuclear quadrupole moment. Moreover, it was found 
that the statistical model represents only a part of the 
perturbation of the electron core by the nuclear moment 
Q, namely, those excitation modes in which there is 
only angular displacement of the charge, the charge 
contained in any spherical shell remaining constant. 
This part always gives rise to a shielding of Q. The 
other part of the perturbation consists of radial displace- 
ments of the charge which may shield or reinforce the 
effect of the nucleus, depending on the shell structure 
and the valence electron wave function. 

In the second part of the paper, we discuss the effect 
of including the induced moment in the perturbation 
which rearranges the electron cloud. We also list the 
results of calculations of the Thomas-Fermi value of 
the correction for 13 additional elements, which make 
it possible to interpolate the Thomas-Fermi correction 
for all elements. 


* Research carried out under contract with the AEC. 
1R. Sternheimer, Phys. Rev. 80, 102 (1950). 


II. WAVE FUNCTION CALCULATIONS 


The perturbed wave function of the core electrons 
was obtained by solving numerically the Schroedinger 
equation for the atomic potential as perturbed by the 
nuclear Q. The procedure will be shown first by con- 
sidering the perturbation of the 1s state for Al. Let Ho 
and H;, be the unperturbed and the perturbed part of 
the hamiltonian, respectively ; %) and “ will denote the 
unperturbed and the perturbed part of the wave func- 
tion times r. We have 


Ho= — (h?V?/2m)+ Vo, (1) 


where V» is the central potential of the atom which was 
taken as the Thomas-Fermi potential. The perturbation 
H, is given by 


H1=—(Q(3 cos*#—1)/2r', (2) 


where r is the length of the radius vector from the 
nucleus and @ is the angle included by this vector and 
the axis of the nuclear quadrupole moment Q; lengths 
are in units of the Bohr radius ag, and J, is in ry 
units. If Ho denotes the unperturbed 1s energy, the 
Schroedinger equation becomes 


(Ho+H:1)(uot+ U1) = Eo(uo+t1), (3) 


since the first-order perturbation of the energy is zero 
for s states. Upon subtracting Houp= Epuo, and to the 
first order in Q, we obtain 


(Ho— Eo)ui= — Hu. (4) 


In the following the zero-order functions % will be 
written 


Uo= uo’ (r)O(8, ), (5) 
where um’ is the radial and @ is the angular part of the 
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wave function; the normalization is 


f uodr=1, 
0 


f | (6, ¢)|? sinedo= 1. 


(Sa) 


(Sb) 


For s states, @=1/vV2. The unperturbed functions for 
Al were obtained by integration in the Thomas-Fermi 
potential. 

In view of Eq. (2), m: has angular dependence 
(3 cos’@—1). If we write 


= Quy’ (3 cos?0—1)/2v2, (6) 
where 1,’ is a function of r only, Eq. (4) becomes 
— (Buy' /dr*) + (6ty'/r*)+ Vous’ — Eom’ =uo'/r, (7) 
where Vo and & are in ry units. For small r we may 
expand the potential Vo: 
Vo=—(2Z/r)+AotArt:::, (8) 


where Z is the atomic number and Ao, Ai, -:: are 
constants. Similarly, mo’ can be written 


uo =cyrt+cor+---, (9) 


where the c; are constants. Thus, the right-hand side 
of Eq. (7) behaves as c,/r?. The term with the lowest 
power of r on the left is 6u;'/r?. Hence, the expansion 
of u,’ starts with a constant term ¢,/6. The complete 
expansion is of the form: 


uy = ao tay+ar’+ayr+ayr'+::- 
+by* logr+b, logr+---) (10) 


where the a; and b; are constants. If we use only two 
terms in the expansions (8) and (9), we find 


Ao= — 82, c,= 8.88, C2= — 97.7. 


With E,=—98 ry, we obtain the following equations 
determining the a; and );: 


6ay= 8.88, 

6a,— 26a)= — 97.7, 

4a2— 26a;+ 180a)=0, 

—5b3— 26a2+ 180a:=0, 

— 7b4—6a4— 2603+ 180a.=0, 

— 6b,—26b;=0. 

This gives 

a=1.48, a= —9.86, 
b3=325, b4=—1408, 


a; is arbitrary. To obtain the solution for large r, Eq. 
(7) was integrated inward from infinity, making use of 
the asymptotic behavior, u;’~A exp(— | E|*r), where 


a= 131, 
(12) 
a4= —4.33a;—2287, 
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Fic. 1. 1s function uo’ and excited d function wu,’ for Al. 


A is a constant. The inward integration was carried out 
for several A. The values of A and a; were then deter- 
mined from the two equations expressing the continuity 
of u;’ and du;’/dr at the radius r; (of order 0.03aq) 
where the two solutions were joined. We note that the 
perturbation of the wave function, ™'/r goes as ao/r 
and thus diverges at r=0 (although it is square inte- 
grable over the volume element). Moreover, Q/r* is no 
longer small compared with Vo for very small r. Our 
procedure is nevertheless valid, as is seen from the 
following argument. We may assume that the quadru- 
pole moment is distributed over the nucleus. If the 
moment is due to a surface density over a sphere of 
radius ro, the potential is given by — (Qr?/2r,°)(3 cos’é 
—1) for r<ro and thus decreases with decreasing r. 
For Al, with 7»=4.5X10-" cm (nuclear radius) and? 
Q=0.156X 10-™ cm?, we obtain 


(Q/2Zr2) =0.03 


for the maximum of the perturbation relative to the 
coulomb potential. Similarly small values are obtained 
for Li and Cl. Inside r=r9, Eq. (19) can be fitted to a 
solution for the potential (~r*) given previously; this 
solution ™;’ goes as r* near r=0 and is consequently 
regular. As would be expected, the matching of the 
solutions at the nuclear radius has a negligible effect on 
the constants a; and 0b; of Eq. (10), so that the calcu- 
lations can be carried out with Eq. (10) as stated above. 
Figure 1 shows uo’ together with the perturbation ;’. 
The perturbation of the density of the 1s electrons, 

denoted by Api,, is given by 
Apis= (4ttg%1)/1? = Qio'uy' (3 cos*@—1)/r?. (13) 


Hence, the induced moment AQ,, due to the 1s electrons 
is 


40-0 f wurde f (3 cos*@— 1)? sinédé 
0 0 


-/of uo'uy'r*dr. (14) 
0 


2 J. E. Mack, Revs. Modern Phys. 22, 64 (1950). 
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Fic. 2. 2s function uo’ and excited d function mu,’ for Al. 


The perturbation of the 2s and 3s functions is 
obtained in the same way as for 1s. By following the 
inward integration it turns out that wm,’ has nodes at 
approximately the same r as uo’ and has the same sign 
aS uM (see Fig. 2). Consequently, w’u;’ is generally 
positive, and the electrons concentrate in the region 
where (3 cos*?@—1)>0. This leads to a shielding of the 
nuclear moment and corresponds to the effect found in 
the Thomas-Fermi model. 

To obtain the moment induced in the 2 shell, we 
first consider the p state with magnetic quantum num- 
ber m=0. The unperturbed wave function m may be 
written [see Eq. (5) ] 

Up = Uy (V3/V2) cosé. (15) 


The first-order perturbation of the energy £, is given by 
E,=- 10 f f [u2(3 cos?@—1)/r*] sinédé 
0 0 


= —(2/5)Q(1/P) 2p. 


The perturbation obeys the equation: 


(16) 
(Ho— Eo)uy= — (Hi— Ej), (17) 


where Ey, is the unperturbed 2p energy. From Eqs. (2) 
and (16), we obtain 


V3.0 £3 9 2 
—Hyww=— “|( cos*@—— cast ) += cos} (18) 
v2 r 2 10 5 


The factor in brackets is written as the sum of an f 
function and a # function. Equation (17) now gives 


v3 /3 9 Uo 
(Ho— Eo)u1=Q (- cos*9@ —— cost) 
v2 \2 10 


r 


~ 


v3 /2 1 1 
+O—{ - sb nd meee, “Says . 19 
+05(5@ e & (o>) a) 


Accordingly, # is given by 


“(; 9 : 
u,=Q—{ - cos*@—— cos) f 
* “WAN2 10 


v3 £2 
+0-(- cost (20) 
v2\5 


where the radial functions m,;/ and uy’ are obtained 
from 


au, Ps 


12, ;’ Uo 


0 
, , 7 ’ 
+ —+] 041, ¢ —~ Loh, fs =—, 
"ti r3 


(21) 


, 
2p Pairs : 
+——+ Votts, » — Eotts, p 


-u(3-€),). 


The calculation of ,,’ is similar to the calculation 
of u,’ for s states. Near r=0, we have the expansion: 


uy, f= ay aer*+azy?+ag'+ - ++ by logr+---, (23) 


where the a; and 5; are determined by equations similar 
to Eq. (11). For large 7, «,// goes as A exp(—| Ey] #7), 
where A is a constant. Its value is determined by 
matching the external solution with the series (23), in 
which 4a, is arbitrary. Figure 3 shows «;, ,’ together with 
uo’. Since uo’, 7’ is positive and [3 cos*@— (9/10) cos?6] 
>0 close to the polar axis, the excitation to f states 
leads to a shielding effect, similar to the excitation of s 
states discussed above. 

The induced moment AQ; » due to the m=0 electrons 
is given by 


U 


30x0=60 f wis fdr f [3 cost@— (9/10) cos?é] 
0 0 


X (3 cos’@—1) sindd@= (2160/ 175) f toy, s'r?dr. (24) 
0 


For the m=-+1 states, we can write — Hm as follows: 


V3 Ouo't /3 3 1 
— Hyuy=— —| (- cosé sin? —-— sin) _—- sina} (25) 
2 2 10 5 


a oa 5 


The first part of the square bracket gives rise to the f 
wave excitation. A calculation similar to that which 
leads to Eq. (24) gives the contribution to the induced 
moment. We thus obtain the total moment AQ; due to 


2p: 


AQ;= (5040 175) f Uo Uy, 'rdr. (26) 
0 ¢ 


In order to obtain the 2p—>? excitation, we note that 
the 2p shell is filled; hence, we must require that 1, »’ 
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be orthogonal to um’. For large r, we write 
Vo= —C/r, 
to’ = A’ exp(— | Eo| ty), 


(27) 
(28) 


where C and J’ are constants. When small terms are 
neglected, Eq. (22) becomes 


Pus, C 
/ , 
mee. v — Equy, P 


dr? 1 
--(-) A’ exp(—|Eo|'r). (29) 
r® 2p 


The leading term of m,, is of the form 
Br exp(— | Eo|*r), where the constant B is determined 
by 


B= A"(1/r*)2p/(C—2| Eo| '). (30) 


Thus, the solution of the inhomogeneous equation 
which goes as r exp(— | Eo| 'v) for large r is determined. 
The general solution is obtained from this by adding a 
multiple of um’, since uo’ satisfies the homogeneous 
equation. Thus if #,,“” denotes the solution obtained 
by inward integration of Br exp(— | Z| *r), the excited 
wave function is given by 


(31) 


where a is obtained from the orthogonality condition: 


, , , 
1, p = 1, p —aty’, 


a 
a= f U1, p ‘uo dr. 
0 


In Eq. (30), C was taken as rV,(r) at the radius where 
the numerical integration is started. Figure 3 shows 
;,p'. In view of the orthogonality «,,’ must have a 
node. At 6=0, the electron density is increased for 
small r(up'u1, »'>0), but for large r there is a decrease 
of the density. Since large raaii are weighted more 
heavily (~7r’) for the quadrupole moment, the total 
induced moment for 2p— excitation is negative, so 
that the potential due to the induced quadrupole at 
large r has the same sign as the potential due to the 
nuclear Q (“‘antishielding effect’’). In view of Eq. (19), 
the contribution of m=0 states, denoted by AQ» o, is 


(32) 


AQ,,0= (29/5) f Uo ty, rar f cos*6 
0 0 
X (3 cos?@—1) sinédé 


= 62/290 f Uo’ U1, prdr. (33) 


Similarly, we obtain the contribution of m= +1 states 
by means of Eq. (25). The total moment due to 2p—, 
denoted by AQ, is 


AQ p= (48/25)0 f Uo U1, p Y’dr. (34) 
0 
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In calculating the energy splitting we must take into 
account the penetration of the valence electron inside 
the core. Thus, if Qgo(r)dr denotes the induced moment 
contained between r and r+dr, the energy of interaction 
Exg with the induced moment for a 3p state with m=0 
is given by 


Fsa= (2/390 f | (U/r) fale’ 
0 0 


+f ale -t' la. (35) 


r 


Here v’ is the radial part of the 3p function, with 


f vdr=1. 
0 


In view of Eqs. (16), (26), and (34), we have 


(36) 


8 3 504 
go=r* a y (tuo'tt1') net —(tuo' 141, sep 
5 n= 175 
48 
+7, (wom nh (35a) 


where the subscripts give the quantum numbers for the 
unperturbed state. 
The interaction energy with the nuclear Q is 


Eq= -(2/5)0 f (v"*/r)dr= —(2/5)Q(1/r*)sp- (37) 


On account of the penetration, the internal regions of 
the induced distribution contribute more heavily than 
te external regions. For Al, the 2p excitation gives 
a negative moment —2.190, and the other excited 
states give a positive moment 1.06Q, so that the net 
induced moment is —1.13Q (antishielding). Neverthe- 
less, because of the penetration of 3p, we find that 
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2p function uo’ and excited p and f functions for Al. 
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Exo/Eq= —0.0064, corresponding to a small shielding. 
The shielding excitations near the nucleus, although 
their quadrupole moment is smaller, slightly outweigh 
the 2p excitation at larger radius because the region 
near the nucleus is more important. 

In the preceding calculations we have omitted the 
exchange terms in the energy. In order to obtain these 
terms, we first consider the 1s—+d excitation. We 
assume that the 3p electron is in the m=0 state. The 
antisymmetric wave function for 3p and the 1s electron 
with spin parallel to 39 is 

Quy’ 3 cos?@—1 ; 
2v2 ” 


uo’ Quy’ £3 cos*@—1 
Sm Goad | 
vir or 


, , 


v V3 abe v3 a 
a cos \ ) M. \ ) 


r Vv. 


VZr r 





where (1) and (2) indicate that the coordinates are 
those of the first and second electron, respectively. 
We are interested in those terms of 


Eun f ¥*(e/navdridrs, (39) 


which are linear in Q (dr: and dr2 are the volume 
elements for the electrons, ri is their distance of 
separation). We have 


1{ uo Qu’ 3 cos*@—1 
y*y= “| — feo |= cost 


vir 


1( uo’ Quy’ /3 cos*@—1\ }? 30” | 
Bes ae 1 2){- = cost (1) 
2\v2r r Qv2 2 9 } 


uo Quy’ £3 cos*@—1 
{SSCS 
vir fr 2v2 


| Uo’ a= 
“lvar r 


The negative term is the exchange effect. In order to 
evaluate this term we note that we may consider the 
contribution to Eq. (39) as due to the interaction of 


(2) 


1 wed 6}(1 
i hay 





— cosé 
r r 


3 | Uo’ Qu, “(- 9 


2 


< 


3 Uo! 


z 
— cos’@—— cost) +- cosé 
10 5 
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the density : 
Pop= — 2(uo’/V2)[(V3/N2)0’ cosé]/r’, 
with the potential V4 due to the density: 
Ppd= Ouy'[ (3 cos’?0@—1)/2V2 ][(V3/v2)0’ cos ]/r*. (42) 
The factor 2 in p,, arises from the presence of two such 
terms in Eq. (40). Wewrite 
Ppa= Quy’ (V3/4){[(3 cos*@— (9/5) cos] 
+ (4/5) cos@}. 
Only the part of Va which is due to the cos@ term in 
Eq. (43) interests us, since the other term gives rise to 
a potential which behaves as an f function, and hence 


does not interact with p,,. The potential V,4’ due to 
Qu;'v’ (V3/5) cosé is 


1 r 
vi =0(—f uy'0'r'dr’ 
r? 0 


- 2 
+rf udr-aar’)— cosé. (44) 
5v3 


r 


(41) 


(43) 


If we denote the function in parentheses by f.(r) and 
if Vpa’ is in ry units, we may write 


V pd = (40/5v3) fa cosé. 


The interaction energy E,a of Vpa’ with pep is 
gy P Pp 


Eud= f f V nd Pspr*dr sinddé 
0 0 


= — (80/15) f uo'v'fedr. (46) 


(45) 


By means of Eq. (37), we find 
Exd /Eq= +(4/3) f sie! fale / (1/r)ap (47) 
0 


We note that the exchange effect has the opposite sign 
to the direct (shielding) interaction, provided that the 
integral in Eq. (47) is positive; this was found to be 
true for the s—d excitations occurring in the present 
work. 

The exchange for the 2p—>f excitation will now be 
obtained. This will be done first for the 2p state with 
m=(0. The antisymmetric function for the 3 electron 
(m=0) and the 2 electron (m=0) with spin parallel 
to 34, is 


OMe» Oe cos 
r r 


(2) 


43 9 2 ky, ; 
—-—-j};— mene : (- cos*@—— cos ) + POP 3 | @)| cos (1). 
2v2 10 5 r r 


2 


r r 
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Proceeding in the same way as for the s—d wave, we 
obtain the exchange term Ey,’ for m=0 as the 
interaction of a density: 


v3) v3 1 
pon —2(—a cost) (— cost )— (49) 


with the potential V,, due to the density: 


M3. 9 iis atl 
oor u /(— cos a cond )(—s cost )— (50) 


Pps is the sum of d and g functions; we are interested 
only in the d function. Let us write 


cos*#— (3/5) cos*@=aP,+ bP2, (51) 


where P; is the Legendre polynomial of order /; a and 
b are constants. We obtain 


b= (5/4) f (cos*@—# cos*6)(3 cos*@— 1) sinédé 
, =6/35. (52) 


The d function part of V,, which will be called V,/’ is 
given by 


V ps = (9/5)bQP of o= (54/175) OP of. 


Here Vp;,0' is in ry units and /; is the function: 


f= (1/r) f us 0rd!" f 
0 r 


We thus obtain 


(53) 


a 


1, sur’ dr’. 


(54) 


Enns’ f ff eeV 5/'rar sin6d@ 
o Yo 


= ~ 216/875)0 f uo'v'fxdr, (55) 
and finally : 


Eyy,0'/Eg= (108/175) f “wal fade / (1/r?)ap. (56) 


By doing a similar calculation for the exchange of 3p 
with the 2p—f waves with m= +1, one obtains for the 
ratio of the complete 2p—+f exchange term, denoted 
by E,/’: 


E,,'/Eg= (252/175) f t'0' fade / (1/A)rp (57) 
0 


In order to obtain the exchange for the 2p—+ excitation, 
we consider the 2p state, m=0. The exchange energy 
may be regarded as resulting from the interaction of 
the density [see Eq. (48) }: 


47 3 hae 
prx'=——=( ms cost) (cose), (58) 


with the density: 


” M3 3 1 
a = (w= ome) (v5 cow) 


The potential due to pp,’ which we denote by V,,’ 
(ry units) is given by 


Vop = ed (80/5) (#f-P2+gPo), 


where the functions f, and g are as follows: 


(59) 


(60) 


fad= (air) f us str dr'+ef ,,'v'r'—*dr’, (61) 
0 r 


g(r)=(1/r) f Uy, » V'dr'+ f uy,» v'r'—'dr’. (62) 
0 r 


The energy of interaction Ey, 0’ is 


Exy,0 = (—32/125)0 f tuo'v' fdr 
0 


~(8/5)0 f us'v'gdr. (63) 


The second term in Eq. (63) is the interaction of the 
Py term of pp, with the Py term of p,,”. As will be 
seen subsequently, this term is very important. For the 
2p states m= +1, there is no Py term; but the P, inter- 
action makes a contribution: 


Eyp.1’=(24/125)0 f wa'0' fdr. (64) 
0 


We thus obtain for the total 2p energy, denoted 
by Ey: 


Epp = (—8/125)Q uo'v' f dr—(8/5)O f tuo'v' gdr. (65) 


The terms of E,,’ will be denoted by E,,’” and E,,', 
respectively. The ratio E,,'/Eg can be obtained by 
means of (37). 

The preceding calculations were carried out for Al, 
Cl, and Li. The results are given in Table I, where we 
have listed the ratios of the induced moment terms to 
the interaction with the nuclear moment. E,g/Eg is 
due to the direct interaction with the induced moment 


TABLE I. Ratio of the induced moment energy to the nuclear 
quadrupole moment energy. 








Li 





—0.166 
+0.061 
0 


—0.105 
—0.258 


Eno/Eq 
E’/Egq 
E'/Eg 


R 
Ri(Th-F) 
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[Eq. (35) ]. We have separated the exchange into two 
parts, E’/Eg and E’/Eg. The first part includes all 
terms, except the Po interaction and the p shells which 
is given by E’/Eg. For Al, we have 


-" ~ / U (2) 
lB > (Esa ind (Ep; der (Epp nd (66) 
Eg E@ Eg Eg 





n=1 


E'/Eg=(Epp')25/ Ea. (66a) 
R is the total ratio of the energy splittings, and R; is 
the corresponding Thomas-Fermi result. The numerical 
calculations were similar in the three cases. For Cl, the 
3p shell 'acks one electron for completion. It can be 
easily shown that the calculations of the energy ratio 
can be carried out by considering a 39 electron inter- 
acting with a complete 3p shell. The 3p vacancy acts 
. essentially as a 3p state with + charge.’ The Hartree- 
Fock functions‘ for Cl- were used for the uo. The 
atomic potential Vo was taken as the Thomas-Fermi 
potential. For Li there is no quadrupole coupling with 
the ground (2s) state, and the calculations were per- 
formed for the valence electron in the 2p state. The 
Li 1s function was taken from the work of Fock and 
Petrashen ;> to obtain the 2p function we used the 
potential of Seitz.® 

The disagreement between the present results and 
the Thomas-Fermi values (see Table I) can be attrib- 
uted in major part to the fact that the statistical model 
gives only the direct interaction of the valence electron 
with the perturbed core but excludes the exchange 
terms. As is shown by the table, these terms are 
considerable. In fact, for Cl and Al the Po exchange of 
the valence electron with the p shells determines the 
sign of the effect. 
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Fic. 4. 3p function uo’ and excited p function for Cl. 


*E. U. Condon and G. H. Shortley, The Theory of Atomic 
Spectra (Macmillan Company, New York, 1935), Ch, VI. 

‘D. R. Hartree, Proc. Roy. Soc. (London) 156, 56 (1936). 
cnet Fock and M. Petrashen, Physik. Z. Sowjetunion 8, 555 

* F, Seitz, Phys. Rev. 47, 400 (1935). 
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The change of density predicted by the Thomas- 
Fermi model [see Eq. (4), reference 1] consists in an 
angular displacement into the regions with positive 
(3 cos*9—1) (for Q>0); the total charge within any 
spherical shell (r, r+dr) remains the same. This dis- 
placement corresponds to the ns—d and np—f excita- 
tions. The model does not include the np—? terms in 
which charge is displaced radially. In the direct inter- 
action the np—p wave may give a net shielding or 
antishielding effect depending on the valence electron 
function. For Al, the 2p excitation gives an anti- 
shielding effect because the 3p electron is external to 2p 
and experiences a considerable antishielding when it is 
outside the node of u,,/ at r~0O.5ay (see Fig. 3). 
Hence, the 2p— term subtracts from the shielding 
provided by the ns—d and 2p—/ waves; this explains 
the smallness of Exg/Eg. For Cl, the 2p excitation 
leads to an antishielding as for Al (term in Exg/Eg 
=-+0,.049). However, the direct interaction with the 
3p—> excitation leads to shielding. This can be seen 
from Fig. 4, which shows the unperturbed 3 function 
together with the perturbation m, ,’. The maximum of 
uo’ is at r~~1.5ay, while the perturbed density (at 6=0), 
(12/5)Quo'u:, »'/r* is positive up to the node of 1, ,’ at 
r=1.9ay. Hence, the 3p electron hole experiences pre- 
dominantly a shielding, particularly since the most 
important region is somewhat inside 1.5¢y, near the 
maximum of u7/r’. The 3p term in Eao/E is 
—0.079, so that for Cl, the sum of the np—p terms 
gives a net shielding effect. 

The Thomas-Fermi R; can be directly compared with 
Exo/Eg for Li and with the angular excitation part of 
Exso/Egq for Al and Cl; its values are —0.078 and 
—0.063, respectively. Thus, R; is too large by a factor 
5. This discrepancy is due at least in part to the 
fact that the Thomas-Fermi density does not fall off 
rapidly enough at large r. Figure 5 shows the values of 
the densjty of induced moment (in units of Q) for Cl as 
obtained from the wave functions (angular modes only) 
and from the Thomas-Fermi model; they are denoted 
by do and Go’, respectively. The expression for Qo is 
similar to Eq. (35a), but excludes terms involving 
(uo' U1, p’)np- For the statistical model, we obtain 


do’ =0.2998(x)*(x/r), 


~1. 


(67) 


where x is the Thomas-Fermi function and x is the 
Thomas-Fermi variable, x=2.90r/aq for Cl. We see 
from Fig. 5 that the statistical model gives a reasonably 
good approximation to go. Of course, the maxima due 
to shell structure are smoothed over. 

In the calculations of the wave functions, it was 
assumed that the perturbing potential is that of the 
nuclear quadrupole moment alone. Actually, the in- 
duced moment contributes to polarize the core, In order 
to investigate this effect, the 3p—>p wave for Cl was 
recalculated, using the potential of the nuclear moment 
plus the interaction of 3p with the induced moment. 
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We obtain the following equation [see Eq. (22) ]: 


, , 
Pury Wp 2 : 
- + + Vous, p — Ents, p 


dr? r? 
e- Ce.) 
=Uo _ —_-__ 
r3 rs 3p 


+48,—dw an: f Bett’ (spdr. (68) 
0 
Here £p is the unperturbed 39 energy, 6(r) is given by 


B(r)= f godr’+r5 f (qo/r’*)dr’, (69) 
0 r 


where Qgodr is the induced moment between r and 
r+dr; 8.(r) is the function 
(70) 


Ber) = goptt’o, (2p) +83p"'o, (3p)s 


with 


82p(7)= a/n) f u's, (2p)4'o,ap)dr" 
0 
+f (u's, (2p)’0,(ap)/P’)dr’, (71) 
£3p(7)= an) f u's, (3p), (apdr’ 
0 


+ f (u's. ant’acan/*’)dr’. (Tia) 


Here, u’o, (2p) and #’o,(3,) are the unperturbed functions 
for 2p and 3p, respectively [normalized by Eq. (5a) ]}; 
u's, (2p) and wu’; (3p) are the 2p—>p and 3p—> excitation, 
respectively. The 8-term in Eq. (68) represents the 
shielding by the induced moment, and 8, gives the Po 
exchange interaction of the 3p electron with 2p and 3p 
[Eq. (65)]. The other exchange terms are less impor- 
tant, as is shown by Table I (see E’/Eg), and were 
omitted for simplicity. We note that 


1-8 “ee 
CS) ef eo 
1 Esgt E' 1 
= G) (1+ —) = 1.38(—) a 4ta) 
rl sy Eg Pl sp 


In order to evaluate 8, [Eqs. (70), (71)] we used the 
functions, 1’), (2) and u’, (3,) obtained previously from 
the nuclear perturbation aione. The numerical integra- 
tion of Eq. (68) proceeds in the same way as for Eq. 
(22). The solution is made orthogonal to m’ by adding a 
constant times uo’ [see Eq. (32) ]. The resulting 1;, ,’ 
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Fic. 5. Induced quadrupole density for Cl from wave functions 
(Go) and from Thomas-Fermi model (Q’). 


follows closely the 1, ,’ obtained for the nuclear pertur- 
bation alone (Fig. 4) but is somewhat larger in magni- 
tude, as is expected, since the exchange term has the 
same sign as the nuclear perturbation. The increase is 
about 20 percent. Its relatively small magnitude shows 
that 1, ,’ is primarily determined by the nuclear pertur- 
bation. With the new «,,’ we recalculated the Po 
exchange term for 3p—: 


(Exe")ag/Eq=4 f grotdr | (A/F )op (65a) 
0 


Its value is increased by only 10 percent, from 0.37 to 
0.41. 

Whereas the radial excitations are increased because 
of the Po exchange, the angular excitations are reduced, 
since the exchange terms are relatively less important so 
that the direct interaction (shielding) predominates. 
The 2s—+d wave for Cl was recalculated [see Eq. (7) ], 
with the perturbing term ’(1—8)r' instead of uo‘/r’. 
Thus, the shielding of Q by the induced moment was 
taken into account, but the exchange of 2s with the 
perturbed wave functions was not included. The ex- 
ternal minimum of the 2s—d wave (see Fig. 2) is 0.73 
of the minimum obtained for the original wave function. 
The contribution of 2s to Exg/Eg is reduced in about 
the same proportion, from —0.0087 to —0.0066. The 
actual decrease of ;’ is somewhat smaller because of 
the neglect of exchange. We estimate that the decrease 
is of the order of 15 percent for all shells (see Thomas- 
Fermi calculations subsequently). 

Upon correcting the results of Table I for the effect 
of the induced moment on the excited wave functions, 
we obtain for the quadrupole correction, R= —0.10 for 
Li, 0.21 for Al, 0.46 for Cl. The experiments’ from 
which the present values of Q for Al and Cl have been 
obtained consist in the measurement of the splittings a 
and 6 due to the interaction of the electrons with the 
magnetic moment yu; and the quadrupole moment, 


7 Davis, Feld, Zabel, and Zacharias, Phys. Rev. 76, 1076 (1949). 
H. Lew, Phys. Rev. 76, 1086 (1949). 
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respectively. If the interaction were with the valence 
electron only, a and 6 would be given by 


q= (womr/hI)[2L(L+ 1)/J(J+ 1) rv = a’ur(r~)val, 
ral (eQ ‘h)(2L/2L+3)(7)v=b'Q(r) vai, 


where yo is the Bohr magneton, Z and J are the orbital 
and the total angular momentum of the atom, J is the 
nuclear spin; the average (r~*),a: is taken over the 
valence electron function. Q is determined from the 


equation : 
Q= (ba'/b’a) ur, 


ur being known independently. As we have seen, (r~*)ya1 
in the equation for 6 must be replaced by (r~*)vai(1+R). 
It is not obvious that in the magnetic splitting a, (r~)ya1 
need not be corrected for the distortion of the spherical 
electron core by the asymmetric potential due to the 
valence electron. Because of this distortion there may 
be an interaction of the magnetic moment y; with the 
core, as well as with the valence electron. This effect 
is being investigated; if it exists, Q will be given by 


Q=(ba’/b’a)us(1+R,)/(1+R), 
where R,, is a correction to (r~*)ya1, such that 
a= a’ utr) yai(1+Rn) 


gives the magnetic splitting in terms of (r~*),a1. Of 
course, if R,,=0, then the corrected moments are just 
1/(1+R) times the present values. 

The uncertainty of the wave functions introduces an 
important source of error. In order to obtain an estimate 
of this error, R was recalculated for Cl, assuming that 
the true 3p function is more internal than the Hartree- 
Fock function! and is, in fact, given by 
(73) 
where “#¥ (5) is the Hartree-Fock function. The inner 
maximum of #’o, (3p) is 1.5 times larger than for u#¥¢ (35), 
and (1/r*);, is increased from 5.7aq~ to 11.3aq~*. With 
the new u’,(3p), the perturbation 1, ,’ was recalculated. 
The resulting value of the Po exchange term 
(Epp )3p/Eg@ [see Eq. (65) ] is 0.29, as compared to 
0.37 for the original calculation. The decrease is due 
to the fact that (EZp,’)s, increases less rapidly than 
(1/r*)3p aS %’o,(3p) is made more internal. Similarly, 
Exo/ Eg is reduced from —0.094 to — 0.072. An estimate 
of the change of the other terms in R gives R=0.32, 


; 
U'o, (3p) = WHF 9 (39) +0.1u Fo ep), 


Taste II. Higher order terms in the induced quadrupole moment. 








Element 





Zz Ri R: R; 
5 


‘ 0.220 0.075 0.032 
13 0.121 0.045 0.029 
21 0.452 0.207 0.113 
31 0.055 0.020 0.013 
49 0.038 0.016 0.014 
63 0.405 0.159 0.069 
71 0.125 0.035 
89 0.116 0.069 0.067 
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as compared to the value 0.415 in Table I. We conclude 
that the uncertainty of our values of R is of the order 
of 30 percent. 


Ill. THOMAS-FERMI CALCULATIONS 


The Thomas-Fermi calculation’ of the quadrupole 
correction can be readily extended to include the effect 
of the induced moment on the perturbation of the core. 
We note that the potential due to the density by the 
nuclear Q is given by! 


Vix, 0) =a{ (1/2 f "a(x2!)M(1/r)d! 


+2 f C(x’) 8/2? (1/18) dx’ 


-[eQ(3 cos*@—1)/4]. (74) 


Here x and x are the Thomas-Fermi function and 
variable, respectively, «= (Z!/0.885aq)r, and 8B=0.2998. 
V(x, 0) is due to the density produced by the potential, 
— (eQ/4r*)(3 cos’?@—1). We are now interested in the 
potential V2 produced by the perturbed density due to 
Vi. We obtain 


z 


1 
V2(x, 0)= -6{—f x (xa’)*Vi(x', 0)dx’ 
Fg 0 


+3 f C(xx")*]Vi(x’, @)dx’}. (75) 


V- has the same sign as the nuclear potential and 
produces a density which tends to shield the nucleus. 
By iteration, the total induced potential at x is given by 


é Z w 
V(x, 0)=— ni ———(3 cos*@—1)})(—8)‘Ii(x), (76) 
4 (0.885) i=l 
where 


T(x) = (1/2*) f “(n'a aa?) da! 


+2 f C(xx’) 8/2"? W_(x")dx’. 


I(x) = 1/2". (77) 


Finally, the ratio R of the induced to the nuclear 
splitting may be written 


R=¥(-1)R, 


i=] 


(78) 


where 


R,=ZB' f “oI da)de / (0.885) f “@/e)dr. (79) 
0 0 
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Here v’ is r times the radial part of the valence wave 
function normalized by Eq. (36). Table II lists R; and 
R; for the eight cases of reference 1. It is seen that R2 
is substantially smaller than Rj, indicating that the 
expansion is essentially valid. However, the decrease 
from R, to R; is not as great; in fact, for Ac, we have 
R;~R:. The reason lies in the failure of the Thomas- 
Fermi field at large r. Whereas 7; and J, have their 
maximum at +=0(J;(0)=«), J; is peaked at x=2.0 
and the maximum of J, is at x=5.2, i.e., in a region 
where the Thomas-Fermi theory becomes inapplicable 
because of the low electron density. This difficulty 
would disappear if x were replaced by the Thomas- 
Fermi-Dirac x (including exchange), which becomes 
zero at a finite radius.’ We, therefore, believe that a 
good approximation to the correction is obtained by 
taking R,—R2+43R;. This is given as R’ in Table II. 
We note that R’/R, is between 0.7 and 0.8. These 
results are in fair agreement with the calculation for 
Cl (2s—d excitation). R, can be obtained for all ele- 
ments by interpolation among relatively few values. 
R, depends primarily on the orbital of the valence 
electron which determines (1/r*) [see Eq. (79) ] and the 
penetration inside the core. Hence, it varies smoothly 
and by a relatively small amount as a given external 
shell is filled. For this reason it is possible to obtain R; 
for an intermediate element if R; is known for two 
cases at the beginning and at the end of the row of the 


periodic table. Table III presents results for additional 


8 The induced moment for the statistical model, Eq. (5a) of 
reference 1, diverges logarithmically for large x for the same 
reason. This divergence does not lead to serious error, since v’ 
decreases exponentially in the region where the nuclear Q is 
strongly shielded. 
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TABLE III. Effect of the induced quadrupole moment. 








(1/r)ax* Rr 


0.110 
0.073 
0.186 
0.038 
0.180 
0.115 
0.028 
0.164 
0.229 
0.085 
0.019 
0.019 
0.225 


Orbital Ri (Viex* 


2p «0.145 4.29 

3p —- 0.093 

34 s«0.263 
0.047 
0.242 
0.155 
0.034 
0.210 
0.317 
0.110 
0.023 
0.022 
0.296 


Element Zz 
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elements whose orbitals are the same as in the earlier 
work! and for 4d, 6p, and 5/. The valence wave functions 
v’ were obtained by means of the Thomas-Fermi 
potential. The last column gives estimates of R’ which 
were made by means of the values of R’/R, for the 
elements of Table II. Tables II and III provide two 
values of R’ for each valence orbital, so that R’ can be 
interpolated for the ground state of all elements. 
We saw that for Al, Cl, and Li, the Thomas-Fermi R; 
is bigger by a factor ~1.5 than the value calculated 
from the wave functions for the angular modes. We 
may conclude that for light atoms R’/1.5 gives an 
estimate of the shielding correction. It is likely that for 
heavy atoms R’ should be reduced by a similar factor. 
It should be emphasized that R’ gives only the angular 
part of the quadrupole correction. 

I would like to thank Professors I. Rabi and E. 
Teller, who suggested this problem, for helpful dis- 
cussions. I am also indebted to Drs. H. Foley and 
H. Snyder for several valuable discussions. 
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Several batches of plates loaded with uranyl acetate have been exposed to x~ mesons in the Berkeley 
cyclotron. The mesons were generated by the 350-Mev proton beam striking a carbon target and the plates 
were shielded from the direct beam, or positive particles generated at the target, by several inches of copper. 
They received negative mesons over a wide range of energies. About one in a hundred of the mesons observed 
to end in these plates, ended in a characteristic fission event. Twenty-two such fissions were observed. 
This was in rough qualitative agreement with what might be expected if it is assumed that the capture of 
a negative x-meson by the uranium nucleus always produces fission. Three of these events showed 3-way 
fission, a light particle coming off at about 90° to the tracks of the heavy fission fragments. 





I. INTRODUCTION 


HE capture of negative m-mesons in nuclei is well 
understood in a qualitative sense. The x is 
captured on a single proton leading to a neutron and 
140-Mev excitation energy. In accordance with the 
conservation laws the energy of the primary process 
can become available to a heavy particle only in the 
presence of at least an additional nucleon. On the basis 
of various models' the probability can be calculated 
that either the neutrons of the primary process or the 
“recoil nucleon” will escape the nucleus. This will lead 
to two experimental consequences: (1) There will be 
more than the statistically expected number of single 
high energy fragments in a star initiated by a o~(4-) 
meson. (2) The excitation energy corresponding to the 
number of star fragments observed is less than 140 Mev; 
it is, in fact, not more than 100 Mev. These inferences 
agree with experimental observation.? 

a capture in U™* can shed some additional light on 
the qualitative correctness of the above description. 
Since the excitation energy of the residual nucleus, even 
after initial loss of a fast particle, is above the fission 
threshold one would expect fission to accompany 
essentially al! cases of #~ capture in U**. This should 
behave like ordinary “fast” fission; one might expect a 
large frequency of single fast particles accompanying 
the fission event; these would derive from the primary 
capture event. This paper deals with a study of the 
process. 

The work reported here was interrupted before its 
normal completion. Results given are thus often incom- 
plete, and obvious improvements or extensions of 
method will suggest themselves to the reader. The 
work is reported here at this time, since (1) the results 
are sufficient to indicate the qualitative correctness of 
the capture process as outlined above, and (2) the 
techniques used here might be of more general interest. 


* This work was performed under the auspices of the AEC. 

t Now at 58/5/27 Al-Hariri Street, Bagdad, Iraq. 

1 Stephen Tamor, Phys. Rev. 77, 412 (1950). 

*For a summary of the experimental status see Menon, 
Muirhead, and Rochat, Phil. Mag. 41, 583 (1950). 


Il. EXPERIMENTAL SETUP 


Mesons were produced in the internal target of the 
184-inch cyclotron at Berkeley in the usual way.* The 
mesons were allowed to fall upon 200y nuclear plates 
previously treated with uranyl acetate. No channeling 
or specific energy selection of the mesons was used. 
The plates were exposed in stacks at 12” from the 
primary target. 


III. PLATE LOADING TECHNIQUE 


The technique of uranium soaked plates for the study 
of fission (especially when accompanied by alpha-emis- 
sion) has been previously used by San-Tsiang and 
co-workers,‘ Wollan, Moak, and Sawyer,’ Green and 
Livesey,® and recently by Marshall.’ Broda® has studied 
the effects of time, temperature, concentration, pH, 
and presence of other ions on the uptake of the uranyl 
ion. This is an adsorption process, so that the emulsion 
acquires a higher concentration of uranium than the 
solution in which it is soaked. None of these investi- 
gators required or wanted sensitivity to such lowly 
ionizing particles as fast mesons. 

The loading of photographic plates is generally dis- 
cussed in Yagoda’s book.? One must choose a soluble 
compound such that neither the anion or cation will 
have undesirable effects on the gelatin or the photo- 
graphic sensitivity. Chlorides cause swelling and reticu- 
lation of the emulsion. Warmth, humidity, adverse pH, 
and oxidizing agents such as nitrates will in time wipe 
out tracks that have been formed in a photographic 
emulsion, presumably by oxidation of the latent image. 
The time factor is ignored by too many writers when 
speaking of “limits” of concentration, or the “impossi- 
bility” of loading with certain compounds. Thus a 
plate which had been soaked in a 10 percent solution of 


3 Gardner, Barkas, Smith, and Bradner, Science 111, 191 (1950). 

4San-Tsiang, Zah-Wei, Vigneron, and Chastel, Nature 159, 773 
(1947). 

5 Wollan, Moak, and Sawyer, Phys. Rev. 72, 447 (1947). 

*L. L. Green and D. L. Livesey, Nature 158, 272 (1946); 
Nature 159, 332 (1947). 

7 Leona Marshall, Phys. Rev. 75, 1339 (1949). 

8 E. Broda, J. Sci. Instr. 24, 156 (1947). 

°H. Yagoda, Radioactive Measurements with Nuclear Emulsions 
(John Wiley and Sons, Inc., New York, 1949). 
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lead acetate, exposed, and developed the next day was 
completely clear; but a plate soaked in a 20 percent 
solution, exposed, and developed within a few hours, 
showed good meson tracks. Of course, with this lead 
concentration it is necessary to remove the lead before 
developing, or the plate is rendered white and opaque 
by lead hydroxide. 

These plates were loaded by soaking in a saturated 
solution (about 4 g/100 cc) of uranyl acetate for 15-20 
minutes after a presoak in distilled water, since wet 
plates were found to take up the uranyl ion faster than 
dry. The plates were then rinsed in water, and in 95 
percent ethyl alcohol, and dried in warm air for about 
one-half hour. They were wrapped in black paper, 
exposed, and then developed as soon as practical, to 
prevent undue accumulation of the uranium alpha- 
tracks and desensitization. Later batches of plates were 
rinsed 5-10 minutes with dilute acetic acid and water 
before developing, since some batches did not develop 
well except on the surface of the emulsion, and it was 
believed that the uranyl acetate might be interfering. 
The developer used was a 6:1 dilution of D19, and the 
time of development varied from 25 to 40 minutes 
depending on the type of emulsion (the thickness used 
was usually 200y). 

The loading process does have a desensitizing action 
on the emulsion making it necessary to use a more 
sensitive emulsion than might otherwise be chosen. 
Kodak NTB plates were found to be very useful; they 
have a low background grain density, and for some 
unknown reason the alphas and fissions have a char- 
acteristically different appearance, which is not true in 
the Ilford plates of corresponding sensitivity, C3. 
Later, electron sensitive emulsions (Kodak NTB-3 and 
Ilford G-5), were used to avoid the possibility of 
missing any associated events. 


IV. TECHNIQUE OF OBSERVATION 


The plates were scanned for mesons, rather than for 
fissions as first planned, because on most plates sensitive 
enough to show mesons well, alphas and fissions are 
not well distinguished, and the plates are full of uranium 
alpha-tracks of a length (about 20, in the dry plate) 
comparable to the 25 over-all length of the fission 
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tracks. The more interesting or photogenic of the fissions 
were photographed by A. J. Oliver. 


V. DETERMINATION OF URANIUM CONCENTRATION 


A reticule was placed in the eyepiece which marked 
out a square 63.5X63.5u on the plate (total diameter 
of field being about 150u). Alphas were counted from 
top to bottom of the emulsion, as long as over half the 
track lay in the square. The alpha-tracks were recog- 
nizable by their characteristic density and length, 
although there was variation in both according as the 
track was formed when the plate was wet or dry. Also 
alphas that dived steeply appeared shorter and heavier 
and were difficult to distinguish; these were certainly 
not over 10 percent. 

The thickness of the emulsion was assumed to be 
uniformly 200z. 

The largest uncertainty in the determination of the 
amount of uranium in the plate is probably the time 
element. The time of soaking the plates in the uranium 
solution (15-20 minutes) and the time of development 
and washing (35-50 minutes) are relatively large com- 
pared to the total time during which alphas are being 
formed (2-4 hours). In some cases the plates were 
washed with dilute acetic and water before developing 
in an attempt to remove the uranyl acetate, which was 
believed to interfere with developing. How effective 
this procedure was is not known, except that Broda® 
(using 254 emulsions) claimed it was very effective. 
In these cases development time was not counted as 
effective time for formation of alphas. In other cases it 
was. Soaking time in uranyl acetate was counted 
because the uptake is at first rapid, dropping off expo- 
nentially with time. Washing time after development 
was not counted; it is so small (10 minutes) as to make 
little difference. 

As the figures stand (Table I), 4-8X 10° alphas/cm*/ 
hour correspond to 0.045-0.09 g U/cm*. However, since 
the counts for the last batches of plates, on which most 
of the fissions were found, run between 4 and 5X 10° 
alphas/cm*/hour, we shall take 4.5 as a convenient 
figure giving 0.05 g uranium per cm* emulsion, which 
is over twice the amount (about 0.02 g/cm*) in the 
saturated uranyl acetate solution. 


TABLE I. Data yielding information as to the uranium content of soaked plates exposed to mesons. 








Volume* 
searched 
(cm*) 


Alphas 
counted 


Alphas 
per cm* 


First 
Soaking Handling washing 


Total 
eff. time 
(hours) 


Time in minutes Alphas 
per cm? 


per hour 


Devel- Second 
oping washing 





7.0X 108 
18 10° 
8.9X 10° 
11 X10° 
18 X10° 
11 X10° 
11.7X 10° 
11.5 10° 
15.5X 10° 


110 15.8X10-¢ 
7.9X10-¢ 

8.1 10-$ 

8.1X10~° 

8.1 10-* 

3.2 10-6 

8.1 10-* 

23.5X 10-6 


G-5 113 7.31076 


25 1,33 

_ 2.5-3 
25 3.33 6.7 X 108 
25 4 8.3 X 10° 
40 ; 4.6X 10° 
40 ? 4.5X 108 
30 i 3.8 X 10 
30 . 3.7X 108 
30 J 5X 10* 


5.3X 10* 
6.0-7.2X 10° 








* Volume searched equals area of field of view (7.9 X10~* cm? for first two plates and 4.04 X10~* cm? for the rest) times thickness of emulsion times 


number of fields counted. 
> Washed in dilute acetic acid as well as water. 








SUE GRAY AL-SALAM 


Taste II. Atomic composition of loaded plates. 








Comparative Comparative 
ratio atomic ratio 
percent by wt.XZ percent by wt. 
at. wt. at. wt. 


0.44 
0.01 
0.42 
0.705 
1.17 
0.21 
0.30 
0.05 


3.26 


Percent 
by weight 





Element 





45.79 








Eastman Kodak data on the composition of the 
NTB emulsion was used; the composition of the G-5 
was not available, but comparison of the variation in 
different types of Kodak emulsions would make one 
think the difference not significant, certainly for the 
accuracy here. The density of the dry emulsion is 3.64. 
Thus we have 0.05/3.64=1.4 percent uranium by 
weight. 

From Table II, number of atoms of uranium per 
atom emulsion is about 1 in 650, or less if the emulsion 
has picked up water. But since the probability of a 
meson being captured by the nucleus is usually assumed 
to be proportional to the charge,’ we find after weight- 
ing with Z that 1 in 85 mesons might be expected to 
enter a uranium nucleus and possibly initiate fission. 
Note that the amount of water is no longer very 
important for this calculation. 


VI. RESULTS—OCCURRENCE OF FISSION 


This observer found in the four successive batches of 
plates exposed in the fall of 1949: 1 fission among 72 
mesons, 3 fissions among 405 mesons, 2 fissions among 
226 mesons, 4 fissions among 443 mesons, totaling 10 
fissions among 1146 mesons. Twenty-eight percent of 
the 820 mesons whose terminations were definitely 
recorded were non-starformers. This is the correct 
percentage for x~ mesons alone,” but low considering 
a possible 10 percent u~ mesons. However, a few mesons 
with questionable terminations, omitted in this per- 
centage calculation, were probably mostly non-star- 
formers. 

A second observer found 8 fissions among 915 mesons 
in the last (and best) batch of plates, and noted 40 
percent of 590 mesons as non-starformers. Four other 
fissions were found by two other observers in the second 
and third batches of plates. 

This amounts to about 1 of every 100 observed 
mesons causing fission, which, considering the large 
uncertainties and the presence of w~ as well as 2~ 
mesons, is quite compatible with the assumption that 
all of the x~ mesons entering uranium nuclei (calculated 
as 1 in 85) cause fission. 


10 FE, Fermi and E. Teller, Phys. Rev. 72, 399 (1947). 


VII. RESULTS—CHARACTERISTICS OF MESON 
INDUCED FISSION 


Table IIT shows that the fission fragment tracks 
tended to be quite symmetrical, in agreement with 
observations of fission of U™®, as against the unsym- 
metrical fission of U**, and of the length expected. 

As to the reliability of the measurements, flat meas- 
urements can be made fairly readily with a well-cali- 
brated reticule in the eyepiece to within a micron, but 
measurements in depth depend upon the calibration 
of the fine adjustment screw on the microscope, the 
original and final thickness of the emulsion, and the 
uniformity of shrinkage. A 200u emulsion will shrink 
to about 854 when processed. This puts strains on the 
emulsion which may even cause it to peel away from 
the slide. If the slides are soaked in diluted glycerin, 
they shrink less, but the shrinkage is unpredictable and 
the emulsion thickness will change with time. Thus 
the depth of a track as measured with the microscope 
is multiplied by the ratio of 200u (assumed original 
thickness) to the measured thickness at that point 

TasseE III. Data on fissions. These figures are based on a 


shrinkage ratio of 2.4 without measuring emulsion thickness. 
Dimensions in microns. 








Pro- 
jected 
range 

ratio 

of 

fission 

frag- 
ments 


Flat 
length 


18+1 
20.5 +1 
9 


Total 
length 
2242 


26.5 +2 
25.5%? 


Depth 
length 


1343 
1742 


Plate Remarks 


7968 
8249 
Dives very steeply. 
Length and ratio 
unreliable. 
26+1 
26.5 d 
29 . Emergent alpha or 
proton at right 
angles. 
26 
12 — Measurements of 1 
prong; other went 
out bottom. 


One end out top. 


Alpha or proton 
emerges at about 
80°. 


1-2 
33(26) Dives conv and one 
d ttom. 

Also emulsion 
thinner at this point 
than in 3 p 

above making cor- 
rected length long. 


Alpha or proton 
—— seemingly 
at different spot 
from meson en- 
trance. Meson prob- 
ably coincides with 

of fission track. 


Length and ratio 
dubious because 
track dives steeply. 

Track quite cured 
perhaps emulsion 
distorted. 


Dec. 9876® 25.5 








* On this last plate was also found a very interesting event which is the 
risen] of another paper [H. Bradner and K. Bowker, Phys. Rev. 82, 265 
1951)]. 
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(which varied from 70 to 150u). This assumes not only 
an original thickness of 200u, but also a uniform depth 
shrinkage. 

It might also be noted that when the emulsion is wet 
the density (usually 33-4) is considerably lowered and 
the tracks are fainter and longer. This was conspicuous 
in the case of the uranium alphas which were often 
about } longer than the 20u expected; but, of course, 
if the plates were even fairly damp, the cyclotron could 
not be operated. However, the moisture content on 
exposure was unknown. 

The 22 events identified as fissions (see Fig. 1) were 
in no way similar to usual meson stars. In this study 
no other stars were seen with 2 heavy prongs at 180°; 
about one was seen with one heavy and one light prong 
at 180°. The only possible cause of confusion were two 
cases of one-prong stars in which the meson track 
happened to lie over part of the one heavy prong, but 
this could be resolved with the oil immersion lens. 

Three of these events showed a particle emerging at 
about 90° to the fission track (see Fig. 2). In two of 
these cases it was quite clear that the new particle 
emerged when the meson entered the fission; in the 
third case there seemed to be a short separation, but 
observation under high power made it seem probable 
that the meson track simply coincided with the fission 
track along this distance. The track was a light straight 
track, clearly a high energy alpha or proton which left 


the emulsion without ending, or scattering appreciably. 
One left after 200u, corresponding to a proton of better 
than 5 Mev energy or an alpha of better than 25 Mev. 
This proton energy is far above that which could be 
caused by a knock-on, and the alpha-energy is higher 
than that found by Marshall for thermal U™* fission.’ 
The frequency of this occurrence (1 in 7) is high com- 


n-induced fissions in uranyl acetate loaded G-5 
emulsion (mostly plate 9876). 


Fic. 2. Meson-induced fission with third particle (plate 9868). 


pared to the frequency of alpha-particle emission in 
thermal fission (1 in 250). 


VIII. DISCUSSION 


Despite the meager statistics obtained, these results 
confirm the prediction that +~ capture in U™® leads to 
fission in a large fraction of the cases. Also, the occur- 
rence of fast tracks in excess of those observed in 
neutron induced fission’ is probably the phenomenon 
identical to the excess fast single tracks in w~ stars. 
Both these facts agree with the capture mechanism of 
Tamor.' Another fact of interest is the result that the 
energy of the fission fragments is the same as that in 
ordinary fission, despite the greater excitation. These 
results are in agreement with the results of Jungerman 
and Wright" on the energy release in fission induced 
by 90-Mev neutrons. Both their work and the data 
reported here confirm the idea that the fission fragment 
energy is derived from electrostatic forces alone and is 
independent of the excitation of the primary process. 

It would also be interesting to expose plates loaded 
with other heavy elements to x~ mesons. Thorium and 
lead are practicable, but I did not succeed in loading 
plates with thorium. Mesens were counted in plates 
heavily loaded with lead, and no fissions were found 
where 2-5 might have been expected, if all r~ mesons 
captured in lead produced fission. This is not unreason- 
able, since the fission yield in lead could be quite low 
owing to the high excitation required. 

I wish to express my thanks to Dr. W. K. H. Panofsky 
for supervising the work, Dr. C. Richman for suggesting 
the problem, Dr. H. Bradner for the use of the facilities 
of the film group and for aid in exposing the plates, and 
Miss Jocelyn Willat, who spent many hours scanning 
the plates and discovered 8 of the fissions observed. 


4 J. Jungerman and S. C. Wright, Phys. Rev. 76, 1112 (1949). 
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A number of experiments relating more or less directly to meson scattering and absorption are discussed 
and compared. Because of the variety of experiments interrelated by such considerations, it is seen that 
any model to describe meson scattering and absorption will have to meet a corresponding number of condi- 
tions. In particular, the absorption experiments of Panofsky and his collaborators permit one to put a lower 
limit on the absorption cross section for complex nuclei which seems appreciably larger than the expected 


scattering cross section. 





I. INTRODUCTION 


NTERACTIONS of z-mesons with nuclear particles 
have been observed to include those which produce 
mesons, those which absorb mesons, and those which 
scatter mesons. It has long been recognized that from 
an experimental point of view these processes are not 
independent, since, for instance, a meson once produced 
may be reabsorbed or scattered before it can be ob- 
served. However, because of the observation of com- 
peting reactions and by the use of detailed balancing 
arguments to relate inverse processes it is possible to 
establish more profound relationships between these 
fundamental interactions. Of particular interest in this 
connection are a series of experiments by Panofsky 
and his collaborators concerning the absorption of 
mesons by some of the lighter elements. By means of 
these it is possible to establish relationships between 
meson scattering phenomena and the production of 
mesons by nuclear collisions and by 7-rays. 
In the course of studying these phenomena, some 
interesting implications concerning nuclear structure 
are obtained. 


Il. THE ABSORPTION OF z-MESONS IN 
COMPLEX NUCLEI 


When a charged z-meson is absorbed by a complex 
nucleus, A, the most probable process is' 


a+A—Star. (S) 


(When no “star” is observed, presumably only neu- 
trons are emitted from the nucleus.? We designate this 
process also as a star, however.) The absorption of the 
meson releases on the order of 140 Mev of energy (the 
meson rest-energy), which must appear in the form of 
kinetic energy of the absorbing nucleons. To conserve 
momentum as well as energy the absorption must be 
accompanied by a high energy scattering of at least 

* Now at Indiana University, Bloomington, Indiana. 

t Now at Columbia University, New York City. 

‘Menon, Muirhead, and Rochat, Phil. Mag. 41, 583 (1950); 


F. Adelman, Ph.D. thesis, University of > California (1951). 
2S. Tamor, Phys. Rev. ‘71, 412 (19 


two nucleons. However, a hard scattering of only two 
nucleons seems far more probable than a many particle 
scattering event, since the energies involved are con- 
siderably larger than nuclear binding energies. We thus 
introduce the hypothesis that the primary absorption 
event involves a pair of nucleons and is the inverse of 
meson production in the collision of two nucleons. That 
is, we have the basic mechanisms 


a+ p+n—2n (x, pn) 
r+ 2p—om+p (x, 29) 


t+ p+n—2p (x*, pn) 
at+2n—n-+ p (xt, 2n). 


In each case, the two recoil nucleons are left with a 
kinetic energy of the order of 70 Mev apiece. Consider- 
able excitation of the residual nucleus is expected as 
these two particles are torn from their place in the 
structure of the original nucleus. Further excitation 
of the residual nucleus is expected as a result of sub- 
sequent collisions of the recoil nucleons with others in 
the nucleus. 

The results of Camac e/ al., charge symmetry con- 
siderations, and evidence obtained by Bradner (un- 
published, but quoted previously) indicate that the 
absorption of «+ and x~ mesons will be similar. We thus 
confine the arguments of the present section to the 
absorption of w~ mesons with the understanding that 
the discussion applies also to ++ mesons. 

The above model suggests that we write the cross 
section per proton for the absorption of a m~ meson 
in the nucleus A in the form, 


(1/Z)o[a-+A-—Star]=lo[a-+D—2n], (1) 


where o[ x~+ D—>2n] is the cross section for the process 
a~-+D-—2n, which has been observed.® The factor of 


3Camac, Corson, Littauer, Shapiro, Silverman, Wilson, and 
Woodward, Phys. Rev. 82, 745 (1951), and private communication 
from Professor R. R. Wilson. 

4 Brueckner, Serber, and Watson, Phys. Rev. 81, 575 (1951). 
This paper will hereafter be referred to as I. 

5 Panofsky, Aamodt, and Hadley, Phys. Rev. 81, 565 (1951). 
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proportionality, I’, is expected to depend on the energy 
liberated in the absorption and on the relative prob- 
abilities for the recoil nucleons to undergo a hard scat- 
tering in the nucleus A and in deuterium. To the extent 
that the kinetic energy of the meson can be neglected 
compared to its rest energy, we can, and shall, take I 
to be a constant. Some care must be taken in the use of 
Eq. (1), since both the elementary processes (a~, pm) 
and (z~,2m) contribute to the process (S$), while 
only (x~, pn) is involved in s+ D-—>2n. This seems to 
involve at most an adjustment of parameters and will 
be discussed further in Sec. VI, where a more complete 
theory of Eq. (1) will be developed. 

By detailed balancing arguments, o[*-+D-—2n] 
was obtained in I from the inverse reactions * 


ol z-+D—2n] 
= (1/v_)[1.87(10)*" cm? J[1-+50,2//(14+-4b), (2) 


where 2, is the meson velocity in units of c.f The ratio 
of meson P-state to S-state coupling for the process is 
represented by b. Because of the short range of inter- 
action implied, it was assumed that higher angular 
momentum states are not important until the meson 
kinetic energy becomes of the order of its rest energy. 
In writing Eq. (1), a small effect due to the center-of- 
mass motion of the two recoil nucleons is neglected. 

The mean free path for absorption in the nucleus A 
is then 


Va 


Na= ’ (3) 
Z(1/Z)o(x--+A—Star] 





where V4=(42/3)a.°A is the nuclear volume. Using 
Eq. (2), we have 


89.6 (1+4b)0, 
lr 1+bv,2_ 


(4) 


a= apo 


In I it was deduced that b-~8, although this value is 
quite approximate. Evidence from meson production 
experiments® suggests that 5 is probably at least this 
large. Then choosing 6=8 and for energies which are 
not too low, setting 1,1, we have an approximate 


relation 
ha=30a0/T. (4’) 


To determine the value of I', we must appeal to 
experiment; however, from an analysis quoted in I 
and based on the Chew-Goldberger nuclear momentum 
distribution, it appears reasonable to expect T' to be of 
the order of ten. 

It seems not unlikely that the elementary process 
(w-, 2p) has a cross section of the form (2), with per- 
haps a different numerical coefficient (although it is 
known from the meson production cross sections’ not 
hs carte ty Richman, Whitehead, and Wilcox, to be pub- 
Ist We have for simplicity replaced p/yc (p the meson momen- 


tum) by 2, in these formulas. 
7C. Richman and H. A. Wilcox, Phys. Rev. 78, 496 (1950). 
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to differ greatly from that for the (x~, pn) cross section). 
We assume that the effect of this is included in the 
definition of I. 


Ill. EVIDENCE DRAWN FROM THE PHOTOMESON 
PRODUCTION CROSS SECTIONS 


As was pointed out by McMillan and Mozley,® the 
nuclear interaction of mesons can be expected to modify 
the production cross sections from complex nuclei. 
The most simple example of this is photomeson pro- 
duction. 

Let the cross section for the production of a positive 
meson from a nucleus A be o4. Then we write o4 as 


o4/Z=nopfa, (S) 


where Z is the atomic number of A and gp is the pro- 
duction cross section for a free proton. » represents the 
effects of nuclear binding on the cross section and f, 
represents the fraction of mesons produced in A which 
are not reabsorbed before leaving A. We have 


foS1. 


Also, the effects of nuclear structure can be expected 
to decrease the cross section (except very near thresh- 
old), so we assume 

ni. 


On the basis of the model of Fernbach, Serber, and 
Taylor,® f, can be expressed in terms of A, on the as- 
sumption that the cross section for absorption is much 
larger than that for scattering. We have 


fa=1/Va f cP ied 
5 
= 3{(1/2)(1/x)— (1/x*)+ (1/2*)(1+x)e*}, (6) 


where the integration is taken over the nuclear volume 
and D is the distance the meson travels from the point 
at which it is produced to that at which it leaves the 
nucleus. «= 2R/A.a, where R= a,A! is the nuclear radius. 
When «>>1, we can write Eq. (5) as 
(5’) 
As 7 is not expected to show a uniform trend with A, 
we see that ¢4/Z should vary as A~* as long as the con- 
dition x>>1 is satisfied. This is, indeed, the variation 
of o4/Z measured by Mozley® and by Littauer and 
Walker. These measurements indicate that the A-? 
dependence is roughly valid for a series of elements 
from lithium to lead. For a mean free path considerably 
larger than the nuclear radius, fa~1 and o4/Z should 
be a constant. The fact that the curve giving o4/Z vs A 
did not become constant for the lighter elements per- 
mits us to put an upper limit on A. Indeed, from Eq. (6) 
we estimate 


o4/Z—~n9 pl fa/ ao JA. 


Aas 2a. (7) 


~ §R. F. Mozley, Phys. Rev. 80, 493 (1950). 
® Fernbach, Serber, and Taylor, Phys. Rev. 75, 1352 (1949). 
10R. M. Littauer and D. Walker, Phys. Rev. 83, 206 (1951). 
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Measurements of the absolute cross sections and 
angular distributions of w+ mesons from carbon and 
hydrogen by Steinberger and Bishop" (these are in 
agreement with the cross sections of Mozley® and 
Littauer and Walker’®) imply that 


(¢4/Z)/or=nfa=4 (8) 


for carbon. The assumption that »=1 permits us to 
put a lower limit on A,: 


Aa do. (7’) 
With the assumption that A,=2do, we have for car- 
bon fa=0.5 and from Eq. (8) we obtain 


nj. (9) 


If scattering of the mesons within the nucleus is not 
negligible, we can expect the mean distance traveled 
by the meson in leaving the nucleus to be increased, 
which would permit a somewhat longer mean free path 
for absorption. 

Measurements by Panofsky” of the photoproduction 
cross section for +°-mesons from a number of elements 
show also the dependence on A given by Eq. (5’). 
This suggests that the mean free path for absorption 
of w°-mesons is approximately the same as that for 
charged m-mesons. 


IV. ANALYSIS OF THE CAPTURE OF STOPPED 
MESONS IN CARBON 

Panofsky, Aamodt, and Hadley® and more recently 
Panofsky, Aamodt, Crowe, and Phillips" have searched 
for the high energy y-rays originating from the absorp- 
tion of stopped mesons in carbon (the experiments have 
been repeated with aluminum and give similar results) 
by the reaction 


(A”) 
We denote the transition rates for processes (S) (see 


Sec. II) and (A) by 74 and 747, respectively. The ob- 
served ratio of transition rates was found to be 


T47/Ta<0.015. 


x~+A-— high energy y-ray. 


(10) 


(y-rays of about 140-Mev energy were counted but an 
unknown background made it necessary to quote only 
the inequality (10).) This is to be contrasted with the 
absorption in deuterium, which led to 


Tp?/Tp=3/7. (11) 


Here 7p and 7p’ are the transition rates for the re- 
spective processes, 


(D) 
(D7) 


a +D—-2n 
a +D—2n+y. 


4 J. Steinberger and A. Bishop, Phys. Rev. 78, 494 (1950). 

® Panofsky, Steinberger, and Steller, to be published. 

18 Panofsky, Aamodt, Crowe, and Phillips, private communica- 
tion. 


SERBER, AND WATSON 


To analyze the meaning of relations (10) and (11), 
it is necessary to consider in some detail the mechanism 
of the capture and subsequent absorption of the meson. 
For the case of deuterium this was treated in I. The 
capture process in carbon is more complicated, but the 
initial stages have been studied by Fermi and Teller."* 
Since the meson almost certainly will not be absorbed 
by the nucleus until it is well within the electronic 
K-shell orbit, we can confine our attention to the final 
stages of the capture process considered by these au- 
thors. According to their analysis, for the meson radial 
quantum number, , greater than three, the meson will 
give up its energy to atomic electrons by dipole transi- 
tions. For n<3, radiative transitions will predominate. 
This estimate was based on circular orbits for the meson 
(high angular momentum), so the actual values of m 
for which radiative transitions predominate may be 
somewhat larger. In any case, the transitions being 
dipole transitions imply the angular momentum selec- 
tion rule AJ=+1. Thus for the meson to reach an 
S-state it must pass through a P-state. However, once 
it reaches a P-state, electronic excitation can no longer 
compete with radiation to an S-state (statistical con- 
siderations would seem to imply that it is unlikely for 
the meson to reach a P-state until it is well within the 
electronic K-shell orbit). We also note that arguments 
of the sort made in I imply that we need not consider 
absorption as a probable process until the meson 
reaches a P-state. 

We thus picture the meson as eventually reaching 
one of the lower P-states (say, n<6). At this point the 
following processes are most probable: absorption to 
give a star [process (S)], absorption to give a y-ray 
[process (A) ], or a radiative transition to an S-state. 
If the latter event occurs, then from the S-state either 
of the processes (S) and (A7) will take place. 

In deuterium the absorption rate from a P-state is 
too small to compete effectively with radiation. In 
carbon this is not the case, since the radiative transi- 
tions vary as Z‘ and P-state absorptions as Z°. Indeed, 
other things being equal, reference to the table of ab- 
sorption rates in I indicates that the absorption rate 
from a P-state for carbon should be about twice the 
radiation rate (i.e., after increasing the absorption rate 
in I by a factor of Z?=36). 

We proceed to evaluate the ratio, 747/T4 of Eq. (10) 
in terms of the parameters, I’ and }, of Eqs. (1) and (2). 
For this purpose, let us suppose the meson reaches a 
P-state with radial quantum number m. Let 7,7 and 
T, be the respective absorption transition rates for 
processes (A) and (S) from this P-state. Let A, be the 
radiative transition rate to the S-state with theq uan- 
tum number m2. Let T,” and 7, be the corresponding 
absorption transition rates from this state. Then the 
fraction of absorptions by processes (S) and (A”) are, 


4 E, Fermi and E. Teller, Phys. Rev. 72, 399 (1947), 
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respectively, 
Z A, T, 
f= + 
A,-+T,+T,” Art+Tp+T,? T.+T.7 
rot A, T, 
+ ; 
AyvtT,+T,” Ast+T ,t+T 5" T,4+T,7 





(12) 





fre 


We next evaluate the ratios of transition rates in 
Eqs. (12) in terms of I and 6. From Eq. (1), remember- 
ing that only S-states are involved, we have 


T, |-"2(0)|? 
seh Alaa 
Tp |¢n"(0)|? 


where 7p is defined in connection with Eq. (11) and 
Z=6 for carbon. ¢."*(0) and ¢p"*(0) are the S-state 
coulomb wave functions evaluated at the position of 
the nucleus for carbon and deuterium and having re- 
spective radial quantum numbers m2 and n3. 

Again from Eqs. (1) and (2), and recalling that 
represents the relative strength of the P-wave and 
S-wave couplings, we have 


T p/T.= (| (4/uc)Vpe'"*(0) |?)/(|be"*(0)|*)B. (14) 


V¢.’™(0) is the gradient of the P-state coulomb wave 
function for carbon evaluated at the position of the 
nucleus and having a radial quantum number 1. 

For the transition rates for absorption with radiation, 
we have 


T.7/Tp*=(|e"(0) |*)/(|on"(0)|*)Zn’, (15) 


where 7’ is a factor giving the dependence of this ratio 
on nuclear structure. Since the process is similar to 
photomeson production, we take n’ to be the ratio of 
the » [see Eq. (5)] for carbon to that for deuterium 
(deduced to be # in I). From Eq. (9), we then estimate 
n’, to be about unity. 

To calculate the P-state absorption rate, T,7, a 
knowledge of the relative strength of S- and P-state 
couplings of the meson to individual nucleons would be 
desirable. Because, however, of the finite size of the 
nucleus this is not a very important point. We further 
note that the evidence from the inverse process of 
photomeson production suggests that the S-state coup- 
lings are most important. We thus assume a coupling 
entirely to S-states. (This should not overestimate the 
transition rate. In virtue of the inequality (10), a lower 
limit is all that is really needed.) Thus 7,7 will be non- 
vanishing because of the finite size of the nucleus. 
Writing the wave function as 


b/™(r)=a-VG.'"(0) 


for small r, we have T,7 proportional to 


(13) 


/V.) f |x-V6/0(0)|*ar= 3] V6'(O)I'RA, (16) 
Ve 
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where V, is the nuclear volume and R, is its radius. 
Then we have 
y 


T,7 


| ¥4.'™(0)|? 

* [per(0)|2 

Referring to Eqs. (1) and (2), we write 
T,=T,(b/(4+6) (18) 


Here 7,° is the value that 7, has when b= @, ['=1. 
We can thus identify 7,° with the transition rates of the 
table in I, corrected by a factor of Z*= 36. Reference to 
this table implies 


(17) 


T,°/A = 12. (19) 


Combining relations (13), (14), (15), (17), and (19) 
with (11), we obtain from Eqs. (12) a result inde- 
pendent of the radial states m, m2, and ms and thus 
valid for the total transition rates: 


YE 
tT. fr 
_7r [r(b/4+6)[0 + (3/7)n'J+1) aad 
3! (1.05r/4+b)[T+(3/7)n']+1 — 
Taking »’=1, r=2, b=8, we are led to 
T>6.4. 





(20) 


(21) 


Combined with Eq. (4’) for the mean free path, we 
have 


AeX4.700, (22) 


which is quite consistent with Eqs. (7) and (7’). This 
upper limit is not entirely rigorous, however, owing to 
some uncertainty in 7’ and b. However, it seems that 
the value of \, cannot be much greater than that given 
by Eq. (22). 

The importance of the present experiment is in its 
separation of the effects of meson absorption from scat- 
tering. On the basis of meson theory [Eq. (26), follow- 
ing |, the scattering cross section is expected to be con- 
siderably less than the lower limit on the absorption 
cross section given by Eq. (22). It would thus appear 
that multiple scatter of a meson within a nucleus is im- 
probable since the meson is more likely to be absorbed. 

Combining the evidence obtained in the present 
section with that obtained from photomeson production 
in the preceding section, it seems reasonable to expect 
the value of \, to be approximately 2a to 3ap. 


V. DISCUSSION OF FURTHER EXPERIMENTAL 
RESULTS 
There is evidence that mesons are scattered in colli- 
sions with individual nucleons as well as absorbed. 
This suggests that we introduce a mean free path, 
\,, for the scattering of a meson in nuclear matter. 
The mean free path, A, for a nuclear interaction is then 


1/A=(1/As)+(1/Ao). (23) 
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The scattering of mesons by nucleons is known to be 
of two types, simple and charge exchange, which are 
illustrated by the respective processes: 


™+p>ptr, 
a+ pont f°. 


The only available evidence on the magnitude of the 
charge exchange scattering cross section is obtained 
from the measured absorption of r~ mesons in hydro- 
gen, as done by Panofsky, Aamodt, and Hadley.® 
They found that the ratio of transition rates for the 
processes 


(p”), 
(p*") 


a +pon+y 
a+ p-n+r° 


Ty1/T pel. 


The process (7) is the inverse of photomeson produc- 
tion, so the transition rate Tv can be calculated from 
detailed balancing arguments. From this we can obtain 
the charge-exchange scattering cross section for low- 
energy mesons: 


(AM)c? 


4 
1.4(10)-?? cm?, 


ol x-+ pont e)-[1+4 


€x~ 
(AM)c? 


€,° 


j 
ol r+-n—9-+p]= [1- 1.4(10)-2? cm, (24) 


Here AM is the x-— 7° minus the neutron-proton mass 
difference, €,- and €,o are the respective m and 7° 
kinetic energies. The necessary numerical detail to 
deduce Eqs. (24) has been given elsewhere.‘ These ex- 
pressions are valid only for low energy mesons. 

A direct measurement of the total cross section for 
scattering of 85-Mev x~ mesons by protons has been 
made by Chedester, Isaacs, Sachs, and Steinberger.” 
They found 


of x-+ p]=(1.334+0.11)(10)-% cm2. (25) 


Comparison with Eq. (24) suggests that the scattering 
cross section may increase with energy between low 
energies and 85 Mev. Such a conclusion is in agreement 
with the conclusions drawn from pseudoscalar meson 
theory with pseudovector coupling.'® The cross sec- 
tion 1s 


o=4ngi(h/uc)(q*/E,?u’), (26) 


where g is the meson momentum, £, is its total energy, 
and yu is its rest mass. The value of g*~0.15 deduced 
from the photoproduction of #+ mesons in hydrogen,” 


16 Chedester, Isaacs, Sachs, and Steinberger, Phys. Rev. 82, 
958 (1951). 

‘6 We do not consider the pseudoscalar form of coupling, since 
this is in disagreement with the observed production of +*-mesons 
in p~—> collision (reference 6) and with the observed small cross 
section for producing w®-mesons in p—/? collision [Bjorkland, 
Crandall, Moyer, and York, Phys. Rev. 77, 213 (1950) ]. The de- 
tails are given by K. A. Brueckner, Phys, Rev. 82, 598 (1951). 


SERBER, 


AND WATSON 
leads to a cross section only } as large as that given by 
Eq. (25), however. 

A study of experiments by Camac ef al.’ and by 
Shapiro” concerning the scattering of mesons by car- 
bon has been made by Bethe and Wilson.'* They deduce 
that'® 
[see Eq. (23) ]. 

If we accept the value (25), we can estimate the 
scattering mean free path, As, to be”® 


As@Va/Aola-+ p F6.3a. 
From Eqs. (23) and (27) we would then have 


(28) 


(29) 


This value is not in disagreement with the absorption 
experiments [Eq. (22) ], but appears a little too large 
to account for the photomeson production experi- 
ments [Eq. (7) ]. The discrepancy probably arises from 
making a comparison of experiments performed at 
different energies. 


Nam 4a. 


VI. THE MECHANISM OF MESONIC ABSORPTION 
IN COMPLEX NUCLEI 


In accordance with the model proposed in Sec. II, 
we shall examine the consequences of the hypothesis 
that meson absorption in nuclear matter takes place by 
a mechanism that is the inverse of meson production 
in free nucleon-nucleon collisions. We suppose a pair of 
nucleons to participate directly in the absorption event. 
These nucleons are expected to recoil with an energy of 
relative motion which is of the order of the meson rest 
energy (i.e., of the order of 70 Mev apiece). As these 
particles are ejected from their place in the structure 
of the initial nucleus, we may expect considerable ex- 
citation of the residual nucleus. There will, in general, 
be further excitation of the residual nucleus due to sub- 
sequent scatterings of the fast particles with others in 
the nucleus. We shall not concern ourselves with these 
latter events, as we are interested only in the total 
absorption rate. 

To describe the absorption we shall employ the 
R-matrix formalism used by Watson and Brueckner* 
to describe meson production. That is, the transition 


17 A, Shapiro, Phys. Rev. 83, 874(A) (1951). 

18H. A. Bethe and R. R. Wilson, Phys. Rev. 83, 690 (1951). 

19 Note added in proof:—This measurement was made at 45 Mev. 
Experiments by Bernardini, Booth, and Lederman (to be pub- 
lished) are in essential agreement with this result. 

20 We can possibly expect somewhat different characteristics in 
the scattering against free and bound nucleons. With a field 
theoretic model, the amplitude of the scattered wave is propor- 
tional to 

y (F\|A’| DU |H'|A) 

1 Eutue—(er—ea)’ 
where ¢, is the meson kinetic energy and €4,; are states of excita- 
tion of the nucleus. A large probability for true absorption suggests 
that states J for which the denominator in the above expression is 
small may contribute appreciably to the cross section. This would 
imply large nuclear excitation and meson energy loss. 

#1 K. Watson and K. Brueckner, Phys. Rev. 83, 1 (1951). 
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amplitude for the absorption of a meson by two nu- 
cleons (all described by plane waves) is 


R=(p| R°|p’, a,)6(G’+q’—G). (30) 
Here p~(Mu)ic is the relative momentum of the 
nucleons after absorbing the meson, p’ is their relative 
momentum before absorbing the meson, q,’ is the rela- 
tive momentum of the meson and the center-of-mass 
of the two nucleons. G’ and G represent the total mo- 
mentum of the two nucleons before and after the meson 
is absorbed and q’ is the meson momentum. We assume 
the kinetic energy of the meson to be neglected in com- 
parison with its rest-mass energy and the initial nucleons 
to be slow. To within terms of relative order (u/2M), 
q, =q'—»/2MG. 
Transforming R to coordinate space, we have 
R=(r'| R°| r, z—x)d[x’—x—p/2M(z—x)], (31) 


where r and r’ are the relative coordinates of the two 
nucleons before and after the absorption, x and x’ are 
the center-of-mass coordinates of the nucleons before 
and after the absorption, and z is the meson coordinate. 

As described in I, the momentum transferred to the 
nucleons, of order p, suggests that the absorption takes 
place with the particles separated by a distance of 
order h/p, which is considerably less than the range of 
nuclear forces. This suggests a zero range approxima- 
tion, which was used by Watson and Brueckner.” If 
the nuclear forces are singular at small distances, the 
zero range approximation is inapplicable, so instead we 
follow the arguments of Brueckner, Chew, and Hart.” 
That is, for R operating on a bound state wave func- 
tion, ¥(r), we write 


(32) 


f RY(r)d*r=(r'| R°|, 2—x)V(tn). 


Here (r’| R°|,z—x) is independent of r and ry is a 
distance of order h/p. For a nonsingular potential, ra, 
can be set equal to zero. 

In accordance with the notions developed in I, we 
split R° into two parts, representing S- and P-state 
interactions with the meson. 

R°=(r'| Ri|r, |z—x!}) 

—i(h/pc)V.-(#’|Re|r, |z—x|). (33) 
Because of the short ranges involved, we can assume 
only S-state interactions with the nucleons in the ini- 
tial state (from the analysis of Watson and Brueckner™ 
this seems substantiated to a good approximation). 

To calculate the absorption rate, we assume that R 
is the absorbing mechanism in the nucleus A. For sim- 
plicity, we shall assume the meson to be bound in a 
coulomb S-state and that A is small enough that the 
meson wave function has a constant value, $0, over the 
volume of the nucleus. Then the transition amplitude 
for the absorption is 


Hra=o0(r, Ra), 
#K. Brueckner, Phys. Rev. 82, 598 (1951). 


(34) 
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where W4 and yr are the initial and final nuclear wave 
functions, respectively. 

We describe the two recoil nucleons by plane waves 
and because of their high energy neglect exchange 
effects between them and those in the residual nucleus. 
Then, if the coordinates of the particles in the initial 
nucleus are Xi, Xz, -*:Xa, we shall suppose for the 
moment that the nucleons with coordinates x; and x2 
absorb the meson and recoil. In terms of these coordi- 
nates we introduce the following: 


a 1 A 
xX”=—> Xi, X'=——__ >> Xi, 

A ‘=1 A—2 ‘=3 
(i=1, 2, -+°,4—1), 
(i=3, 4, +++, 4-1), 
x’ =4(x,: +x). 


Then the wave functions become 


z,=x,;— X” 
z,/=x,;— X’ 


r= X\— Xz, 


—Wa'(%1, Zo, ***, Zar); 


~ Sahay"? 
1 
vr=- 
J 4-2\(29) . 


Wa 


exp[ip-r’'+iG-x’+iK- X’] 


Xr (as, 24, +++, Ba’), (36) 
where p is the relative momentum of the two recoil 
nucleons, G is their total momentum, and K is the 
momentum of the recoil nucleus. ¥4’ and Wr’ are the 
wave functions of the initial and residual nuclei, re- 
spectively, normalized with respect to integrations 
over the z and z’ coordinates. y4 and wp are normalized 
with respect to a volume element d*x---d’x4, and Ja, 
J 4-2 are defined by the transformations 


Puy: ++ Pxg=J PX" P2y- + -de4r, 
Puy +-Pxg=J 4 xP xP X' P23: -P24_1. 


We have J4=A?; J4_2=(A—2)'. 

We can neglect the small contribution of the term 
involving R2 in Eq. (33) to Eq. (34). 

Let us define 


(p Ri|r)=(2n)* f expl—ip-r er |Ril, |z—x|) 
Xexp[ —iG- (z—x)y/2M |d*r'd*z, 


(37) 


(38) 


where the dependence on G is neglected because of the 
assumed short range of the interaction and the small- 
ness of u/2M. 

Then Eq. (34) becomes 


1 
Hra= Gn "Ua! f exp[iG-x—iK- X’] 
Xr *(a3'-- + a4-1')(p| Rilr) 
Kwa’ (1° + + Za-1)d'x- + - Px 
=6(G+K)Hr.°, 





(39) 








. 
Z 
3 
z 
- 
. 


amass 


AEA Mars ENA aceite ge SED: 


264 


where 


H ra®=0(J 4/J 4-2)! 
x f exp[—}i{4/(A—2)} G- (a+22)] 


Xwr'*(23', reey ta—1')(p| Ri! Z1— 22) 


XwWa' (ta, lcs Zs_-1)d°2,- , -@z4_1. (40) 

Consistent with our assumption that most of the 
meson rest energy goes into the relative motion of the 
two fast nucleons, we shall use a partial closure ap- 
proximation to evaluate the total absorption rate. 
That is, we set = (My)!c and sum over the states, F, 


and the momentum G. After some algebra, we obtain 


=f #6 |Hra|? 
F 


= (21) po? f va'*(u, Z, 2s, +++, Za—1)Ri*(u)Ri(z) 


Xva'(z, A Z3,°°°*; Za-1) Ou dz EZ dz3- ° *@z4-1, (41) 
where u and z are (z;—2Z2) and Z=}(z:+22). Using the 
relation (32), this reduces to 


I= (2x)*o0?|Ri|*P(am), (42) 


where P(z,,) is the probability of finding the two 
absorbing nucleons at a distance z, apart in the nu- 
cleus A and | R;|? is a constant. 

For the capture in deuterium, one would have 


I? = (2n)°o0?| Ri|*Pp(an”), (43) 


where Pp(Z,,”) is the probability of finding the neutron 
and proton at a distance zs” in deuterium. Presumably, 
Zw°-~z and both can be set equal to zero if the forces 
between elementary particles are not singular at close 
distances of approach. 

For the capture of a meson in flight there will also be 
P-state capture [the term R; in Eq. (35) ]. Then to the 
approximation that the meson kinetic energy can be 
neglected compared to its rest-energy, J in Eq. (42) is 
modified to become 

1 
I= (2)*|R,| {+5 |p) (44) 
prc? 
where g is the meson momentum and 6 represents the 
relative strength of the S- and P-state meson couplings 
[see Eq. (2) ]. Eq. (43) will be similarly modified. 

We must now consider the various possible means of 
absorption. For a #~ meson, we have the processes given 
in Sec. II: 

w+n+p—-2n (x, pn), 
™+ptpontp (x, 2p). 

As argued above, we can assume the reaction to 


occur from an initial S-state of the nucleons. Then for 
the capture of the meson from a P-state we have the 
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transitions (permitted by angular momentum and 
parity conservation, see reference 21) 


(x-, pn) *S—'S, 'D, 
(x-,2p) ‘S—*S, *D 


for the nucleon states. For the capture from an S-state 
of the meson, we know from the deuterium capture® 
(see I) that a triplet—singlet transition accounts for a 
considerable fraction of the total transition rate. If 
we neglect small effects from a possible singlet—triplet 
absorption from a meson S-state, we can evaluate the 
total transition rate due to process (4~, pm) in the nu- 
cleus A on the assumption of a statistical distribution 
of spin and parity states of the neutrons and protons. 
Since, then, only }X4= 3 of the neutrons and protons 
will have triplet spin and even parity, we have, on 
summing J over neutron-proton pairs, 


I(x-, pn) =3Z(A—Z)(2)*| Ri(np, ts) |? 
X[1+b9?/we]P(sm). (45) 


Here R,(np, —s) is the appropriate R,; for n—p ab- 
sorption with a triplet—singlet spin transition. 

Since the same spin transitions occur for the absorp- 
tion in deuterium, we have again the same value of 
|.Ri|? and 0. 

For process (x~, 2p), we have a singlet—triplet spin 
transition for both meson S- and P-states. Statistically, 
3 of the proton pairs will be in a singlet state. However, 
a factor of 3 is obtained relative to Eq. (45) in perform- 
ing the sum over the final triplet substates. Thus, 
summing over proton pairs, we replace 

3Z(A—Z) by #[Z(Z—1)/2] 

in Eq. (45). We can expect now a different value for 
|Ri|?, 6 and P(z«). However, since the corresponding 
production cross sections seem to be of the same order 
of magnitude, we can probably choose |R,|? and b 
to be the same for processes (1~, pn) and (x~, 2p) with- 
out ‘being greatly in error. For purposes of argument, 
we shall also set P(zs,) equal for both processes. We 
can then write the absorption cross section per pro- 
ton as 


o pM 
Fl uo or ae —Z)+3(Z—1)] 
Z Vs 


R|1+0—-]PC), 46 
pc 


where M is the nucleon mass. 
Taking the ratio to the absorption cross section for 
deuterium, we have 


(o/Z)[x-+A—Star ] 
ol z-+D-—2n] 


P(t) 
=[#(A—Z Z-1 . (47 
(HA~2}+K2— ca 


=[T 








POLARIZATION OF HIGH ENERGY BREMSSTRAHLUNG 


Our choice of statistics in the nucleus is not so arbi- 
trary as might be thought, since it amounts primarily 
to a choice of normalization of P(zw). 

To interpret P(zy) and Pp(zw?) further, we set 
Zw? =0. Then 


Pp(0)= |¥n(0) |’, 


where Wp(0) is the deuteron wave function for zero 
separation of the neutron and proton. Pp(0) is just the 
probability of finding them in contact. We write 


P(2m) = f/ (44 /3)ae°A 


or a correlation factor divided by the nuclear volume. 
f=1 would correspond to random spacing of particles 
in a box of nuclear volume. Using the Chew-Goldberger™ 
wave function for the deuteron, we have 


P(2w)/Pp(0)=0.82f/A. (49) 
For C", Eq. (47) yields [=0.28f. Choosing the 


(48) 


% G. F. Chew and M. L. Goldberger, Phys. Rev. 77, 470 (1950). 
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reasonable value [~10, we have 
f-=35.0. (50) 


This would seem to indicate a reasonably strong de- 
gree of correlation in nuclear structure. Such a conclu- 
sion appears quite compatible with the evidence pre- 
sented by several authors from ‘high energy p—p 
scattering™-*5 for strong nuclear interactions at close 
distances. It is also compatible with the evidence con- 
cerning nuclear structure which was given by Chew 
and Goldberger™ on the basis of York’s * measurement 
of high energy (n—d) processes (see also the discussion 
in I on this point). 

The analysis of x+ absorption can be carried through 
in the same manner. As mentioned in Sec. II, we have 
reason to expect the absorption of #+ and x~ mesons to 
be similar. 


*R. Christian and H. P. Noyes, Phys. Rev. 79, 89 (1950); R. 
Jastrow, Phys. Rev. 81, 165 (1951). 

25 Chamberlain and Wiegand, Phys. Rev. 79, 81 (1950); Kelly, 
Leith, Segré, and Wiegand, Phys. Rev. 79, 96 (1950); Chamber- 
lain, Segré, and Wiegand, Phys. Rev. 81, 284 (1951). 

*H. York, Phys. Rev. 75, 1467 (1949). 
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On the Polarization of High Energy Bremsstrahlung and of High Energy Pairs 
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The polarization of bremsstrahlung due to electrons with initial energies much larger than 137Z-! mc? 
is calculated under relativistic, small angles approximations. The cross section for photons polarized normally 
to the plane containing the initial direction of the electron and the direction of the p’ioton is found to be 
larger than for photons polarized in that plane. A similar calculation shows that the plane containing one 
of a pair produced by a polarized photon together with the direction of that photon tends to lie parallel 
to the plane of polarization rather than normal to it, except for one special case. The effect of the deviation 
due to multiple scattering of electrons in the target upon the angular dependence of the polarization is 


considered. 


N this note we shall investigate the polarization 
of bremsstrahlung due to electrons of energy 

E,>137Z-* mc, where Z is the atomic number of the 
target material. We shall then carry out analogous 
calculations for pairs produced by high energy, polarized 
-rays and obtain a preferred azimuth of the plane of 
the pairs relative to the plane of polarization. In the 
last part of the paper, we shall consider the effect of 
multiple scattering of electrons in the target upon our 
results for the polarization of bremsstrahlung. This 
note has been written in confirmation and in partial 
extension of previous results'? obtained by using the 
method of virtual quanta.* 

1G. C. Wick, Phys. Rev. 81, 467 (1951). 

2M. May and G. C. Wick, Phys. Rev. 81, 628 (1951). 


3C. F. v Weizsicker, Z. Physik 88, 612 (1934); E. J. Williams, 
Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 13, 4 (1935). 


I. BREMSSTRAHLUNG 


Let us consider an electron of total energy Ep, 
momentum po, deflected by a nucleus of charge Ze. 
Let a quantum of momentum k (we take c=1 from 
here on) be radiated at an angle @ with the initial 
direction of the electron. (See Fig. 1.) After radiation, 
let E be the total energy and p the momentum of the 
deflected electron, and let its direction make an angle 6 
with the direction of the emitted quantum. Call y the 
angle between the pok plane (plane of emission) and the 
ek plane, where e is the polarization vector of the 
photon; call g the angle between the pok and the pk 
planes, and ¢ the angle between the pok plane and some 
fixed plane. If q is the momentum given up to the 
nucleus, the conservation conditions read: 


q=po—p—k; E.=E+k. 
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Fic. 1. Relationships between the angles involved in Eqs. (1). 


Writing all energies and momenta in units of the rest 
energy of the electron, the differential cross section for 
the process described is* 


i B sin@ cos(y—y) 
1— 8 cosé 

Bsin@ cos(y—yW) Bo sin® cosy?’ 

+ 





~0 


Bo sin® cosy 7 
2E | 
1— By cosO 





1—8 cosé 1— Bo cos 





P? sin?6+ po? sin*Oy— 2pop sind sin@ cosy 
+8 lw 
E,E(1—8 cos@)(1— Bo cos) 

where 
o=Z'e/137, Bo=po/Ex, B=p/E, 
AQ=sinOdOodyo, dQ=sinOdéd ¢, 
P= P+ pr+k’—2pok cosbo+2pk cosé 
— 2pop(cos® cos#-+ sin sin8 cos¢). 


This formula is valid for a pure coulomb field. However, 
as stated above, we are considering electrons with 
initial energies large compared with 137Z-!m (which 
is about 16 Mev for lead or for platinum). For given 
Eo, E, and k, the cross section reaches a sharp maximum 
when po, p, and k are parallel, that is, when 


q= Qminimum=z=mk/2E,E (in units of m) 


at relativistic energies. Therefore, under our assump- 
tion, 


Qminimum&h/maoZ—* (ao=radius of H atom) 


and screening is effective. Classically speaking, the 
most effective impact parameter is large compared with 


* The cross section is given after integration over the polariza- 
tion variable by, e.g., W. Heitler The Quantum Theory of Radiation 
(Oxford University Press London, 1944), second edition, p. 164. 


the atomic radius. Accordingly, we choose for the 
potential due to the screened nucleus® 


V(r) = (Ze/r) exp(—r/a), (2) 


where a= 1084Z~*/m, and is so determined that in the 
high energy limit the integral cross section agrees with 
that obtained using the numerical values of the form 
factor for a Fermi atom. Obviously, the more complete 
the screening, i.e., the higher the primary energy, the 
more justifiable is our choice. Its effect is to replace 1/¢* 
in Eq. (1) by 1/(g?-+q*)*, where g=Z?/108. 

Furthermore, at high energies, as is well known, the 
radiated photon and the deflected electron will both go 
mainly in the forward direction, the cross section 
decreasing rapidly outside of cones defined by 0:=1/Eo, 
6=1/E. We shall assume that the energies are such 
that we can neglect both 1—8,? and 1—f* compared 
with 1, and by the same token we shall write 


cosk=1—4} sin’, cos#1—}4 sin’é. 


We then find that 


g?= po? sin?0o+ p? sin?@—2pop sin® sin® cose 
+¢minKE’, EB, *. 


We have thus eliminated from consideration the very 
soft quanta, with energies of order (1—,?)'Ec=m, and 
the very hard ones, for which the energy of the deflected 
electron E is of order m. An additional and more 
stringent restriction on the upper end of the y-ray 
spectrum is imposed by the screening assumption, 
since screening is not effective in the production of 
photons of energy: 


k> El EoZ*/137-1]". 


We may now neglect the term proportional to q’ in 
Eq. (1) and integrate over ¢.* The result is divided 
into two parts, one, do,, defined as the cross section for 
radiation polarized parallel to the plane of emission 
(~=0), the other, do,, defined as the cross section for 
radiation polarized normally to the plane of emission 
(y= 2/2). If we introduce the dimensionless variables, 


x= E?? sin? ; x= FE sin’6, 
we obtain under our approximations 
@ p dk 1 xtxot+f? 
< oS dedtets| (-1+ 
2a Po k xo(1+x)? /X 
Re a 3) 
E,E “(1+a)(14+2x)X! J’ 








5H. A. Bethe, Proc. Cambridge Phil. Soc. 30, 538 (1934). 

6 The integration can easily be carried out without neglecting 
the term proportional to g*, but the extra terms obtained are 
cumbersome and of order 1—8,? compared with the terms in 
Eqs. (3) and (4). 





POLARIZATION OF HIGH 


d p dk 1 { 
doy,=— — —d x 1— 
2x po k xo(1-+x)?\ 


HB (w—x0)+f4(e+-x0) 
EoE (144%0)(1-4+2)X! 
4 [ (1-+x0x)(x—20)? 
et eee 


x Xo 
sectgras)« 
(i+x)? (1+20) 


X= (x— xo)? +2f*(x+xo) +f, 


where f? is a quantity of order 10~* for E)> 100. The 
function f{(x)=do,—do,, is plotted in Fig. 2. As seen 
from the graph, we can expect the integrated cross 
section for radiation polarized normally to the plane of 
emission to be larger than the cross section for radiation 
polarized parallel to that plane. The function f(x) as 
well, of course, as do,+do,, have sharp maxima at x= 29 
for which g=Qmin- 

Let us define e=k/Ep, so that E=(1—«)Ep. Inte- 
grating (3) and (4) over x between 0 and any number 
large compared with 1 (actually Ey’) gives 


G de dyodxo 1+ 2% 
2-— {{ ~o+ 5] oe log 
mw € (1+2)? 
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ENERGY BREMSSTRAHLUNG 


ge d god xo 
[+2 


gets 
tts ey 


é 1—x\? 
-~+1-of1-2/ ) |} (6) 

4 1+» 

f (xo, €e-)=do,—dou 


= (84/x)[de(1—«)/€][d goxedxo/(1+20)*] 


x[log((1+20)/f]-2] (7) 
>0. 


The equivalent formulas obtained by the method of 


PP 





















































2 
Fic, 3. PP(xo) for F(«) =4 (e¥1/2. 278). 


virtual quanta under the assumption of complete 
screening are the same as the terms containing 
log((1+29)/f) as a factor in formulas (5), (6), (7), 
except that the argument of the logarithm is 137Z-4 
instead of (1+4%9)108Z—!. Integrating over yg» and x» 
gives 

f()=[26(1—e)de/e [4 logh(1/f)— 14/9], (8) 


(4¢de/e){[4(1—€)/3+€](4+log(1/f)) 
+(1—«)/9}. (9) 
The total cross section agrees with that given by 


Heitler’ for the case of complete screening except that 
we obtain logi78Z~ instead of log183Z-*. The percent 


CFrot (e) = 


™ See reference 4, p. 170, Eq, (26), 
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Fic. 4. Relationships between the angles involved in Eq. (11). 


polarization, defined in the usual manner as 


PP(xo, €) = (do,—do,,)/(do,+do,,) = f(xo, €)/doror(xo, €), 


8B. sin@, cose, 


_pspdE, | 
= . J LIENS —4 " 
1— 8. cos6, 


c= do— oa 
42h? (g2-+°)? 
+e 


where the subscripts + and — refer to the positive and 
negative electrons, so that 


k=E,+E£_, q=k—p.—p-_, 
and where the relationships between the angles are 
illustrated in Fig. 4. We shall define do=do,, when 
¢+=0, i.e., when the positive electron is produced in 
the ek plane (plane of polarization) ; similarly, da=do, 
when g,=7/2, i.e., when the positive electron is 
produced in a plane normal to the plane of polarization. 
We then integrate do, and do, over the angle g_ 
which the plane containing the directions of the negative 
electron and of the photon makes with the plane of 
polarization. It must be noted, however, that the 
term proportional to gq? in formula (11) may not be 
negligible even under our high energy, small angle 
approximation. This is because it contains a minus sign 
compared with the plus sign contained in the first 
term (this situation does not arise in connection with 
formula (1)). In particular, for ds=do,, where cosg, 
=1, the case P&@min (.°. do,S¢do,, max) implies that 
cosg_=—1,! 6, sind,= 8_sin@é_. Under these condi- 
tions, both the first and the third terms in (11) become 
small. Defining x,=£,?sin?@,, x._=E_’*sin*6_, we 
therefore distinguish between two cases. 

Case A: |x,—x_|>> 0.01 (taking k> 100). Then the 
term proportional to ¢ in (11) can be neglected and 
integration over y_ yields 


B_ siné_ me] [= sin8, cosg, 
E,— — 5 
1— B_ cosé_ 


p,? sin’@,+ p_’ sin’@_+2p, p_ sin®, sind_ cos(y4— ¢_) 
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can be shown to decrease monotonically as ¢ increases 
from 0 to 1 for a given xo. On the other hand, as a 
function of xo, it increases from 0 in the forward 
direction to a maximum at x%=1, then decreases as 
1/x9 (see Fig. 3). If we take the logarithm to be nearly 
constant, we have 


PP(xo, €-) = 4x9 F(€)(1+20)?—4a0]-", 
F(e)= {[1+(1—«)1/(1—6)} + (log((1+.0)/f) 
— 2) (2—)?+-2e ]/2(1—) 
&{[1+(1—6)*)/(1—6)} + (1/2) [(2—€? 


+2é€]/2(i—e) for Pt. (10) 


II. PAIR PRODUCTION 


Under the same assumption for the screening as 
above, Eq. (2), the differential cross section for pair 
production by a polarized photon of momentum k in a 
nuclear field is* 


1— B_ cosé_ 


B_ sin@_ cos =] 


i— 6, cos0, 





|, an 
E,E_(1—8, cos6,)(1—B_ cos6_) 





f(x4, x_)=doy—doy 


dx dx_ 
“dp. 





(12 


This is precisely the negative of the corresponding 
expression for bremsstrahlung (which may be obtained 
from Eqs. (3) and (4) by taking X=(«%—x)? and 
neglecting terms proportional to f?). Therefore, the 
graph of Fig. 2 with the sign of f(x) reversed will apply 
to the polarization of the plane of the pairs, except that 
its maximum has not yet been investigated. 

Case B: |x,—x_|=cf0.01, ¢ of order unity, 
Writing x for x, and integrating (11) without neglecting 
the term proportional to g¢? yields 


ree a? sae 
f(x, c) =¢ ci 
2rk® = (1+x)*(?+4x)! f 
2alP+(1+x)?] kx 
(@+4x)(1+2)? E,E_) 





(13) 





8 See reference 4, p. 196. Heitler’s g, is our g4—¢-. 





POLARIZATION OF HIGH ENERGY BREMSSTRAHLUNG 


In this expression, the first term is the negative of the 
corresponding expression for bremsstrahlung. The 
second term is new, but changes neither the sign nor 
the order of magnitude of our result. 

It must be noted that if we put g.=7 in do,, and 
g-=3n/2 in do,, it turns out that do,>do,, unless 
E,, sin6,.= E_ siné_. This result has been investigated 
before!:® and means that, if the directions of the initial 
quantum and of the pair which it produces are in 
precisely the same plane, the cross section is larger if 
that plane is normal to the polarization vector than if 
it contains that vector. The integrated result, on the 
other hand, shows that the emission of either particle 
in the plane of polarization is favored over its emission 
in the normal plane. 

Using the word polarization to denote preferred 
azimuth of a plane in general, it is interesting to note 
that the opposite signs displayed by the polarizations 
of the photon in bremsstrahlung and of either final 
particle in pair production cannot be accounted for by 
the obvious differences in sign between Eqs. (1) and 
(11). They must be ascribed to differences in the form 
of q, the momentum given up to the nucleus, between 
the two processes. In the case of bremsstrahlung, as 
noted before, under the high energy, small angle 
approximation 


(14) 


for both do,, and do,. In the case of pair production, 
on the other hand, 


Y=P mint Xot+x— 2(xox)! cosy 


for doy, P=G°=G mint x4 +x-+2(x,2x_)! cos¢_, (15) 
for do,, P= ,?=Gmint%4+x_+2(x,2_)! sing_. * 


It is this difference between g,,? and g,? which accounts 
for the fact that do,,>do, in pair production. For the 
anomalous Berlin-Madansky case mentioned above, 
where in general do,,>do,, we also have 


(16) 


Therefore, the sign of the polarization is not a direct 
consequence of the sign of the energies belonging to the 
electron states involved, but rather stems from the 
formulation of the law of conservation of momentum 
and from the definitions of do,, and of do, for the two 
processes. 


= 942= Prmint (x44—x_!)’, 


Ill. EFFECT OF MULTIPLE SCATTERING 


Any measurement of the angular distribution of 
bremsstrahlung must be corrected for the deviation 
suffered by the electron in the course of multiple scat- 
tering prior to radiation, For the usual target of two 
mils thickness, this deviation is several times larger 
than the angle of maximum polarization. This may be 
seen from any of the several formulas” connecting the 


® T. H. Berlin and L. Madansky, Phys. Rev. 78, 623 (1950). 
10 E. J. Williams, Phys, Rev. 58, 302 (1940), Eq. (3). S. Goud- 
smit and J. L. Saunderson, Phys. Rev. 58, 39 (1940), Eq. (18). 
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Fic. 5. Relationships between angles involved in Eq. (19). 





target thickness ¢ with the average angle of deviation 
in space 8,. Since we are only interested in the small 
angle scattering, we shall use Williams’ original" mean 
square angle in space computed for the gaussian distri- 
bution which holds closely for small angles: 


(02)mw= 2k log(dmax/dmin); k= (4eNtZ7e!)/(m* po”), (17) 


where N=number of atoms per cc and the ¢’s are 
single scattering deviations projected on a fixed plane. 
émin= Z'/137E, is determined by screening. To fit the 
actual gaussian distribution, we choose for max the 
angle such that the electron will suffer on the average 
one single scattering deviation through ¢max or a larger 
angle while going through the target: 


J P(¢)do=1. 


max 


Taking P(¢)d¢=kd¢/¢', the Rutherford distribution 
for small angles, gives ¢max=(k/2)'. The finite size of 
the nucleus does not introduce an earlier cutoff for the 
thicknesses considered. For Pt, expressing / in radiation 
lengths,” Eq. (17) becomes 


(0.2)m= (229t/Eo) log(243i4) (poSEo). (17’) 


At ‘=10-* (about the thinnest targets made),” the 
mean projected deviation due to multiple scattering is 
about equal to ¢max. That thickness may thus be 
considered the lower limit of the range of validity of 
the gaussian distribution in @,, f(@., 4). 

We proceed to calculate the cross sections as functions 
of ¢, ¢, and ©, the angle which the emitted quantum 
makes with the initial direction of the electron beam 
by averaging over @,:"4 


(18) 


da(e, t, e)= fang, t)da(e, 9). 


The relations between 4, 8,, and © are shown in Fig. 5. 
Clearly, 


dQ, =sinOodOdx, 02=0°+O?—2%0 cosx. (19) 
"E. J. Williams, Proc. Roy. Soc. (London) A167, 545 (1939). 
Williams gives the projected mean square angle of deviation, or 


402. 

2 B. Rossi and K. Greisen, Revs. Modern Phys. 13, 262 (1941). 

TI am indebted to Professor W. K. H. Panofsky for this and 
other experimental information. 

4T am indebted to Professor G. C. Wick for the bulk of this 
development. 








MICHAEL M. 


TABLE I. Calculated values of the polarization. 








B Percent polarization [Eq. (25)] 


Formula Value for « =} 





0.079 
1.4¢(«)—1 
0.26 
1.4¢(¢6)—1 
0.78 
L.ig(e)—1 
0.34 
1.3(e)—1 
0.62 
1.3¢(6)—1 


3% 


10% 


42% 


14% 


28% 








In what follows, we neglect energy loss caused by 
ionization. At Ey>=300, Z=78, (dE/dx) raa/(dE/dx) ion 
150Z/800=15 roughly." We take for the distribution 
function'® 


f(8., t)=(a/m) exp(—ad2), 1/a=0. (20) 


For the cross sections, we shall use only the log terms 
in (5) and (6), and we shall further consider the argu- 
ment of the logarithm to be constant. This is equivalent 
to using the results obtained by the method of virtual 
quanta. Writing xo=E,°@)?, we have in terms of the 
angle x measured from the plane containing the initial 
electron beam and the emitted quantum 


o de E?* 60d Ood x 137 
hi cere carerae log—| +10? 
me (1+E,70?)? Z! 


E262 
—8(1—«)— 


mee sin'x| (21) 


Ps de E,’ Godbodx. 137 
sali log | 14 (1 <? 


(1+E, 2,2)? 


E?6,? 
—8(1—«)———_—_ 


cos?x . (22) 
(1+ E76")? 


Introducing (19), (20), (21), (22) into (18) and inte- 


%E, Fermi, Nuclear Physics (University of Chicago Press, 
Chicago, 1950), p. 47. 

16 See reference 12, p. 267, Eq. (1.63). This formula is the 
distribution function for the projection of the angle of deviation 
on a fixed plane, say @,, and must be multiplied by a similar 
distribution function for 6, to give (20). 
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grating over x gives 
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ue 





{ cos u 
duj —— - 
0 4 (1+?) 


¢(e)=[1+(1—6)*]/(1—6), 


where u= Eo, v= Ey) and B=a/E,?=1/(E,*62). The 
functions 7»>=J)(2Bvu) and J;=1,(2Bvu) are the Bessel 
functions of imaginary argument.” 

It is the value of the parameter 8 which will deter- 
mine the feasibility of measurement. If @<1, the 
angular dependence of the polarization will be obliter- 
ated by the uncertainty in the calculated mean devia- 
tion due to multiple scattering. For =} 10-*, to the 
approximation of Eq. (17’), 8=5. However, the thinner 
the targets, the more difficult it will be to separate the 
beam to be observed from the background radiation 
due to collimators, etc. . . . For this reason, it may 
also be useful to compute the polarization for smaller 
values of 8. Thus, we have integrated expression (25) 
numerically for B=4, 1, and 5, corresponding to Pt 
targets 0.38, 0.22, and 0.058 mils thick, respectively. 
The results are shown in Table I. It may be noted 
that, since e~7J(z) and e~7J,(z) are very slowly varying 
functions of their arguments, the cross sections decrease 
rapidly with increasing u once past a maximum of order 
unity. 

I wish to express my sincere gratitude to Professor 
G. C. Wick, whose idea this investigation was, for a 
number of illuminating discussions. I should also like 
tu thank Professor R. Serber, who read this paper and 
made several suggestions, and Professor W. K. H. 
Panofsky for discussions concerning possible experi- 
mental verification. 


7G. N. Watson, A Treatise on the Theory of Bessel Functions 
(Macmillan Company, New York, 1944), second edition, p. 79. 
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The velocity of 0.5-Mev gamma-rays resulting from positron annihilation has been measured by means 
of scintillation counters and delayed-coincidence techniques. The value obtained is (2.983+0.015) x 10 


centimeters per second. 





INTRODUCTION 


EVELOPMENT of a coincidence-counting system 

capable of resolving events separated by 10-° 
second suggested the possibility of making a direct 
measurement of the velocity of gamma-rays. The 
availability of annihilation radiation, in which two 
gamma-rays are emitted simultaneously in opposite 
directions, was essential to the success of the experi- 
ment, since reflection techniques could not be used. A 
suitable source of such radiation consists of a positron 
emitter such as Cu® or Na” placed in a metal container 
in which the positrons are stopped and annihilated. 

It was not anticipated that the velocity would turn 
out significantly different from the values found at 
radar and optical frequencies ; however, the experiment 
does provide certain features of interest: First, the 
range of frequencies over which the velocity of electro- 
magnetic radiation has been accurately determined is 
considerably increased, from the order of 10! cps 
and below (radar) and 10" cps (visible light) to 10° 
cps for the 0.5-Mev annihilation radiation. Second, 
a single traversal of path is involved, so that no 
questions enter about possible effects (however im- 
probable) due to reflections or retracing of path. Third, 
the frequency is so remote from any resonance in the 
medium that within present feasible limits of accuracy 
the medium can be considered equivalent to vacuum. 
These considerations should not be confused with the 
reason for undertaking the experiment, which was that 
high resolution coincidence-counting equipment had 
been developed ind required testing. 


PROCEDURE 


Scintillation counters employing a solution of ter- 
phenyl in phenylcyclohexane and EMI Type 5311 
photomultiplier tubes were placed on opposite sides of 
a radiator containing initially about 1 curie of Cu®. The 
source and one of the counters were attached to a 
suitable frame, and the transit-time difference of the 
two annihilation quanta was determined for five dif- 
ferent path differences, The velocity was obtained from 
the slope of the best straight line, as determined by the 
usual least-squares method, through the experimental 
points representing distance versus delay. The general 
arrangement of the apparatus is shown diagrammatically 
in Fig. 1. 

* Assisted by the joint program of the ONR and AEC. 


The coincidence circuit, which will be described in 
detail elsewhere, has a minimum useful resolving time 
of 1X 10~* second. For the present work the resolution 
was fixed at 5X 10~® second, which gave the optimum 
compromise between resolution and over-all counting 
efficiency. The delay required to cancel the gamma-ray 
transit time was introduced by appropriate lengths of 
coaxial cable (RG/7U). For a given length of cable, the 
counter was moved until a position giving coincidences 
was found. Small additional lengths of cable were then 
inserted or removed to obtain a detailed coincidence- 
delay peak (an example is shown in Fig. 2) from which 
the mean delay value could be accurately determined. 
This value was then added to the delay introduced by 
the “long” cable to give the total time delay. This 
procedure was repeated for five different cable lengths 
and corresponding counter positions. The probable 
error in the mean delay computed from the data pre- 
sented graphically in Fig. 2 are 0.1 10-* second. 

The time delay introduced by the cables was deter- 
mined by measuring the frequencies of the resonant 
modes under shorted termination (Fig. 3). Each mode 
corresponds to a voltage minimum at the input end, 
and the resonant frequency can be readily determined 
by use of commercially available instruments to four 
significant figures. The transmission time is given by 


T=n/2f,; 


where f, is the frequency of the mth resonant mode. 
The cables were checked at all resonances between 2 Mc 
and 400 Mc; no evidence of dispersion was found. A 
plot of the first four resonances of one of the cables used 
is shown in Fig. 4. The abscissa numbers are approxi- 
mate; after the position of the minimum was found, the 
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Fic. 1, Arrangement of counters, source, and 
coincidence apparatus. 
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Fic. 2. Typical coincidence-delay peak. 


stated frequency was determined by means of a more 
accurate frequency meter. The calibrations were carried 
out at the time the experiment was done, a necessary 
precaution, since cables of the type used shrink appre- 
ciably with handling. 

The distances were measured with conventional two- 
meter sticks placed end-to-end. Comparisons with more 
trustworthy standards and end corrections were duly 
made. As indicated in Fig. 5, the distance measure- 
ments are reliable to three decimal places. 
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Fic. 3. Schematic diagram of cable calibration arrangement. 
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RESULT 


The measured transit times are plotted against 
distance in Fig. 5; the experimental points are indicated 
by the intersections of the crossed lines. The length of 
these lines is not related to the statistical errors, which 
are too small to exhibit. 

The velocity is determined by fitting the best straight 
line to the experimental points, under the assumptions 
that only the abscissa values are subject to appreciable 
error, and that the error is the same for all measure- 
ments, including those repeated at positions 2 and S. 
The velocity that gives the best least-squares fit is 
given by’ 


c=[n>x2—(Dxx))/[n2xit,— TaD ], 


where x, and ¢, are the measured values of the coor- 
dinates, and nm is the number of points. The result is 
2.983 X 10'° centimeters per second, with an estimated 
error of 0.5 percent. The accuracy is limited, not by 
statistical fluctuations in counting but by gradual 
changes in operating conditions that occurred over the 
period of a few days during which the measurements 
were made. 

Repetition of the delay determinations at positions 
2 and 5 yielded the two distinct values shown; the 
disparity, considerably greater than the computed 
probable error, is apparently due to slow variations in 
electron transit time in the photomultiplier tubes re- 
sulting from supply-voltage drift. Measurements of 
dependence of transit time on supply voltage in the 
EMI 5311 tubes show that at 2 kilovolts a variation of 
20 volts alters the electron transit time by 4X107"° 
second, which is of the same order as the deviations of 
the points from the straight line in Fig. 5. Fluctuations 
of 20 volts were observed while the velocity measure- 
ments were in progress, but were not followed in suf- 
ficient detail to afford corrections in the data. The fluc- 
tuations were subsequently traced to variations of 
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Fic. 4. Plot of typical cable resonances. 


1A. G. Worthing and J. Geffner, Treatment of Experimental 
Data (John Wiley and Sons, Inc., New York, 1943). 





VELOCITY OF GAMMA-RAYS IN AIR 


BEST STRAIGHT LINE 
34.765 m 149.83 mus—— 5. 
T= 3.3520X + 33,317 150,05 


dx 


= 2.983 + 0.015 x10” cm/sec 
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Fic. 5. Distance versus time of flight for annihilation radiation. 





carbon resistance elements with temperature in the able value of c, computed by DuMond and Cohen’ to 
voltage-stabilizing circuit. be 2.998 x 10'° centimeters per second. 

The measured velocity of annihilation quanta agrees 
within the estimated error with the present most prob- 2 J. W. M. DuMond and E. R. Cohen, Phys. Rev. 82, 555 (1951). 
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The number of neutrons evaporated by nuclei excited by Li(?, y) 


photons is calculated along the com- 


pound nucleus formalism. It is found, for light nuclei, to be very small and to exhibit an odd-even alterna- 
tion. From experimental cross sections for photoneutron production at 17 Mev, the cross section for photo- 
capture by nuclei is deduced, and is found to be proportional to Z within 25 percent. Material is presented 
for the application of the compound nucleus formalism to light nuclei, in particular a formula for the density 


of levels. 





I. INTRODUCTION 


HE purpose of this paper, of which a brief account 
has been given earlier,' is to investigate the charge 
dependence of the cross section for photon absorption 
by nuclei, the energy of the photon being around a few 
tens of Mev. Experiments made with betatron or Li 
gamma-rays’ show that low Z nuclei have small 
photoneutron cross sections, with an odd-even alterna- 
tion. These two facts can be explained in terms of 
competition of proton emission. 

Since competition and cross section for the formation 
of compound nucleus by the incident gamma-ray de- 
pend on energy, and the latter in an unknown manner, 
it is most convenient to use experiments done with a 
narrow gamma-ray spectrum. The best experiments for 
our purpose are then those made with the photons of 
the Li(~— +) reaction, in which the cross sections for 
photo-neutron production are measured directly by 
BF; counters embedded in paraffin.” 

The competition was calculated along the compound 
nucleus formalism; if a nucleus can evaporate one par- 
ticle among particle types 7, j, ---, the probability of 
evaporating just a particle of type 7 is given by 


Ki/(K;+K;+---), (1) 


where K; is a quantity proportional to the partial width 
for disintegration with emission of 7; this quantity is a 
function of the available energy W; which is equal to 
the excitation energy E minus the binding energy L; of 
particle i. Weisskopf and Ewing® have shown from 
detailed balancing that 


Wi 
K(W,)=(2s;+1)(m;/2M) f €o;(€)wi(W i:—e)de 


forW;>0 (2) 
=0 for W;<0. 


In this formula, o; is the cross section for particle i 


* Now at Laboratoire de Physique, Ecole Polytechnique, Paris, 
France. 

1 J. Heidmann, Phys. Rev. 83, 237 (1951). 

2 McDaniel, Walker, and Stearns, Phys. Rev. oh 807 (1950). 

3G. A. Price and D. W. Kerst, Phys. Rev. 77, 806 (1950). 

4H. Waffler and O. Hirzel, Helv. Phys. Acta 21, 200 (1948). 

5 V. F. Weisskopf and D. H. Ewing, Phys. Rev. 57, 472 (1940). 


to get into the residual nucleus in the reverse process 
and w; is the level density of the residual nucleus. s; 
and m; are the spin and mass of i, M the mass of a 
nucleon. Formulas (1) and (2) are valid for the evapora- 
tion of the first particle from the compound nucleus; 
when evaporation of two or more particles is possible, 
the subsequent evaporations have to be taken into 
account. 

In order to carry out our calculations we see that 
we have to consider successively: (i) the determination 
of the binding energies; (ii) the determination of the 
level densities ; (iii) the determination of the penetrabil- 
ity cross sections; (iv) the evaluation of the integrals K. 

Once the competition is calculated, the experimental 
values of the cross section for photoneutron production 
allow the determination of the cross section for photo- 
capture by nuclei. 

Our attention was given to the following nuclei: (i) 
light nuclei with Z between 8 and 20, owing to their 
remarkable behavior; (ii) copper and nickel nuclei, as 
representative of medium weight nuclei; (iii) a few 
single-isotoped nuclei such as I, Ta, Bi, and U, as repre- 
sentative of heavy nuclei. 


II. BINDING ENERGIES 


We want to know the energy required to extract from 
the nucleus one proton or one neutron, and the energy 
required to extract from this already diminished nu- 
cleus another proton or another neutron. These ener- 
gies will be denoted by Lp, Ln, Lpp, Lon, Lnp, and Lan, 
respectively. The values of use in this paper are listed 
in Table I; the letters refer to the origin of the deter- 
mination. The references a, b, d, i, k, and j refer to 
review material, c to (n—-y) experiments, and e and | to 
(y—) experiments. Reference f indicates use of beta- 
ray measurements, h use of the Weizsicker semi- 
empirical formula; g indicates that the binding energy 
was obtained through interpolation of experimental 
values for neighboring nuclei of the same class, i.e., 
having same A and Z parities and same neutron excess. 
Reference | indicates use of the relation 


Lat Lup=Lyt+Lon. 


These methods were used concurrently. In Table I 
the italicized letter, if any, points out which determina- 
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TaBLe I. Binding energy of first and second nucleon (in Mev). 








Lp La Lop Lon Lap Lan 


A 








10.6° 


14.64 
14.8° 
9.0" 
8.7° 
8.73 
11.3* 
10.9" 


35 
37 
38 


12.4* 9.82 


96" 7.3% 


9.3% 
7.7% 


6.9e 
5. Reb 


5. 5.7% 











* L. Rosenfeld, Nuclear rie (1948). 
948) 


Bartholomew, Phys. Rev. aa 481 (1950). 
jt Phys. Rev. 80, 609 (19. 
* Johns, Katz, Dougise and Haslam, Phys. Rev 8a, 1067 sem. 


McElhinney, Hanson, Becker, Duffield, and Diven, Phys. Rev. 75, 


(1949). 
' Beta-spectra. 


tion was believed to be the most reliable, if any choice 
existed at all. The binding energies of alpha-particles 
will be taken from reference a of Table I. 


Ill. LEVEL DENSITIES 


We use the semi-empirical formula for the level 
density of a nucleus in function of the excitation energy : 


=a exp(b/E), (3) 


where a and b are two parameters which have to be de- 
termined from the scant experimental data. Blatt and 


w(E) 


® Semi-empirical formula, interpolated. 

b Semi-empirical formula, calculated. 

‘H. A. Bethe, Elementary Nuclear Theory (John Wiley and Sons, Inc., 
New York, 1947). 

i) D. E, Alburger and E. M. Hafner, Revs. Modern Phys. 22, 383 (1950). 

« C. W. Li, private communication. 

| From the relation La+Lap =Lp +Lp 

= B. C. Diven and G. M. Almy, Phys. Rev. 80, 407 (1950). 


Weisskopf® have given estimates for a and b for mass 
numbers around 27, 55, 115, and 201. We shall use these 
for medium and heavy nuclei. For light nuclei we shall 
obtain a by interpolation of Blatt and Weisskopf values ; 
in the determination of 6 we shall use all of the experi- 
mental data known to us. Three kinds of experiments 
are available: 

(i) Nucleon resonances: Study of the cross section for 
capture of a nucleon by a nucleus shows resonances, 
thus permitting to evaluate the level density of the 


6 J. M. Blatt and V. F. Weisskopf, ONR Technical Report No. 
42 (1950). 
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TaBLe ITI. Data from nucleon-resonance experiments. 








Incident 
nucleon 
energy 
in Mev 


Incident 
nucleon 
nature 


Number of 
resonances 


Target 
nucleus 


Nis 0.8 -1.4 

had 0.18-2.2 18 
Al? 0.45-2.59 

oO 0-1.45 

seas 0-0.70 

Na* 0.03-1.0 

AF? 0.01-1.0 

AP? 0.13-0.50 

Ca” 0.03-0.52 


Reference 











compound nucleus at an excitation equal to the binding 
plus the kinetic energies of the oncoming nucleon. 
The energy resolution of the incident beam has to be 
small compared to the level spacing D. The data’—® are 
summarized in Table IT. 

Measurements have also been made for heavier ele- 
ments but in this case the spacing is too small compared 
to the resolution for them to be reliable." Another 
technique of resolution is then necessary ; the best is to 
use a velocity spectrometer for neutrons of low energy. 
Most measurements of this type have been made for 
heavy nuclei.’ A few, however, give information 
for a group of nuclei around Z=25, which is interesting 
for us: Cr has a resonance at 4200 ev, Mn two at 345 
and 2400 ev," Co one at 115 ev,!* V one at 2700 ev,” 
and Ni one at 3600 ev (and others at 15 and 70 kev‘). 
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Fic. 1. Radiation width vs atomic weight. The squares are from 
reference 6; the circles are determined in Sec. III, iii. 


7 W. A. Fowler and C. C. Lauritsen, Phys. Rev. 58, 192 (1940). 

8 Bernet, Herb, and Parkinson, Phys. Rev. 54, 400 (1938). 

® Plain, Herb, Hudson, and Warren, Phys. Rev. 57, 188 (1940). 

10 L. W. Seagondollar, Phys. Rev. 72, 442 (1947). 

1 R. L. Henkel and H. H. Barschall, Phys. Rev. 80, 145 (1950). 

 C. K. Bockelman, Phys. Rev. 80, 1011 (1950). 

‘8 Adair, Barschall, Bockelman, and Sala, Phys. Rev. 75, 1124 
(1949). 

4 Barschall, Bockelman, and Seagondollar, Phys. Rev. 73, 659 
(1948). 

‘6 Rainwater, Havens, Wu, and Dunning, Phys. Rev. 71, 65 
(1947). 

16 W. W. Havens and J. Rainwater, Phys. Rev. 70, 154 (1946). 

7 Havens, Wu, Rainwater, and Meaker, Phys. Rev. 71, 165 
(1947). 

18 Wu, Rainwater, and Havens, Phys. Rev. 71, 174 (1947). 

19M. Hamermesh and C. O. Muehlhause, Phys. Rev. 78, 175 
(1950). 
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So we see that these nuclei have one or two levels in a 
range of the order of 5 kev and we can take for the level 
spacing a value around 4 kev. 

(ii) Neutron width: The theory of Weisskopf et al. 
of the compound nucleus has yielded a relation between 
the neutron width I, and the spacing of the levels.*° 
Supposing that the levels are regularly spaced by an 
amount D* we have 


D*=7K,I,/2k, (4) 


where & is the wave number of the neutron outside the 
nucleus and Ky~1X10" cm™ its wave number inside. 
In our case the neutron width is taken directly from the 
experimental width of the resonance in the total neu- 
tron cross section, as the only other component of the 
total width is the radiation width, which, for the light 
nuclei of interest to us, is smaller than a tenth of the 
total width. 
In Table III we summarize the data.®:!-19.2! 


TABLE III. Data from neutron width experiments. 








Target 
nucleus 


Na® 


Resonance energy Neutron width D* 
see in kev 


in kev 





0.17 26 
100 

670 

200 

520 

~107 

+ 


2.4 
190 
130 








(iii) Radiation width and radiative capture cross 
section: It has been shown by Bethe” that the average 
radiative neutron capture cross section is related to the 
radiation width I',aq and to the level spacing D in the 
following way: 


(ony) = 24(R+X)"T yaa/D, (5) 


where R is the radius of the nucleus and 27% the wave- 
length of the incoming neutron. (¢,,) has been meas- 
ured by Hughes e/ a/.¥.* for 1-Mev neutrons on about 50 
isotopes, of which 11 will be of use to us. 

As for the radiation width, values have been given for 
heavy nuclei by Teichmann;* we shall now derive the 
radiation width values for three lighter nuclei from three 
experiments: 

(a) Harris and Muehlhause have measured the reso- 
nance absorption and scattering integrals*® >, and 2, 
of the 115-ev neutron resonance of Co. From these 
T'raa may be deduced. A better way is to use concur- 


20 Feshbach, Peaslee, and Weisskopf, Phys. Rev. 71, 145 (1947). 
* Hibdon, Muehlhause, and Woolf, Phys. Rev. 77, 730 (1950). 
2H. A. Bethe, Phys. Rev. 57, 1125 (1940). 

*3 Hughes, Spatz, and Goldstein, Phys. Rev. 75, 1781 (1949). 
* D. J. Hughes and D. Sherman, Phys. Rev. 78, 632 (1950). 

26 T. Teichmann, Princeton University thesis (1949), 

* Harris, Muehlhause, and Thomas, Phys. Rev. 79, 11 (1950). 
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rently the thermal cross section value: 
Oth= WRenAol nV raa/ Ee’, (6) 


where Ey is the resonance energy. Using the one-level 
Breit-Wigner formula one gets”® 


Lat 2.= WoT n/ Eo, (7) 


where, as the spin of Co is high, we put the statistical 
spin factor equal to 4. These two equations yield: 
I',aa=0.27 ev. Co is the only light nucleus for which 
experimental data can be treated in this way. Mn has 
two resonances and Al a dozen and it would be neces- 
sary to disentangle them. 

(b) Mn has two neutron levels at 345 and 2400 ev 
whose resonance amplitudes and angular momenta have 
been measured by Harris ef al.2” The thermal neutron 
cross section can be written: 


Oth= 2mXenl (g1il raai/E1)+g202T raa2/E2], (8) 


where the g’s are the statistical weights of the two levels 
E. Assuming T'yaa2 to be the same as T'yaax, which is 
permissible as g:a,/E\>>g2d2/E2, we get T'raai1=0.48 ev. 


TABLE IV. Data from radiative capture experiments. 








Target 
nucleus 


Na” 
Mg** 
AP? 
Si” 
cr 
A® 
K# 
ys 
Mn* 
Co 
Cu® 











(c) In order to have a little more information about 
the radiation widths as a function of A we shall for a 
moment reverse the argument: from the neutron reso- 
nance experiments we know already that D for Al is 
around 40-80 kev. Taking the value of the radiative 
capture cross section as given in reference 24, we have, 
using formula (5), 


Tl -ad™ 1.0—2.2 ev. 


Results for radiation widths are summarized in 
Fig. 1. The straight line represents the values we 
adopted for the calculation of D through formula (5). 
Table IV gives the obtained D values. 

From the values of D we got in sections i, ii, and iii, 
the parameter 6 of formula (3) can be calculated. The 
results are shown on Fig. 2. On the basis of our evidence, 
a fair value of 0 is, for 15<.A<70,"8 


b= 0.14(A —12) Mev—. (9) 


27 Harris, Hibdon, and Muehlhause, Phys. Rev. 80, 1014 
(1950). 

%8 At an earlier stage of this work, the value b?=0.17(A —15) 
Mev was determined on lesser experimental evidence and is 
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0 3002 40~—~Cté«é‘CSD 
Atomic Weight 
Fic. 2. & in Mev™ vs atomic weight. 6 is the coefficient entering 
in the level density formula: w(Z)=a exp(b,/Z). The triangles 
refer to nucleon-resonance data, the squares to neutron width 
data and the circles to radiative capture data. 


The magic nuclei are labeled ‘“‘m” on Fig. 2; the scant 
data we have show that they might have a smaller 
b-value. 

Practically all the data of Fig. 2 refer to odd A 
initial nuclei; probably even nuclei have bigger level 
densities; unfortunately not much is known on that 
matter. 
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Fic. 3. Penetrability cross section of protons, in barns, vs 
proton energy for nuclei of Z=8, 12, 16, 2 x is the ratio of the 
proton energy to the coulomb potential barrier. 


used through the rest of this paper; the difference is small, es- 
pecially for A =20 to 40. 
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TABLE V. Values of oq in barns. 


z 
Zz one 


12 








0.50 











IV. PENETRABILITY CROSS SECTIONS 


Coulomb and centrifugal barriers will prevent nu- 
clear particles, in the reverse process, from getting into 
the nucleus. Moreover, the nuclear surface has a certain 
coefficient of reflection for incident wave functions. All 
these factors are important at the energy we are in- 
terested in, that is evaporation energies. 

(i) Penetrability of protons: It has been calculated by 
Weisskopf and Ewing® for atomic number Z larger 
than 20 and by Blatt and Weisskopf* for Z larger than 
30. Here we just extended calculations to lower Z, 
following the more modern procedure introduced by 
Blatt and Weisskopf.* The cross section for formation 
of the compound nucleus by a proton of kinetic energy 


4 Mev 


Fic. 4. Integral K,'(W) in Mev?-barn vs W in Mev for 
Z=8, 12, 16, 20, 30. 
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¢ and wavelength 27X is accordingly written 
op(e) = wx? ,(2/+ 1)T,(e), 


where 7; is the transmission factor for the /th wave. 
T; was calculated through use of the WKB method 
for values of x=«/B, B being the coulomb barrier, 
equal to 0.25, 0.50, 0.75, 1.0, 1.5, 2.0, and 3.0 and for Z 
equal to 12 and 20. The calculation had to be pushed 
till J=5. The values of 7; were then plotted and 
smoothed out around the value x= B,/B, B, being the 
barrier for the /th wave, where the WKB method is 
defective. For the nuclear radius we took 


R=1.40X10-"X Ai cm. 


The resulting values of o, are shown in Fig. 3. For 
Z=16 we simply interpolated arithmetically on the log 
scale of Fig. 3, and for Z=8 we extrapolated in the same 
manner. 

(ii) Penetrability of neutrons: It has been calculated 
by Feshbach and Weisskopf*® for Z larger than 16. We 
shall simply refer to these data. In the case of lighter 
nuclei for which the extrapolation is unsafe we shall 
use, for slow neutrons, the formula® 


on~4x/ Ko. 


(10) 


(11) 


When the value of o, as given by (11) is smaller than 
the geometrical cross section, we shall take for ¢, the 
geometrical cross section value. 

(iii) Penetrability of alpha-particles: We need only 
to consider the case of the lighter nuclei, as for heavier 
nuclei the potential barrier for alpha-particles becomes 
prohibitively high, the excitation energy in our case 
being around 17 Mev. We further simplified matters 
by supposing that o, is equal to the geometrical cross 
section when the energy of the alpha is above the 
potential barrier. Taking the nuclear radius as in refer- 
ence 6, i.e., 1.30 A!X10-" cm, we got the oa-values 
as shown in Table V. 


V. INTEGRALS K 


We can now evaluate the integrals of formula (2); 
we performed the integrations by use of Simpson’s 
rule. The result is shown on Fig. 4 for particle i being 
a proton and on Fig. 5 for particle i being a neutron, 
for Z=8, 12, 16, 20, 30 and for W in the range 0-24 Mev. 
The ordinate represents, instead of K, the quantity 


¢ W (2s;+1)m; 
-{ —ea;(e) 
; A 2M 
Xexplb(W—e)*]}de (12) 


in Mev?- barn units. For alpha-particles only two values 
have been calculated: 
Z=8, W=10 Mev K’ =86 Mev?- barn; 
Z=12,W= 7 Mev K’=13 Mev? barn. 


9H. Feshbach and V. F. Weisskopf, Phys. Rev. 76, 1550 
(1949). 
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VI. EVAPORATION PROCESS 


(i) Theory: When a nucleus is excited, it will evapo- 
rate particles: nucleons, alpha-particles, deuterons, 
photons. . . . The most usual particles are: nucleons, 
alpha-particles, and photons. Photons can, in general, 
not compete with the others in the evaporation process,5 
except when the excitation energy of the nucleus is 
smaller than the binding energy of any other particle 
or similar cases. Therefore, we shall neglect the emis- 
sion of photons in this paper. 

When the excitation of the nucleus is not high enough 
for the emission of more than one particle, the chance 
for particle i to be evaporated is given by Eqs. (1) 
and (2).5 

We are going to apply our calculations to nuclei 
excited by Li gamma-rays. These gammas consist of 
photons of energy around 17 Mev. More exactly we 
have two lines:*° one at 14.7 Mev with a half-half width 
of 1.0 Mev and one at 17.6 Mev; the total intensity of 
the second one is about twice that of the first ; its meas- 
ured half-half width is 0.5 Mev, but this width is pre- 
sumably due to the resolving power of the instrument; 
the true width of the line is presumably about 10 kev 
(the width of the excited state), since the final state after 
emission of the 17.5-Mev gamma-ray is the long-lived 
Be® ground-state. 

If the binding energies L are substantially less than 
14 Mev, it will suffice to assume that the excitation 
energy E is equal to the mean energy of the gamma- 
rays, say, 16.6 Mev. 

If this is not the case, we shall have to take into ac- 
count the shape of the spectrum of the gamma-rays, 
because when W is small, the integrals K are varying 
very rapidly. If we are interested only in the calculation 
of the chance for a neutron to be evaporated, we shall 
have to take that shape into account only when W, is 
small. When the only energetically possible particle 
emission is that of a low energy proton (or a-particle), 
the y-emission will of course compete seriously. 

For some nuclei it will turn out that the excitation 
energy is high enough for the emission of more than 
one particle to be possible. In that case the calculation 
of the number of neutrons evaporated will be a little 
more complicated. It will be based on the following 
formula, which gives the probability for having emission 
of é then j: 


1 Welii Ki (Wi—-e— Lj) 
aa a 
: ye K,' (Wi) 0 Dd: Ki (Wi-e—La) 
-T{ (ede, 





(13) 


where L;; is the binding of 7 in the intermediate nucleus 
which is left after emission of particle 7. 

In this formula /;/(¢;) is the spectrum of the first 
emitted particle 7; it is simply equal to,the integrand of 


3° R. L. Walker and B. D. McDaniel, Phys. Rev. 74, 322 (1948). 
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formula (12). The fraction in the integrand of (13) is 
the branching ratio for 7 emission following i emission. 

The sharpness of the 17.6-Mev line of Li may in some 
instances make trouble with the interpretation of the 
experiments. For very light nuclei such as O"* it may 
well happen that the levels are still well separated at 
17-Mev excitation energy, i.e., that their spacing is 
larger than their width, and that the spacing is also 
large compared with the natural width of the 17.6-Mev 
line (10 kev). Indeed, our formula gives for O'* at 17 
Mev a spacing of 100 kev. It can then happen that the 
cross section for Li y-rays does not represent an aver- 
age but may be either close or far from a resonance. For 
Mg” the theoretical level spacing has decreased to 14 
kev, so that for this nucleus, and heavier ones, the 
average cross section is likely to be measured. 

(ii) Calculations: Following the procedure of the 
preceding section, we calculated the number NV of neu- 
trons evaporated by nuclei when excited by the Li 
gamma-rays, as used in McDaniel’s experiments.? The 
results are shown in Table VI; Fig. 6 exhibits the re- 
sults for light elements. As a matter of fact, not all 


. Integral K,’(W) in Mev*- barn vs W in Mev for 
Z=8, 12, 16, 20, 30. 
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TasBLe VI. Number of evaporated neutrons. 
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isotopes were calculated for light elements because of 
lack of information on binding energies ; but those which 
were calculated show that there is practically no proton 
evaporation once the number of neutrons exceeds the 
number of protons. 

The case of argon is very special, owing to its peculiar 
isotopic abundance, because of its formation by beta- 
decay from K**. If only the isotope A** existed, the 
number of neutrons evaporated would be 0.07. 

Uranium has to be examined for fission. The threshold 
for photofission of U?** is about 5.1 Mev.* As a matter 
of fact, several workers®-** have shown that the photo- 
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Fic. 6, Calculated number NW of neutrons evaporated by light 
elements excited by Li gamma-rays vs atomic number. For argon 
the isotope 36 value is plotted in place of the natural element 
value. Mg™ value is plotted too. 


*t Koch, McElhinney, and Gasteiger, Phys. Rev. 77, 329 (1950). 
# G. C. Baldwin and G. S. Klaiber, Phys. Rev. 71, 3 (1947). 
% W. E. Ogle and J. McElhinney, Phys. Rev. 81, 344 (1951). 
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fission of U?*8 around 15 Mev is quite important, of the 
order of 10-6 cm?. Such is not the case for Bi, for which 
the cross section is estimated to be 1/1000 of that for 
U, even with an 85-Mev bremsstrahlung spectrum.™ 

Price and Kerst*® have concluded from their experi- 
ment that U will fission in about 50 percent of the cases, 
assuming that each fission yields y=2.5 neutrons, the 
usually assumed value. However, their derivation is 
wrong because they assumed that when U does not 
fission it evaporates one neutron only, whereas we have 
shown that already at least two are emitted at 17-Mev 
excitation. 

Indeed, direct measurements have been made of the 
cross section for photofission of U by Li gamma-rays.* 
They yield 

o;=0.046+0.015 barn, 


which is much smaller than the o,, section measured 
by McDaniel: o,,=0.51 barn. The total cross section 
for evaporation and fission is, with our assumptions 
about the number of neutrons emitted, 


Crot=0.51b(Ge0+ 07) /(2.2¢e0+2.50;)~0.256 


so that the fraction of U atoms which undergo fission 
is about 20 percent. Thus, on the average U will yield 
about 2.3 neutrons per photon absorbed. 

(iii) Conclusions: Examination of Table VI shows 
the following results: (a) Light nuclei evaporate mainly 
protons. Even for Ni, protons are expected in equal 
numbers as neutrons. For Cu, neutrons begin to be in 
the majority, (still only 83 percent) and when one gets 
to iodine, protons are absent and 2-neutron emission 
begins to be possible. For the heaviest nuclei, two or 
more neutrons are in fact always emitted. (b) An odd- 
even (in Z) alternation in the number of evaporated 
neutrons is clearly shown for light nuclei as can be 
seen on Fig. 6. There is only exception for Mg and A; 
it is due to the fact that Mg and A have a big percentage 
of heavy isotopes. Such an alternation was beautifully 
shown in the (y—m) reactions induced by 22-Mev 
betatron gamma-rays.* 


VII. PHOTOCAPTURE CROSS SECTION 


As explained in the introduction we now apply our 
calculations to experiments made on the (y—n) reac- 
tions induced by Li photons*® where the neutrons are 
detected by BF; counters.? If o,, is the cross section 
thus measured, the total cross section o, for capture of a 
Li gamma-ray by the nucleus can be calculated from 


o,=0y/N, 


where N is the average number of neutrons evaporated 
as calculated in the preceding section. 

The results are plotted on Fig. 7. We shall first make 
a few remarks: 


“N. Sugarman, Phys. Rev. 79, 532 (1950). 
a oe aera Scherrer, and Waffler, Helv. Phys. Acta 22, 385 
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(i) Na shows a particularly large deviation from the 
general trend. McDaniel** pointed out to us that the 
oyn for this substance was of the order of the back- 
ground of neutrons in their apparatus and that a factor 
3 could be applied to their measurements. That the Na 
value should be higher appears likely from the experi- 
ments of Price and Kerst,’ which yield for the ratio of 
the o,, cross section of Na to that of Al for 18 and 22 
Mev bremsstrahlung the values 0.9+-0.2 and 0.8+0.1, 
respectively. As there is no strong variation in this 
ratio, we can say that McDaniel’s result for Na should 
have been about the same as for Al. Then we get for 
the Na value: ¢,~15 mb which is plotted on Fig. 7 
with the label PK. 

(ii) O is also very erratic. Fortunately, in this case 
there are direct experiments which show up the trouble 
with our theory. Wéffler*’ has measured directly the 
cross sections for n, p, and a-production from oxygen 


Taste VII. 








Units 


10-*8 cm? 
Mev?: barn 


p n a 


5.4+1.4 1.80.6 
2.4 87 





Cross sections 6.8+1.7 
K’ 17 








bombarded by Li gamma-rays; the results (Table VII) 
do not compare at all with our determination of the K’s: 
The most striking discrepancy is that the a-emission is 
perhaps 50 times smaller than we calculated. This 
may perhaps be understood a posteriori because (1) 
the final nucleus, C”, has particularly few levels, (2) the 
'P states which will ordinarily be formed by absorption 
of dipole radiation in O', may not disintegrate very 
easily into C” in the ground state and an a-particle 
because of the symmetry of the wave function, and (3) 
C¥ and an alpha-particle cannot have a dipole moment. 
That such considerations may be important is shown by 
the result of Gaerther and Yeater** that He‘ will in 
general not disintegrate into two deuterons. Presumably, 
similar troubles will not arise with heavier nuclei, 
especially when the competition is only between neu- 


* B. D. McDaniel, private communication. 

*7 H. Waffler and S. Younis, Helv. Phys. Acta 22, 614 (1949). 

3% N. L. Yeater and E. R. Gaertner; G. E. Research Lab. 
Report RL-488 (1951). 
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Fic. 7. Nuclear photocapture cross section in barns vs 
the log of the atomic number. 


trons and protons and not with a-particles, which is 
the rule for nuclei heavier than Al. 

For oxygen, it is most reasonable to use the experi- 
mental values of the cross sections in place of the K’ in 
the determination of the number of neutrons evapo- 
rated, so we get for that number the value V=0.39 
+0.10. Hence o,=(3.5+2.0) mb, which is plotted on 
Fig. 7 with the label WY. 

(iii) The only remaining exception is Ca. The main 
isotope of Ca is not only even-even, but also doubly 
magic, and as a consequence the cross section for photo- 
electric absorption may reach substantial values only at 
higher energies than 17.6 Mev. It is therefore con- 
ceivable that the contribution of Ca*® to the cross 
section is negligible. In Table VI it is shown that Ca‘? 
contributes 0.055 to the total value of NV, which is 
0.083 for the element. Thus if Ca*® were omitted, V 
would be reduced to one-third, and the calculated 
cross section ¢, would be increased to 40 mb, in good 
agreement with neighboring elements. It is plotted on 
Fig. 7 with the label AL. 

Coming back to Fig. 7 we see that the Z-dependence 
of the cross section for photocapture of 17-Mev gamma 


is reasonably well described by 
o,(Z)=24XZX10-" cm’. (14) 


Leaving off the O, Na, and Ca cases, this relation is 
verified within 25 percent average deviation. 
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Experiments are described which indicate the existence of a mode of beta-disintegration in which the 
energy emitted is shared by three particles: beta-particle, neutrino, and ejected orbital electron. The energy 
spectrum of the orbital electrons (“IB electrons”) from Sc“ has been measured over the range 30 to 150 kev. 
The “IB internal conversion coefficient” —that is, the ratio of the measured number of IB electrons to the 
number of internal bremsstrahlung (IB) predicted by the theory of Knipp and Uhlenbeck, and Bloch— 
is found to be essentially constant over the measured energy range, and equal to 4.3. The frequency with 
which the three-particle disintegration takes place is about 0.04 times that of ordinary decay into a beta- 
particle and a neutrino. The measurements have an estimated accuracy of +3 percent, —20 percent. 





INTRODUCTION 
I 


HE validity of the Fermi theory of beta-decay' 
now appears to be well established. Experimental 
measurements of the beta-spectra of both allowed and 
forbidden transitions have been made down to ex- 
tremely low energies and are in agreement with the 
theory over the entire measurable energy range.” In 
addition, the beta-spectra of forbidden transitions have 
been investigated so thoroughly that the type of inter- 
action which takes place between the decaying nucleon 
and the electron-neutrino field has been determined 
uniquely.’ Although there remain a few cases which are 
not yet completely explained (e.g., C“, RaE), it seems 
certain that their explanation will require no revision 
of the basic theory. 

On the other hand, it is becoming increasingly evident 
that the Fermi theory is, in a sense, incomplete. That 
is to say, given two neighboring isobars differing in 
mass by an amount Wo, the theory does not describe 
all of the ways in which the nuclear transition can occur. 
The theory takes into account only the possibility that 
the available energy is shared between two emitted 
particles, viz., the electron and neutrino; it does not 
consider possible events in which the energy is shared 
by more than two particles: electron, neutrino, and 
photon, for example.‘ 

The first experimental evidence for the latter process 
was actually found before Fermi proposed his theory. 
Aston,’ in 1927, discovered weak continuous gamma- 
radiation accompanying the beta-disintegration of RaE. 
This phenomenon has since been observed in other 
isotopes by a number of people,*-" most recently by 


* Assisted by the ONR and AEC. 

+ AEC fg! Fellow. Now at the University of Rochester, 
Rochester, New York 

1E. Fermi, Z. Physik 88, 161 (1934). 

2 See Langer, Motz, and Price, Phys. Rev. 77, 798 (1950). 

3L. M. Langer and R. D. Moffat, Phys. Rev. 82, 635 (1951). 

‘It should, perhaps, be emphasized that these particles are 
created simultaneously in the processes under consideration here. 

5 G. H. Aston, Proc. Cambridge Phil. Soc. 23, 935 (1927). 

*S. Bramson, Z. Physik 66, 721 (1930). 

7. J. Sizoo and D. J. Commore, Physica 3, 921 (1936). 

§ Sizoo, Eickman, and Green, Physica 6, 1057 (1939). 


Wu." Such gamma-radiation has been given the name 
“internal bremsstrahlung” (henceforth denoted by IB). 

A theory for IB was given in 1936 simultaneously by 
Knipp and Uhlenbeck” and Bloch" (henceforth denoted 
by KUB), who showed quantum-mechanically that 
continuous radiation of the observed order of magni- 
tude, i.e., approximately a=1/137 quanta per beta- 
particle, could be attributed to the sudden change in 
nuclear charge which occurs when the beta-particle is 
created and leaves the nucleus. They obtained the 
probability per unit time S(%) for emission of a quantum 
of energy k by a second-order perturbation calculation, 
corresponding to the following two-step process: (1) 
the transition from initial to intermediate state con- 
sisting of the nuclear transformation accompanied by 
the creation of a beta-particle and a neutrino; (2) the 
transition of the electron from its intermediate state to 
a final state by emission of a photon of energy k. For 
the interaction hamiltonian in step (1) KUB chose the 
polar vector interaction for an allowed transition, and 
for the interaction in step (2) they used the coupling 
term between the electron and the quantized electro- 
magnetic radiation field. 

The radiation spectrum which they obtained can be 
written in the form, 

Wo 
S(k)= dW .P(W.)®(W,, k). 
1+k 

Here P(W.)dW, is the probability that a beta-particle 
be created with an energy in the interval W, to W, 
+dW., and is to be taken as the theoretical distribution 
given by the Fermi theory. 6(W,, k) is the probability 
that a beta-particle of energy W, will radiate a gamma- 
quantum of energy k; they found 


ap (W2+W? 
rpki Wp 


a(W., In(W+ p)—2}, 


where a is the fine structure constant, p, and W, are 


* E. Stahel and D. J. Commore, Physica 2, 707 (1935). 
10 EF, Stahel and J. Guillessen, J. phys. et radium 1, 12 (1940). 
"C., S. Wu, Phys. Rev. 59, 481 (1941). 

37. K. Knipp and G. E. Uhlenbeck, Physica 3, 425 (1936). 
3 F, Bloch, Phys. Rev. 50, 472 (1936). 
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the momentum and energy of the electron when it is 
“born,” and p and W are the momentum and energy 
of the electron after radiating the photon. W is the 
end-point energy of the beta-spectrum. The relativistic 
units are used: A= m=c=1., 

Since ® behaves roughly as 1/k, S(k) suffers an 
“infrared catastrophe,” i.e., becomes infinite at k=0. 
For this reason it is customary to plot the IB energy 
distribution in the form &S(k) versus k. Figure 1 shows 
the spectrum predicted for W»o=3.860. In the same 
figure is plotted the number of quanta, V(k), having 
energy greater than & per electron. This number is 


given by 
Wo-l 
N(k)= f dxS(x). 
k 


These calculations have been extended by Chang and 
Falkoff"‘ in two directions. First, since the polar vector 
interaction used by KUB is but one of the five linearly 
independent, relativistically invariant interactions 
which might be used in the beta-decay theory, they 
made the calculations for the other four interactions. 
Second, they extended the calculations to forbidden 
beta-transitions. Their method of calculation was that 
used by KUB. 

From the very small differences in S(&) which their 
results indicate for the different kinds of beta-spectra, 
it is clear that one could not hope to distinguish degrees 
of forbiddenness or types of interaction by measuring 
IB spectra. 

Actually, an IB spectrum has never been measured, 
but absorption experiments indicate that the radiation 
is continuous and inhomogeneous. Wu found the total 
energy of the IB from P® to be about 0.002 mc per 
beta-particle, in agreement with the KUB theory. 


II 


One might suspect the existence of a phenomenon 
similar to IB, in which an orbital electron (instead of a 
photon) carries off part of the available energy.'® These 
electrons might be termed “internally converted IB” 
or, more simply, “IB electrons.’”’ Such a phenomenon 
would certainly have been undetected in the experi- 
ments on IB simply because the apparatus was so 
designed as to be insensitive to electrons. Since the 
Fermi theory is so well substantiated, one can predict 
that this effect will be small and will give rise principally 
to low energy electrons. 

For the purpose of observing this process it is clear 
that only positron emitters would be suitable, because 
in a negatron emitter the ejected orbital electrons would 
be indistinguishable from the beta-particles. Also, it 
would seem more promising to seek a suitable isotope 

™C. S. Wang Chang and D. L. Falkoff, Phys. Rev. 76, 365 
(1949). 

‘6 An electron distribution which might be the result of such a 


rocess has been observed by L. M. Langer and R. D. Moffat, 
hys. Rev. 80, 651 (1950). 
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Fic. 1. IB spectrum predicted by KUB theory for W»= 3.860. 
k is the IB energy “8 S(z) the IB intensity. The inset shows 
the variation with energy of the number, N(&), of IB per beta- 
particle having energies greater than &. 


at the lower end of the periodic table because of the 
following considerations. High Z positron emitters are 
rare, K-capture being the predominant mode of decay. 
In addition, Auger electrons from high Z atoms have 
energies in the range in which one would like to make 
measurements; this is not the case for Z<25. Finally, 
when a theory is proposed for the process, it will 
probably be based upon a Born approximation, which 
becomes less valid with increasing Z. Comparison of 
experiment and theory would thus be facilitated by the 
use of a low Z isotope. Other desirable features of the 
isotope are that it be easy to obtain, have a reasonably 
long life, and have a simple, high energy mode of decay. 


Ill 


It is the purpose of this research to investigate the 
existence of a mode of beta-disintegration in which the 
energy released by the nucleus is shared among three 
particles: beta-particle, neutrino, and orbital electron. 
The method of the research is to determine the exis- 
tence, energy distribution, and relative intensity of the 
orbital electrons ejected during the decay of a positron 
emitting isotope. 


EXPERIMENTAL APPARATUS AND PROCEDURE 


The isotope chosen for the experiments was Sc*. The 
decay scheme of Sc is believed to be thoroughly 
understood" (see Fig. 2), and it has most of the desirable 
properties discussed above. 

Two 180° focusing, shaped magnetic field spectrom- 
eters were employed in these studies, one’’ having a 
15-cm radius of curvature, and the other'® having a 
40-cm radius of curvature (hereafter referred to as the 
“small” and “large” spectrometers, respectively). 


16 J. A. Bruner and L. M. Langer, Phys. Rev. 79, 606 (1950). 
7 J. A. Bruner and F. R. Scott, Rev. Sci. Instr. 21, 545 (1950). 
18 L. M. Langer and C. S. Cook, Rev. Sci. Instr. 19, 257 (1948). 
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Fic. 2. Decay scheme for 
Sc“. y+, has an energy of 
271 kev and a period of 57 
hr; the 4.0-hr positron 
group has an end-point 
energy of 1.463 Mev (Wo 
=3.860 mc*); v2 has an 
energy of 1.16 Mev. 
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Essentially three different experiments were per- 
formed; these will be described separately, but all three 
had the following features in common. Sc“ was pro- 
duced by the reaction K“(a,n)Sc#. An enriched sample 
(99 percent K“, 1 percent K*®)! of K* in the form of 
KCl was bombarded with 17-Mev alpha-particles in 
the cyclotron. Scandium was then separated chemically 
from the KCl in the manner described in the Appendix, 
but with the differences noted below. 
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Fic. 3. Momentum spectrum of IB electrons from Sc“. Crosses 
represent data from Experiment I, open circles from Experiment 
II, and closed circles from Experiment III. Curves are normalized 
to equal positron intensity. 


‘® Supplied by the Y-12 Plant, Carbide and Carbon Chemicals 
Corporation, on allocation by the Isotopes Division of the United 
States AEC. 
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Sources were prepared by depositing the radioactive 
solution on a backing of 6 g/cm? Zapon and drying it. 
The sources were electrically grounded at one end with 
0.18 mg/cm? aluminum leaf. Sources for the small 
spectrometer measured 2 cm by 0.3 cm, and those for 
the large spectrometer 2.7 cm by 0.6 cm. Unfortunately, 
source thicknesses could not be measured accurately, 
partly because ScCl; is hygroscopic, and partly because 
the laboratory balance has a sensitivity of only 0.1 mg. 
Source intensities were of the order of 1 millicurie. 

The G-M counters had windows of about 3 ug/cm? 
Zapon and were filled with about 2.7 cm of a 2-1 
ethylene-argon mixture. 

In each case the negatron spectrum was measured 
over the range of about 10 to 150 kev, and several 
points were taken on the positron spectrum to determine 
the magnitude of the positron decay process. Negatron 
measurements were not extended much beyond 150 kev 
because of the very low counting rates encountered. 
The decay of the source material was followed auto- 
matically in the manner described before.'® 


Experiment I 


About 380 mg KCl was bombarded for 4 hours with 
a total of 150 microampere hours of alpha-particles. 
In the chemical separation 50 ug Sc carrier was added. 

The electron momentum distribution was measured 
in the small spectrometer over the range 300 to 1400 Hp; 
this distribution is labeled I in Fig. 3. The maximum 
counting rate was about 2500 per minute—roughly 5 
times the background rate. At least 1000 real counts 
were taken at each point. 

An end window counter was employed, in which the 
glass bead was 1 cm behind the window. The source 
thickness was estimated to be about 80 ug/cm?. 


Experiment II 


Somewhat less than 380 mg KCl was bombarded 
for 4.5 hours with a total of 100 wamp hr of alpha- 
particles. In the chemical separation 20 ug carrier was 
added. 

The electron momentum distribution was measured 
in the large spectrometer over the range 400 to 1400 Hp; 
this distribution is labeled II in Fig. 3. The maximum 
counting rate was about 250 per minute—roughly 10 
times the background rate. At least 1000 real counts 
were taken at most points. 

A side window counter was used in order to determine 
the transmission of the gas in the “dead space” of the 
end window counter used in Experiment I. The source 
thickness was estimated to be about 50 ug/cm’. 


Experiment IIT 


About 300 mg KCl was bombarded for 5 hours with 
a total of 120 vamp hr of alpha-particles. In the chem- 
ical separation only 10 ug carrier was added; this was 
not quite sufficient to remove all the activity. In 
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addition, no NH,OH was required to produce alkalinity: 
the dissociation of the KCl by the bombardment and 
the subsequent escape of chlorine left an excess of 
positive potassium ions which combined with water to 
produce enough KOH for alkalinity. The consequent 
absence of ammonium salts is believed to have reduced 
the source thickness substantially. The source thickness 
was estimated to be no more than 20 ug/cm?. 

The electron momentum distribution from 400 to 
1650 Hp was measured in the small spectrometer using 
a side window counter; this distribution is labeled III 
in Fig. 3. The maximum counting rate was about 1000 
per minute—roughly 8 times the background rate. At 
least 3000 real counts were taken at most points. 


RESULTS 
A. Momentum Distribution 


The measured momentum distributions are shown in 
Fig. 3. The three curves are normalized to the same 
intensity relative to the intensity of the positrons. The 
agreement between Experiments II and III is very good 
over the range above about 650 Hp, but both are in 
disagreement with Experiment I below 1100 Hp. Below 
650 Hp curves II and III also diverge. As will be 
shown later, spectrum I is distorted because of variable 
counter sensitivity; henceforth, unless otherwise stated, 
we shall restrict our attention to Experiments II and III. 


B. Comparison with the Predicted IB Spectrum 


In Fig. 4 the data from Experiments II and III are 
plotted in the manner suggested by KUB, and under- 
neath is the theoretical curve for IB. The data and 
theoretical curve are adjusted to the same positron 
intensity. 


C. IB Internal Conversion Coefficient 
One can define a conversion coefficient, y, for IB as 
y(k)=N (k—K)/N12(k), 


where V.(k—K) is the measured number of electrons 
with energy k—K, Nyp(k) the predicted number of IB 
with energy k, and K the binding energy of an electron 
in the K-shell (we neglect conversion in higher shells). 
Figure 5 shows the results of such calculations. For 
comparison purposes, in the same figure is presented 
the electric dipole K-shell conversion coefficient for 
Z=20. (This curve is extrapolated from the calculated 
values of Reitz.”®) It should be mentioned that this 
particular coefficient has no special significance other 
than to illustrate the rapid variation with energy which 
is characteristic of conversion coefficients of all multi- 
pole orders. The contrast between the two curves is 
apparent; the IB coefficient is essentially constant over 
the range measured, while the dipole coefficient varies 
by a factor of about 200. 


2 J. R. Reitz, Phys. Rev. 77, 10 (1950). 
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Fic. 4. Data plotted in the manner suggested by KUB. Open 
circles are from Experiment II, closed circles from Experiment 
III. The lower curve is a section of the theoretical IB spectrum 
shown in Fig. 1. 


DISCUSSION OF RESULTS 


In order to interpret the results accurately, one must 
examine all the possible sources of error and evaluate 
the probable error contributed by each. 


A. K-Capture 

Morrison and Schiff! have calculated theoretically 
that IB is to be expected from K-capture transitions 
with a total probability of a(Wo+1)?/12e per K- 
capture event. There is a striking difference, however, 
in the predicted IB intensity distribution compared to 
that accompanying beta-emission: the predicted spec- 
10; 
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Fic. 5. Comparison of Sc“ “IB internal conversion coefficient” 
with the conversion coefficient for ordinary nuclear electric dipole 
radiation. The “error” symbols represent the spread in the 
experimental data. 


2! P. Morrison and L. I. Schiff, Phys. Rev. 58, 24 (1940). 
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tral shape for IB from K-capture is given by 
S(k)dk= af 1—k/(Wo+1)}*kdk/r. 


The intensity is clearly zero at k=O and k=W,+1, 
and has a maximum at k=(Wo+1)/3. For Sc*, then, 
it turns out that the number of IB per K-capture is 
0.6a, and that only 5 percent of the IB have energies 
less than 200 kev. 

From the intensity measurements on the photoelec- 
trons from the positron annihilation radiation and the 
1.16 Mev gamma-ray,'® it was concluded that the 
K-capture-to-positron ratio is about 0.5. With these 
values we are now in a position to calculate the relative 
numbers of IB with energies in the range 0 to 200 kev 
to be expected from K-capture and positron emission. 
For K-capture the number is 0.05(0.6a)(0.5)=0.015a, 
and, as we have seen, the number for positron emission 
is about a. Hence it follows that less than 2 percent of 
all Sc* IB of energy less than 200 kev will have their 
origin in K-capture events. 


B. Purity of Source 


(1) Purity of separated isotope-——The mass analysis 
accompanying the sample of KCl listed the relative 
percentages of potassium isotopes as follows: K®, 
1.04+0.03; K®, 0.0230.005; K", 98.94 +0.03. The 
spectrographic analysis yielded the following per- 
centages of impurities: Cu, less than 0.04; Mg, less 
than 0.02; Na, 0.15; Li, less than 0.15. The only isotope 
in this sample which, after an alpha-particle bombard- 
ment, would yield radioactivity detectable in the 
present experiments is K“. 

(2) Purity of source material.—The bulk of the activity 
produced by alpha-bombardment of the target material 
is, of course, Sc“. However, the measurements of the 
positron spectrum" of Sc“ showed that about 10 percent 
of the nuclear transmutations were by K*“!(a,2n)Sc*, 
In addition, Ga® and Ga® are produced in the copper 
target plate, and a small amount of copper is scraped 
loose when the target material is removed from the 
plate. The gallium activity, while detectable, was 
always less than 1 percent of the total. 

Sc* has a period (4 hr) comparable to that of Sc*, 
so that it was not feasible to permit it to decay away 
before starting measurements, but its positron end 
point (1.13 Mev) is considerably lower than that of 
Sc“, thus giving rise to a lower relative IB intensity. 
It is safe, therefore, to set an upper limit of 10 percent 
to the error caused by impurities in the source. 


C. Scattering 


(1) Outside the vacuum chamber.—Although the 
counter was shielded from the source by lead blocks 
and the thick magnet core, the intense gamma-radiation 
was still sufficient to raise the background counting 
rate by a factor of from 3 to 10 over the normal rate. 
The background was always closely monitored, how- 
ever, so that its sole contribution to error lay in raising 
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the standard deviation of the computed IB electron 
counting rate. 

(2) Inside the vacuum chamber.—Under the heading 
of “scattered electrons’ in this section are included: 
positrons scattered from vacuum chamber walls; scat- 
tered conversion electrons from the Sc“ gamma-rays; 
Compton and photoelectrons produced by radiation 
from the annihilation of positrons in the walls; electrons 
from pair production by the 1.16-Mev gamma-rays in 
the walls—in short, any electrons which enter the 
counter from the vacuum chamber and either do not 
originate in the source material or originate in the 
source material and undergo one or more collisions 
outside the source before being counted. 

Three effects served to indicate that essentially all 
the electrons entering the counter from the vacuum 
chamber were “focused” (that is to say, unscattered) 
electrons. The first of these effects was found by chance. 
In the course of an experiment with the small spec- 
trometer it was discovered that the detector slit was 
displaced radially from its optimum position. To rectify 
this, the slit width was doubled, so as to include more 
of the focal area. Now if the electrons were scattered 
electrons, one would expect the counting rate to be 
exactly doubled. In fact, the counting rate increased 
by a factor considerably greater than 2, indicating that 
at least a large fraction of the electrons were not the 
result of scattering. 

The two most cogent arguments, though, arise from 
comparing the measurements made in the two different 
spectrometers. First, the measured shapes of the nega- 
tron spectrum agreed very closely over the accurately 
measurable energy range. Second, the measured relative 
intensities (that is, relative to the positron intensity) of 
the negatrons were the same within the experimental 
error of about 2 percent. Now since the scattering 
processes are dependent upon the geometry of the 
vacuum chamber, both the energy distribution and the 
relative intensity of scattered electrons will be different 
in the two spectrometers. It must be concluded, there- 
fore, that scattered electrons make a very small 
contribution to the measured negatron intensity. 


D. Possible Alternative Negatron Origins 


Having ascertained that the electrons originate in the 
source material, we must now examine the evidence 
that they have their origin in the IB process. The 
evidence is of an indirect kind; we consider, and hope 
to be able to discount, the other possibilities for the 
electron origin. 

(1) B- spectrum.—The obvious question to be an- 
swered initially is whether the electrons are true beta- 
particles. The answer is equally obvious, however, from 
the momentum spectrum. The spectrum does not re- 
semble a beta-spectrum; on the contrary, the electron 
intensity increases monotonically with decreasing en- 
ergy. Hence we can safely say that the electrons are not 
beta-particles. 
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(2) Internal conversion of K—L x-rays (Auger elec- 
trons).—X-radiation following K-capture will be highly 
internally converted, but the conversion electrons will 
all have energies (approximately) equal to the difference 
in binding energy of electrons in the K and L shells. 
For calcium (Z= 20) this difference is only about 4 kev, 
which is below the measured energy range. 

(3) Photoelectrons and Compton electrons produced 
in the source material by the Sc* gamma-rays.—Simple 
calculations show that, of these processes, the produc- 
tion of Compton electrons by the 271-kev gamma-ray 
is by far the most probable; the probability of such a 
gamma-ray producing a Compton electron is 0.11 per 
g/cm? source thickness. For the sources used, this 
probability is of the order of 10~° or less. In addition, 
the measured distribution does not resemble a Compton 
distribution, and the photoelectrons would not have 
energies in the measured range. 

(4) Photo- and Compton electrons produced in the 
source material by 1B.—These effects are more probable 
than the immediately preceding ones, because both the 
photo- and Compton cross sections increase with de- 
creasing gamma-ray energy. At energies less than 80 
kev the photoelectrons will be the more intense. 
Assuming the theoretical. IB distribution to be correct, 
and using the known photoelectric cross sections, it can 
easily be shown that the number of photoelectrons per 
IB per mg/cm? source thickness varies from 10 at 10 
kev to 10-* at 45 kev to 10-* at 160 kev. The total 
contribution of photoelectrons and Compton electrons 
to the measured electron intensity has a maximum of at 
most 0.3 percent at 10 kev and is considerably less at 
higher energies. 

(5) Internal pair production by the 1.16-Mev gamma- 
ray.—The probability of this phenomenon occurring, as 
calculated by Rose and Uhlenbeck” and Jaeger and 
Hulme,” is about 5X10-5 pair per gamma-ray. The 
energy distribution of the negative electrons decreases 
roughly linearly from 10~ per gamma-ray at zero energy 
to 0 at about 150 kev. The maximum contribution to 
the measured negatron intensity is about 4 percent at 
about 75 kev; it is about 1 percent at 10 kev and 0 at 
150 kev. 

(6) Internal pair production by the Sc* positrons.— 
According to Bradt,”® this process is about 100 times 
less probable than the last one mentioned above. 

(7) Recoil electrons from the scattering of Sc“ posi- 
trons in the source material.—We should like to know 
how many of the detected electrons were ejected from 
the source material because of collisions with the Sc“ 
positrons. To compute this number we would need to 
know the form of the interaction between positron 


2M. E. Rose and G. E. Uhlenbeck, Phys. Rev. 48, 211 (1935). 

% J. C. Jaeger and H. R. Hulme, Proc. Roy. Soc. (London) 
148, 708 (1935). 

™ These numbers are based on the assignment (see reference 16) 


of an EQ or MD character to the gamma-ray. 
*6 H. Bradt, Helv. Phys. Acta 17, 1 (1944). 
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and negatron. Unfortunately, to quote Heitler,** “In 
the present theory of the positive electron this inter- 
action is not included in a satisfactory way.” As a 
result we must base our argument on less quantitative 
grounds. 

The number of scattering processes occurring would 
certainly vary directly as the source thickness. In these 
experiments sources were used which differed in thick- 
ness by a factor of about 2 to 3; hence one would expect 
a 2- to 3-fold increase in the number of spurious counts. 
What actually was observed, however, was essentially 
no difference in the measured spectra down to an energy 
of about 35 to 40 kev. As we shall see, the deviation at 
this point can be explained satisfactorily in another 
manner. Hence we conclude that the number of recoil 
electrons is inappreciable. 

(8) Rearrangement of atomic electrons —During posi- 
tron emission the atomic number decreases by one, and 
therefore the binding energy of all the atomic electrons 
also decreases. One might wonder if this energy release 
would be sufficient to accelerate an electron into the 
measured energy range. A simple computation shows, 
however, that the available energy is less than 1 kev. 


E. Additional Causes for Possible Spectrum 
Distortion 

In the preceding section we have presented the evi- 
dence that most of the detected electrons had their 
origin in the IB-type process. Next we must determine 
to what extent the measured spectra were distorted by 
other causes. 

The mere fact that the spectra, as measured in 
different spectrometers using sources of different thick- 
nesses, agree so well down to an energy of about 35 kev 
is strong evidence that the measured spectrum is the 
correct one over the range of about 35 to 150 kev. 

(1) The effects of source thickness—The increased 
number of low energy electrons in Experiment II is 
believed to be caused by backscattering in the thicker 
source used. This is substantiated by the following 
considerations. Hamilton and Gross,” by examining 
all data through July, 1949, on negatron activities for 
which good information on source thickness is available, 
have determined an empirical relation between source 
thickness and the energy at which deviations from a 
straight line Fermi plot occur. This relation is 


Vi=1700(Z%/A)}, 


where V; is the critical energy in kev, and ¢ is the 
source thickness in g/cm*. For ScCl;, the average Z 
and A are 18 and 38, respectively. Substituting V.=35 
and solving for /, we find ‘= 50 yug/cm?, which is better 
agreement with the estimated value than one has any 
right to expect. For the thinner source, substituting 
t=20 ug/cm?, we find V,=22 kev. It is, therefore, 

*°W. Heitler, The Quantum Theory of Radiation (Oxford 


University Press, New York, 1944), second edition, p. 198. 
27D. R. Hamilton and L. Gross, Rev. Sci. Instr. >t 912 (1950). 
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believed that in Experiment III the spectrum is undis- 
torted by source thickness down to at least 25 kev. 

(2) The effects of absorption in counter gas and 
counter window.—In a side window counter, once an 
electron passes through the window it is counted. In 
every experiment the Zapon window thickness was 
3 ug/cm?; such windows have effectively 100 percent 
transmission down to at least 20 kev. 

In the end window counter used in Experiment I, 
electrons were required to traverse about 50 ug/cm?of 
counter gas before entering the region in which they 
were counted. The resulting effect on the counting rate 
is shown in Fig. 3. The transmission of the counter gas 
varies from 100 percent at about 100 kev to 50 percent 
at about 30 kev. (Part of this effect, however, is prob- 
ably caused by increased source thickness.) 


F, Final Judgment of Accuracy 


In view of the possible sources of error discussed, the 
accuracy of the measured electron spectrum between 
30 and 150 kev is judged to be: +3 percent, —20 
percent. 


G. Balance of Energy 


So far we have presented the evidence for the asser- 
tion that the electrons detected were actually formed 
in the IB process and that the energy spectrum meas- 
ured is the correct one. At this point it might be well 
to consider another question: that of the balance of 
energy. If, as these experiments indicate, the beta- 
decay process involves three emitted particles about 
4 percent”* of the time, could one detect the difference 
between the resulting beta-spectrum and that predicted 
on the basis of purely two-particle emission? The 
answer is, probably not. The average energy decrease 
per positron is about 5 kev;** the decrease is less at low 
energies and greater at high energies. The point is that 
the energy loss is so “smoothed out” over the spectrum 
that it is unlikely to be detected in experiments of 
present day precision. 


H. Internal Conversion Coefficient 


The measured IB internal conversion coefficient and 
its energy dependence bear no resemblance to a con- 
version coefficient for any multipole order nuclear 
gamma-radiation. Is this to be expected or not? 

An argument that it is not to be expected in the 
following. The de Broglie wavelength, X=h/p, for 
positrons of energy greater than 5 kev is less than the 


28 This number will no doubt vary from one isotope to another. 
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radius of the Sc“ K-shell; that is, all positrons with 
more than 5-kev energy are created within the K-shell. 
One might expect, then, that the electromagnetic field 
experienced by a K electron would not be greatly 
different from that produced by the nucleus before 
beta-emission. 

The experiments show, however, that either this 
argument or the KUB theory is wrong. The former 
seems to be the more probable. Certainly, an exact 
theoretical treatment of the phenomenon is desirable. 


CONCLUSIONS 


These experiments indicate the existence of a mode 
of beta-disintegration in which the energy emitted is 
shared by three particles: beta-particle, neutrino, and 
orbital electron. The energy spectrum of the ejected 
orbital electrons (IB electrons) from Sc“ has been 
measured over the range 30 to 150 kev. The IB internal 
conversion coefficient—that is, the ratio of the measured 
number of IB electrons to the number of IB predicted 
by the KUB theory—was found to be essentially con- 
stant over the measured energy range, and equal to 4.3. 
The frequency with which the three-particle disinte- 
gration takes place is about 0.04 times that of ordinary 
decay into a beta-particle and a neutrino. The measure- 
ments have an estimated accuracy of +3 percent, 
— 20 percent. 

The author wishes to express his gratitude to Pro- 
fessor Lawrence M. Langer for his friendly guidance 
and valuable aid during the course of this research, to 
Professor Emil J. Konopinski and Dr. Max Krook for 
many enlightening discussions of the theory of internal 
bremsstrahlung, and to Professor Milo B. Sampson 
and members of the cyclotron crew for the numerous 
alpha-particle bombardments. 

This work was assisted by a grant from the Frederick 
Gardner Cottrell Fund of the Research Corporation 
and by the joint program of the ONR and AEC. 


APPENDIX. 
CHEMISTRY OF SCANDIUM 


To separate scandium from KCI: 


(1) Prepare 20 cc of carrier solution of Sc,03 in HNOs, containing 
10 to 50 yg Sc. 

(2) Dissolve KCl in this solution. 

(3) Precipitate Sc(OH); by adding NH,OH. 

(4) Filter through a fritted glass funnel, and wash with 50 cc hot 
H,0. Remove filtrate and save. 

(5) Wash precipitate with hot H,O to remove NH, salts. 

(6) Dissolve precipitate in 15 cc hot 6 N HCl, and wash with a 
small account of H,O to remove all HCl. 

(7) Evaporate to dryness, then dissolve in 2 or 3 drops H;O. 





PHYSICAL REVIEW 


VOLUME 84, 


NUMBER 2 OCTOBER 15, 1951 


Radiations from Ge*® 


CuarLes M. Huppieston AND ALAN B. Smita 
Indiana University, Bloomington, Indiana* 
(Received June 18, 1951) 


The radiations from Ge® (39.6 hr) have been studied with the help of a magnetic lens spectrograph. 
Gamma-rays of energies 0.090, 0.388, 0.576, 0.870, 1.12, 1.340, 1.610 Mev have been found. The positron 
spectrum is complex and can be analyzed into three groups of end-point energies 1.215 Mev (88 percent) 
0.610 Mev (10 percent), and 0.220 Mev (2 percent). Coincidence studies have also been made. A tentative 


energy level scheme is presented. 





I. INTRODUCTION 


ARLY work on Ge® showed that it is a positron 

emitter having a half-life of about 39 hours. 
Mann! showed that it could be made by bombarding 
zinc with alpha-particles. He measured the positron 
endpoint by absorption and found a value of 1.0 Mev. 
Seaborg, Livingood, and Friedlander? produced the 
same activity by deuteron bombardment of gallium. 
McCown, Woodward, and Pool* produced it by bom- 
barding separated isotopes of germanium with deuterons 
and measured a period of 39.6 hours. Using a cloud 
chamber, they showed that the radiations consist of 
positrons and x-rays. They determined the positron 
endpoint by absorption and found a value of 1.0 Mev. 
Finally, Hopkins‘ found that this activity is produced 
as a result of spallation reactions. Since no detailed 
information exists on the disintegration scheme of this 
element, it was decided to make a study of its radiations 
in a nuclear spectrograph. 


II. METHOD OF PREPARATION OF SOURCES, 
AND APPARATUS 


Sources of Ge® were prepared by the reaction 
Ga®(d,2n)Ge®. Gallium oxide was bombarded by 11.5- 
Mev deuterons in the Indiana University cyclotron. 
The only other germanium activity produced by this 
method is Ge” (11 days) which decays entirely by 
orbital electron capture accompanied by x-rays. No 
positrons or gamma-rays have been observed from Ge”. 

The source material was dissolved in HCl and the 
resulting GeCl, was distilled in an atmosphere of 
chlorine. The gamma-ray sources were precipitated as 
germano-molybdo-8-hydroxy-quinalate. The beta-ray 
sources were precipitated as germanium sulfide. 

The sources were investigated with the help of a 
magnetic lens spectrograph. This instrument, which 
has been previously described,’ was modified to use 
the method of ring focusing. 


* Supported by the joint program of the ONR and AEC. 
1 W. B. Mann, Phys. Rev. 54, 649 (1948). 

2 Seaborg, Livingood, and Friedlander, Phys. Rev. 59, 320 

1941). 
* McCown, Woodward, and Pool, Phys. Rev. 74, 1311 (1948). 
‘H. H. Hopkins Jr., Phys. Rev. 77, 717 (1950). 


5 Kern, Zaffarano, and Mitchell, Phys. Rev. 73, 1142 (1948). 


Ill. GAMMA- AND BETA-RAY MEASUREMENTS 


The gamma-rays were investigated by measuring the 
distribution of photoelectrons ejected from lead and 
uranium radiators. The surface density of the lead 
radiator was 15 mg/cm? and that of the uranium 
radiator 90 mg/cm?. Figure 1 shows the distribution of 
the photoelectrons from the lead radiators. Photoelec- 
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Fic. 1. Photoelectrons ejected from lead radiator by 
gamma-rays of Ge**, 
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Fic. 2. Photoelectrons ejected from U radiator by gamma-rays 
of Ge® in neighborhood of annihilation radiation line. 


trons corresponding to the following gamma-rays are 
seen: K,, a K-photoline for a gamma-ray of energy 
0.388 Mev; K,, a K-photoline for annihilation radia- 
tion; L,Ke, an L-line for annihilation radiation together 
with a K-line for a gamma-ray of 0.576 Mev; L2, the 
L-line for the gamma-ray of 0.576 Mev; Ks, Ls, K- and 


TaBLe I. Positrons and gamma-rays from Ge®. 








Relative intensity 


Energy of positrons 
(Mev) percent 





0.220 2 
0.616 10 
1.215 88 


Energy of gamma-rays Relative intensity 


(Mev) 
Annihilation radiation 256 
12 160 
0.870 46 
0.576 71 

0.090 

0.388 

1.340 

1.610 
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L-lines for a gamma-ray of 0.870 Mev; K, and Ly, K- 
and L-lines for a gamma-ray of 1.12 Mev; Ks and Ke, 
K-photopeaks for gamma-rays of energies 1.340 and 
1.610 Mev, respectively. The line at 0.388 Mev is weak 
and in addition comes at the peak of the Compton- 
electron distribution arising from the higher energy 
gamma-rays. Unfortunately, the K-photopeak for the 
gamma-ray at 0.576 falls under the Z-photo line from 
annihilation radiation and is not resolved. 
Experiments with the uranium radiator showed both 
K- and L-peaks for the line at 1.12 Mev and confirmed 
the existence of the line at 1.610 Mev. In addition, a 
weak line, assumed to be an Z-photoline for a gamma- 
ray of 0.090 Mev, was found. Using a thinner uranium 
radiator, it was possible to resolve the line at 0.576 Mev 
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Fic. 3. Fermi plot of positrons from Ge*. 


from the K- and L-peaks due to annihilation radiation. 
The results of this investigation are shown in Fig. 2. 
The information on the several gamma-ray lines is 
given in Table I. 

In order to investigate the distribution in energy of 
the positrons, a thin source was prepared by dissolving 
germanium sulfide in HNO; and allowing a drop of 
this solution to evaporate onto a thin Zapon foil. The 
positrons were counted with the help of a Geiger- 
Mueller counter fitted with a Zapon window having a 
cutoff at about 10 kev. During these measurements 
internal conversion electrons were looked for, but none 
were found. 

The positron distribution was analyzed by making a 
Fermi plot of the data, using the approximation of the 
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coulomb correction factor given by Bethe and Bacher.*® 
The results are shown in Fig. 3. From an inspection of 
this figure it will be seen that the spectrum is complex 
and can be analyzed into three groups whose end-point 
energies are 1.215, 0.610, and 0.220 Mev. The individual 
distributions were then plotted as an V/Hp vs Hop plot 
and the relative intensity of the three groups deter- 
mined. The results obtained are shown in Table I. 


IV. COINCIDENCE EXPERIMENTS 


Since six gamma-rays and three positron groups are 
associated with the decay of Ge®, the disintegration 
scheme is presumably rather complicated. In order to 
determine whether the highest energy positron group 
goes to the ground state or the first excited state, a 
series of coincidence experiments were carried out in a 
separate arrangement. 

The apparatus and procedures used in this experi- 
ment were the conventional ones which have been in use 
in this laboratory for a number of years.”* A cylindrical 
lead cathode counter was used for counting gamma-rays 
and a counter with an end window of mica was used 
for counting beta-rays. Since some Ge™ was always 
present in the sources which were used, care had to be 
taken not to confuse the x-rays from the Ge” with the 
positrons from Ge®. An absorption curve in aluminum 
was taken using a pure Ge” source, and it was found 
that the intensity of x-radiation reaching the beta- 
counter became negligible for absorber thicknesses 
greater than 0.10 cm of aluminum. This thickness of 
aluminum corresponded to a positron energy of 0.8 Mev. 
Coincidence experiments were therefore made starting 
from this energy and proceding out toward the endpoint 
of 1.2 Mev. A curve showing the number of positron- 
gamma coincidences (NVg,/Ng) against absorber thick- 
ness in cm of aluminum is shown in Fig. 4. The points 
shown there have been corrected in the usual manner 
for gamma-gamma, annihilation radiation, chance, and 
cosmic-ray coincidences. The results show that (Vs,/N) 
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Fic. 4. Beta-gamma coincidences in Ge®. 


( S.5 A. Bethe and R. F. Bacher, Revs. Modern Phys. 8, 194 
1936). 
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Fic. 5. Tentative disintegration scheme of Ge. 


=0.4X10~ and is independent of absorber thickness 
from 0.8 Mev on out. Since the experiments did not 
extend below 0.8 Mev, only the highest energy group 
of positrons can be responsible for the coincidences 
found in this experiment. It is, therefore, established 
that the highest energy positron group does not lead to 
the ground state of Ga®. 


V. DISCUSSION 


In trying to draw up a disintegration scheme, one 
has to be guided almost entirely by energetic consider- 
ations and the results of the coincidence experiments. 
It was possible to measure the relative intensities of a 
few of the gamma-rays. The relative intensities of those 
measured are shown in Table I. The intensity of the line 
at 0.576 Mev is considerably in doubt, since it had to 
be determined by estimating the contribution of the 
L-line for the annihilation radiation to the peak shown 
for La+XK2 and obtaining the intensity of the 0.576 line 
by difference. 

A tentative decay scheme which fits the energies of 
all the lines and positron groups concerned and gives 
the best agreement with the observed intensities is 
shown in Fig. 5. 

The authors are indebted to Professor A. C. G. 
Mitchell, who suggested the problem, for help and 
advice in the carrying out of the work. They also wish 
to express their thanks to Dr. M. B. Sampson and the 
cyclotron crew for carrying out the bombardments and 
to Mr. Arthur Lessor for performing the chemistry. 
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The modes of decay of 8-hour Ta‘ have been studied by means of a magnetic spectrometer and coinci- 
dence-absorption techniques. It is found that approximately 21 percent of the decays involve either of two 
negative beta-particles in transitions to states of W'**. The remainder of the decays proceed by means of 
K-capture to at least two different states of Hf'**. No positrons are observed. Very prominent conversion 
lines attributed to a 93-kev gamma-transition in Hf!* are observed, in addition to a weaker line considered 
to be associated with a 102-kev gamma-ray in W'®. Auger electrons are also present. The multipolarity 
of the 93-kev gamma-ray is thought to be electric quadrupole. 





I. INTRODUCTION 


IGHT-HOUR radioactive Ta’ was investigated 

by Oldenberg,' and more recently by Wilkinson.’ 
The first investigator employed absorption techniques 
upon a sample produced by the reaction Ta!®!(m,2n)Ta™. 
K x-radiation was found which was attributed to decay 
by K-capture. Negatively charged particles of maximum 
energy 0.48 Mev were also found. The second worker 
produced the activity by means of (m,2m) and (p,pm) 
reactions. Utilizing absorption methods and a magnetic 
spectrometer, Wilkinson found negative beta-particles 
of maximum energy 0.7 Mev, LZ and K x-radiation, and 
a 1.3-Mev gamma-ray. 

Ta!® has been extensively investigated in this labo- 
ratory during the past two years. The work was re- 
ported in part at the 1950 meeting of the American 
Physical Society at Chicago.’ The activity was obtained 
in abundance and in pure form by a (7,m) reaction on 
the 100 percent isotope Ta!*, 


Il. APPARATUS 


The sources were produced by a probe technique of 
activation in the 22-Mev betatron at the University of 
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Fic. 1. Block diagram of the field regulator employed with the 
180° magnetic spectrometer. 


* AEC fellow. 

T Assisted in part by the joint om of the ONR and AEC. 
10. Oldenberg, Phys. Rev. 53, 35 (1938). 

2 G. Wilkinson, Phys. Rev. 80, 495 (1950). 

3 Bendel, Brown, and Becker, Phys. Rev. 81, 300 (1951). 


Illinois. The details of this method of activation have 
been reported previously.‘ Metallic tantalum foils of 
thickness } mil (~ 11 mg/cm?) were largely used in the 
spectrometric measurements of the particles, while 
somewhat thicker samples were employed for the 
gamma-ray measurements. Typical activities for a }-mil 
foil, 2 mm wide and 24 mm long, were of the order of 
20 microcuries of particles. 

A 180-degree magnetic spectrometer, a scintillation 
spectrometer, and absorption and coincidence absorp- 
tion techniques were employed in the present work. 
The latter were of a standard variety and need not be 
discussed here, and the scintillation spectrometer, a 
multichannel device, will be described elsewhere. The 
magnetic spectrometer permits the recording of data 
either manually or automatically. The automatic 
features provide constant rates of change of the mag- 
netic field, and a recording of counter data at uniform 
time intervals. 

The method through which the changing magnetic 
field is produced is summarized in the block diagram 
shown in Fig. 1. The field is monitored by means of 
two small rotating coils, C; and C2. C; rotates in the 
field of a reference permanent magnet (magnetron 
magnet) and C; rotates in the gap of the spectrometer. 
The two coils are on a common shaft of a 30-cycle 
synchronous motor in order to minimize frequency and 
phasing difficulties. The output emf of each is taken 
off by means of slip rings. C; is connected to a 15 turn, 
0.05 percent linearity Beckman Helipot, A as shown, 
the output of which is connected in series with the 
output of C2, Any small difference signal is amplified 
by a 30-cycle amplifier of the Sturtevant® type and 
compared by means of a phase selector with the refer- 
ence voltage (output of C,). Following this the amplified 
difference signal is rectified. Depending upon the phase 
of the difference signal relative to that of the emf from 
Ci, a positive or negative dc voltage is produced by the 
rectifier. After a stage of amplification, this control 
voltage is applied to the grids of 6AS7 triodes to correct 


*R. A. Becker and F. S. Kirn, Phys. Rev. 76, 182 (1949); 
Becker, Kirn, and Buck, Phys. Rev. 76, 1406 (1949); R. A. 
Becker, Rev. Sci. Instr., to be published. 


5 J. M. Sturtevant, Rev. Sci. Instr. 18, 124 (1947). 
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Fic. 2. Bp curve showing conversion lines and the continuous 
beta-spectrum. The Kurie plot of the continuum, depicted in the 
insert, is consistent with the presence of two components as 
indicated. 


the portion of the magnet current controlled by them. 
The latter circuit is represented in the diagram as a 
variable impedance. The result is a field-regulated 
device. Such a technique has been employed by others.® 

The dial of the helipot is calibrated directly in terms 
of Bp values by means of the conversion line found in 
the decay of Cs!*’, and the gamma-rays found in the 


decay of Co. A linear variation of the spectrometer 
field with time is realized by driving the helipot shaft 
with one of an assortment of synchronous timing 
motors. The counter data are recorded by a Streeter- 
Amet-type’ recorder which prints accumulated counts 
at specified intervals. 


Ill. DATA 


The half-life was measured with five different samples, 
three of which were followed for at least 10 half-lives. 
One of the latter was followed for a time greater than 
100 half-lives, and showed that the amount of Ta’? 
activity present (formed from nm capture by Ta'*') was 
of the order of only 10-5 of the initial Ta! activity. 
The data were obtained continuously (save for the 
long run), employing a Streeter-Amet recorder’ in 
conjunction with an Amperex type 200C (1.4-mg/cm? 
mica window) halogen-filled counter. The measurements 
were corrected for dead-time, the presence of the weak 
Ta!® activity, and other background. On the basis of 
six such determinations the half-life was found to be 
8,150.02 hours. 

Figure 2 shows a conventional momentum spectrum 
of the negative particles present, together with a Kurie 
plot of the continuous portion of the spectrum. The 
analysis of the beta-particles is consistent with the 
existence of two components, 9; and 82, with end points 

*E. P. Tomlinson, Phys. Rev. 74, 1231 (1948); E. M. Lyman, 
private communication. 


7 Streeter-Amet Company, 4101 North Ravenswood Avenue, 
Chicago, Illinois. 
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separated by about 100 kev, and with the upper 
endpoint at 705+15 kev. Presumably the betas involve 
transitions to states of W'™. The source thickness was 
11 mg/cm?, and the counter window thickness was 
75 ugm/cm*. The slight break at approximately 450 
kev on the Kurie plot was shown, by employing still 
thicker sources, to be the result of the unfavorable 
source thicknesses which were necessarily employed for 
reasons of intensity. The evidence consisted in the fact 
that when the foil thickness was changed, the location 
of the break near 600 kev remained unaltered, while 
the other shifted in position. The dashed lines on the 
momentum plot represent the decomposition of the 
continuum into the two components @; and #2. The 
ratio B2/(8:+ 82) was found to be 0.53+0.09. It will 
be shown below that the disintegration of the parent 
Ta!™ state proceeds predominantly by K-capture, there 
being about four K-captures to every beta-particle. The 
conversion lines associated with a 93-kev gamma-ray 














Fic. 3. Absorption, in copper, of x-rays and gamma-rays. 


are too intense to be attributed to a transition in W™, 
following the f2-decay, and are consequently assigned 
to a transition in Hf'® following a K-capture transition. 
This is consistent with other evidence cited below. 
Likewise, the two lines between 93-K and 93-L are 
interpreted as Auger electrons arising from the con- 
version of the Hf'® x-rays of energy 54.7 to 55.9 kev. 

The weak line near 1100Bp was interpreted as an 
M conversion of a 102-kev gamma-ray and, for reasons 
given below, was associated with a transition in W'™, 
following 62. The L line of the 102-kev gamma-ray is 
superimposed upon the M line of the converted 93-kev 
gamma-ray. 

An absorption curve of the electromagnetic radiation, 
using copper absorbers, is presented in Fig. 3. A scintil- 
lation counter detector composed of a 5819 photo- 
multiplier tube and a 5-mm thick crystal of NaI were 
employed. The results show that the radiation consists 
mainly of a portion in the range 55 to 60 kev, inter- 
preted as x-rays, and another at about 100 kev, the 
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latter being present to the extent of 0.132-0.05 of the 
lower energy fraction. The symbol N,/N, will be 
employed below for the ratio. Additional absorption 
data in the range of higher energies, and using both 
copper and lead absorbers, indicated the possible 
presence of one or more weak components in the range 
175 to 450 kev. Evidence for this was obtained also 
with a scintillation spectrometer which confirmed the 
strong components near 55 kev and 100 kev, and 
revealed weak lines at approximately 0.2 Mev and 
0.4 Mev. The intensity of the weaker radiation was 
less than 1 percent of the 55-kev component. 

The supposition stated above, and by Oldenberg,! 
that the soft component is K, x-radiation following a 
K-capture transition to Hf!®, was supported by critical 
absorption measurements performed with absorbers 
made from the rare earth oxides Nd2O;, Er.O;, and 
Yb,O3. This point of view is supported also by measure- 
ments of the relative intensities of the various radia- 
tions. These indicated far too many 55-kev quanta (as 
well as too many conversion electrons) for these to be 
associated exclusively with the beta-particles going 
to W'®™. 

The relative intensities of the conversion electrons 
and beta-particles was found to be V./Ns=2.2+0.7. 
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Fic. 4. Beta-gamma and x-gamma coincidences as a function of 
copper absorber thickness placed in front of the gamma-counter. 
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The determination was made by absorption of the 
particles from a somewhat thinner source than used 
afore-mentioned. Aluminum absorbers and an end- 
window Geiger counter (1.4-mg/cm?* window thickness) 
were employed. The source was prepared chemically 
from a tantalum foil which had been irradiated with 
the betatron. The prepared source was estimated to 
have a thickness of about 1 mg/cm? or less. 

The possibility was recognized, in these experiments, 
that the large number of L x-ray quanta present might 
affect the numbers V, and Nz. Accordingly, absorption 
curves of the single counting rates from a similar source 
were taken, in which the radiations were collimated by 
slits in the field of a permanent magnet. Charged 
particles of electronic mass were unable, except for 
scattered radiations, to negotiate the slits in the pres- 
ence of the field. Data obtained with and without the 
magnet indicated that the effect of the Z x-rays was 
not more than 4 percent of that of the charged particles. 

Similar measurements were carried out, employing a 
scintillation counter detector, in order to determine the 
relative numbers of beta-particles and 55-kev x-rays. 
The crystal was 5 mm thick Nal covered with 3.4 
mg/cm? aluminum. The ratio V/N., after correcting 
for the thickness of air and aluminum, and assuming 
100 percent absorption of the x-rays in the crystal, 
was found to be 0.28+0.08. 

Figure 4 shows the results of beta-gamma and 
X-gamma coincidence measurements employing a Woods 
type end-window counter for the beta-particles, and 
scintillation counters as detectors for the x-rays and 
gamma-rays. The data are plotted in terms of numbers 
of coincidences as a function of copper absorber thick- 
ness placed in front of the gamma-ray detector. Particles 
were prevented from reaching the phosphors by means 
of aluminum blocks of thickness 1 g/cm*. The results 
indicate that gamma-radiation of approximately 100 
kev is concerned in both the beta-gamma coincidences 
and x-gamma coincidences. The low energy tail of the 
lower curve owes itself to additional coincidences arising 
from x-rays being detected in the gamma-counter at 
small absorber thicknesses. This portion of the absorp- 
tion curve presents a half-thickness attributable to 
radiation of about 55-kev energy. These results are 
consistent with the assignments of the conversion lines 
previously given in Fig. 2. 

A search was made for possible positrons by studying 
the gamma-gamma coincidences. Scintillation counters 
were employed at the two angular separations of 90° 
and 180°. The results indicated that there are not 
more than 5 positrons in 10° disintegrations. 


IV. DISCUSSION 


An estimate of the total conversion coefficient of the 
93- and 102-kev gamma-radiation, although subject to 
large uncertainties, was obtained from N,/N,, the 
ratio of the total number of electrons to the total 
gamma-radiation of energy near 100 kev. This was 
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found to be in the range 2 to 9, with a probable value 
of 4.6. The determination was made by utilizing the 
three ratios N./Ns, Ng/N:, N.z/Ny which were men- 
tioned in Sec. III. The quantity NV, was corrected to 
include the Auger electrons arising from the conversion 
of the x-rays in the Z and M shells of Hf'® (and to some 
extent in W'™). The number of these was estimated by 
comparison with the data of Steffen, Huber, and 
Humbel*® for Au™ and Au"®, It was thought that a 
reasonable value was 0.077 for the ratio of Auger 
electrons to x-rays. 

The K/L ratio of conversion electrons associated 
with the 93-kev gamma-ray was estimated from Fig. 2, 
aided also by an analysis of the type of Richardson’s® 
for thick sources. The value found was 0.157933. 
Employing Axel’s curves, and an empirical curve 
kindly supplied in advance of publication by Gold- 
haber," considerations of the total conversion coefficient 
and of the K/L ratio indicated the 93-kev gamma-ray 
probably to be electric quadrupole radiation. 

The above results are summed up in Fig. 5, which is 
a partial level scheme thought to be involved in the 
decay of Ta! to Hf'® and W'™. The total percentage 
of K-capture transitions was determined to be as shown 
in the figure from the ratio V/N by correcting for the 
presence of Auger electrons, and for the presence of 
x-rays following K-conversion of the two gamma-rays 
principally involved in various decay processes. The 
division into the two branches K; and K2 was necessary 
in order to account for the excess of x-rays over radia- 
tions involved in the 93-kev transition. K, is assumed 
to go to the ground state of Hf'® because of the absence 
of other radiation of intensity comparable to that of 
the 93-kev radiations. Although not sufficiently certain 
to be included in the figure, the ratio of Ki/K: was 
estimated to be about 0.7. The branch K; was included 
hypothetically in order to explain the apparent presence 
of weak gamma-ray components in the range 175 to 
450 kev. Gamma-rays in this range have been observed 
in Hf'® by Burson.” The assumption is also made that 
8; involves the ground state of W'™. 


8 Steffen, Huber, and Humbel, Helv. Phys. Acta 22, 167 (1949). 

*H. O. W. Richardson, Proc. Phys. Soc. (London) A63, 234 
(1950). 

10 P. Axel and R. F. Goodrich, ONR report, unpublished. 

tM. Goldhaber, private communication. 

2 Burson, Blair, Keller, and Wexler, Phys. Rev. 83, 222 (1951). 
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Fic. 5. Tentative partial level scheme involved in the decay of 
Ta'® to Hf'* and W'*. 


Since both Hf'® and W'™ are even-even nuclei, it is 
assumed that they both have zero spin in the ground 
state. Accordingly, since the 93-kev gamma-ray was 
judged to be electric quadrupole, the spin of the excited 
state of Hf'® must be 2 and must have the same parity 
as that of the ground state. Estimates of the ft values 
of K, and K2 were made, assuming that at least 400 kev 
was involved in the K, transition, and in view of the 
absence of positrons, that not more than 1400 kev was 
involved. The values of logft for both K; and K2 were 
estimated to be in the range 4.5 to 6.6. The spin of 
the Ta'® parent state, consistent with both these ft 
values and with the fact that K, and K¢ are of approxi- 
mately equal intensity, is chosen to be 1. The magni- 
tudes of logft are consistent with allowed, and possibly 
with first-forbidden transitions. Thus the parity of 
Ta'®, relative to that of the two states of Hf'®, is 
subject to some doubt. The parity of Ta!®, as shown in 
the figure, is that which is the case if K,; and Ky» are 
both allowed. 

The values of logft for 8; and 82 were found to be 
6.8 and 6.5, respectively. The spin assignment to the 
excited state of W'® is consistent with both these ff 
values and with the fact that 8; and 2 are of approxi- 
mately equal intensity. It is quite likely that the same 
type of transition is involved for the major components 
going to W'®, as for the major components going to 
Hf'®. For the spin and parity assignments shown in 
W'® the 102-kev gamma-ray would be electric quadru- 


pole. 
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The energy spectrum of 14-Mev neutrons from the (T—D) reaction after transmission through 6 cm 
of lead, or bismuth, has been measured by the photographic emulsion method. Approximate agreement 
with the Weisskopf theory is found, the nuclear temperatures being 0.8 Mev for lead, 0.9 Mev for bismuth. 
In lead, there is some indication of a group with a discrete loss of energy of about 5 Mev. 





HE inelastic scattering of fast neutrons in lead 
and bismuth has been investigated by a method 
essentially similar to that of Stelson and Goodman.! 
Neutrons from the bombardment of a deuterium- 
zirconium target by a magnetically resolved beam of 
tritium ions from the Chalk River 200-kev accelerator 
were allowed to fall on Ilford C2 photographic plates 
placed in the plane of the target at right angles to the 
tritium beam. The target was at the end of a 3-inch 
brass tube, and exposures were made (a) with the 
target assembly as nearly as possible isolated and (b) 
with the target surrounded by a sphere of lead or 
bismuth, 6 cm in radius, through which was drilled a 
2-cm diameter axial hole for the target assembly. 
Tracks of recoil protons making angles not exceeding 
13° with the direction from the source were measured. 
Corresponding proton energies were deduced from the 
range-energy curve of Lattes et a/.,? and the distribution 
in energy of the incident neutrons calculated by cor- 
recting for the variation with energy of the neutron- 
proton collision cross section, using the results of Bailey 
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Fic. 1. Energy distribution of fast neutrons scattered by lead. 
The solid line represents the distribution from the source alone; 
the broken line represents the distribution from the source 
surrounded by a 6-cm lead sphere. 

* This work was assisted by a grant from the National Research 
Council of Canada. 


1 P. H. Stelson and C. Goodman, Phys. Rev. 82, 69 (1951). 


et al.,’ and for the probability that a track leaves the 
emulsion. 

Results of the experiments using no scattering ma- 
terial (250 tracks) and with 6 cm of lead (300 tracks), 
normalized to represent equal numbers of neutrons, 
are shown in Fig. 1. In the first case the majority of 
the neutrons are concentrated in the region of 14.0 Mev, 
the width at half-maximum of a smooth curve drawn 
through the observations being 0.8 Mev, which may be 
accounted for by straggling and variation of direction 
of the proton tracks. These neutrons are, therefore, 
essentially monoenergetic. There is, however, an appre- 
ciable background of tracks of lower energy, caused, 
presumably, by neutrons which have been scattered by 
surrounding material-analyzing magnet, floor, etc. 

The results obtained with lead show that about 40 
percent of the incident neutrons have been inelastically 
scattered, most if not all of these having energies now 
below 4 Mev. The small group at 8 Mev is probably, 
but not certainly, real, being based on only 10 tracks. 

Weisskopf* has given an equation for the energy 
distribution of inelastically scattered neutrons for the 
case where the incident neutron interacts with all the 
nucleons of the target nucleus, and the spacing of energy 
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Fic. 2. Energy distribution of fast neutrons scattered by lead 
(background subtracted). Equation N(E)=AE exp(—£/T) fitted 
by a straight line, giving 7=0.8 Mev. 


3 Bailey, Bennett, Bergstrahl, Nuckolls, Richards, and Williams, 


2 Lattes, Fowler, and Cuer, Proc. Phys. Soc. (London) 59, 884 Phys. Rev. 70, 583 (1946). 
4 


(1947). 


V. F. Weisskopf, Phys. Rev. 52, 295 (1937). 
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Fic. 3. Energy distribution of fast neutrons scattered by 
bismuth. The solid line represents the distribution from the source 
alone; the broken line represents the distribution from the source 
surrounded by a 6-cm bismuth sphere. 


levels of this nucleus is small compared with the energy 
of the incident neutron. It is 


N(E)dE= AE exp(—E/T)dE, 


where N(E)dE is the number of neutrons having 
energies between E and E+dE, and T is the “tempera- 
ture”’ of the nucleus. 

To test the applicability of this equation, the back- 
ground was subtracted from the calculated distribution, 
and log(V/E) plotted against EZ, as shown in Fig. 2. 
Agreement with the formula does not appear complete 
although in view of the statistical errors the results are 
not definitely inconsistent with it. The drop observed 
at low energies may be due to failure to identify the 
short tracks involved. Drawing a straight line through 
the observations as indicated leads to a value of 0.8 Mev 
for the parameter 7. This gives an energy level spacing 
in the lead nucleus of 0.05 Mev, since 7 = (aE»)!, where 
E, is the incident neutron energy and a is the level 
spacing at an excitation energy corresponding to several 
Mev above neutron binding, i.e., to about 10-11 Mev 
above ground. 

The spacing of the lower energy levels of all lead 
isotopes appears to be much greater than this,* but here 
we are dealing with levels in the neighborhood of an 
excitation energy of 11 Mev. 

Two further factors may affect the observed distri- 
bution. First, since as many as 40 percent of the incident 
neutrons are inelastically scattered, it might be expected 
that a considerable proportion of them would be twice 
so scattered. However, the relatively low energy of the 
once-scattered neutrons and the wide spacing of the 
lower energy levels in lead might prevent this. Experi- 
ments with a thinner layer of scattering material are 


> Kinsey, Bartholomew, and Walker, Phys. Rev. 82, 380 (1951). 
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Fic. 4. Energy distribution of fast neutrons scattered by bis- 
muth (background subtracted). Equation N(Z) = AE exp(— E/T) 
fitted by a straight line, giving T7=0.9 Mev. 


planned to test this point. Secondly, since the available 
energy is high, an (m,2m) reaction may occur. The 
threshold for this reaction, being the same as that for 
the (y,#) reaction, is at most 7.4 Mev for any lead 
isotope.® Finally, it is not certain that the background 
is sensibly unchanged by the presence of the scatterer. 

From the fraction of the neutrons scattered the 
inelastic scattering cross section can be calculated, 
on the assumption that only the (#,) reaction occurs, 
which, as discussed above, may be in error. A 
value of 2.6 10-* cm? was obtained, which seems a 
little high. The “geometrical” cross section +R? with 
R=1.40X10-"A! cm is 2.2X10-* cm?. If the back- 
ground is assumed due to fast neutrons crossing the 
photographic emulsion obliquely, a value of 2.35 10- 
cm? is obtained. 

The results for bismuth, shown in Figs. 3 and 4, are 
remarkably similar to those for lead, but there is in 
this case no evidence of any group of neutrons with 
energies between that of the incident beam, and those 
in the main scattered group below 4 Mev. The agree- 
ment with Weisskopf’s theory seems better than in the 
case of lead, the values deduced for the parameters 
being 7=0.9 Mev, a=0.05 Mev. 

In the case of bismuth the (7,2) threshold is about 
the same, 7.5 Mev.® The inelastic scattering cross sec- 
tion, calculated again assuming no (n,2m) reaction, is 
3.3X10- cm*, This strongly suggests that the (,2n) 
reaction occurs frequently, but again no numerical 
estimate can be given. 

The results of the experiments on lead are in good 
agreement with those of Stelson and Goodman,' who, 
using 15-Mev neutrons, found T=0.7 Mev. 

This work was suggested by Dr. B. W. Sargent and 
plates were exposed at the Atomic Energy Project, 
Chalk River. We are indebted to Dr. K. W. Allen and 
the accelerator team for the exposures, and to Dr. B. 
W. Sargent and Dr. B. B. Kinsey for helpful discussions. 
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A gamma-gamma coincidence counting method is used to detect pair emission from an excited state 
of Mg™. The positrons are stopped in absorbing material surrounding the source and detected by their 
annihilation radiation. The coincidence rate due to annihilation radiation is distinguished from the rate 
due to cascaded nuclear gamma-rays by the sharp 180-degree angular correlation of the annihilation radia- 
tion. Pair emission from Mg* is distinguished from gamma-ray pair production in the material surrounding 
the source by using materials of different atomic number Z. The efficiency of the apparatus for detecting 
positrons is determined by observing the coincidence rate from a Na® source of known disintegration rate. 
This efficiency, combined with the fraction of the observed coincidence rate that is due to pair emission from 
Mg and with the known disintegration rate of the parent Na™ source yields a value of (6.71.0) X10™ 
for the internal pair-conversion coefficient of the 2.76-Mev transition in Mg”. This value agrees with that 
calculated by Rose for electric quadrupole transitions of this energy. 





I. INTRODUCTION 


NE of the various processes by which an excited 
nucleus can lose energy is by the emission of 
positron-negatron pairs. This process, called internal 
pair creation or internal pair conversion, provides a 
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Fic. 1. Gamma-gamma coincidence counting rate as a function 
of the angle between the two counters. The source is enclosed in an 
aluminum cylinder thick enough to stop all the beta-rays. The 
counter efficiency is 30 percent for 0.51-Mev gamma-rays. The 
counter solid angle as seen from the source is 107? of 4r. 

* This article is based on a thesis submitted to Washington 
University by one of the authors (M.R.C.) in partial fulfilment of 
the requirements for the degree of Doctor of Philosophy. 

t Assisted by the joint program of the ONR and AEC. 


means of determining the spin and parity changes 
involved in the corresponding nuclear transition. It is 
complementary to the process of internal photoelectric 
conversion in that the former is large for low multipole 
order, high energy transitions, while the latter is large 
for high multipole order, low energy transitions. The 
internal photoelectric-conversion coefficient would be 
very difficult to measure for the 2.76-Mev transition in 
Mg”, while the internal pair-conversion coefficient for 
this transition should be more readily measured. 


II. APPARATUS 


Scintillation counters were used in the coincidence 
work because of their short response time and high 
gamma-ray efficiency. Each counter consists of an 
RCA-5819 photomultiplier equipped with a four-inch 
cylinder of terphenylphenylcyclohexane solution (3 
grams/liter) in wet contact with the face of the tube. 
The gamma-efficiency was about 30 percent in the 0.5- 
to 3.0-Mev region. The coincidence circuit! had a 
resolving time of 5X10-* second. The source-strength 
measurements from which the value of the internal 
pair-conversion coefficient was computed were per- 
formed with a proportional counter. The calibration 
sources were deposited on thin (0.2 mil) Nylon foils and 
placed entirely inside the counter. With this arrange- 
ment every beta-particle above approximately 10-kev 
energy was counted and the gamma-rays, being in coin- 
cidence with their corresponding beta-rays, did not 
contribute to the counting rate. 


Ill. PROCEDURE 


The distinction between annihilation and nuclear 
gamma-gamma coincidence rates is illustrated in Fig. 1. 
The Na source was placed inside an aluminum cylinder 
thick enough to absorb all the beta-particles. The coin- 
cidence rate due to the two cascaded gamma-rays (2.76 
and 1.38 Mev) of Mg” is nearly independent of the 
angle @ between the two counters, and follows the 


To be published elsewhere. 
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angular correlation function,” 
W =1-+-0.125 cos?@+-0.042 cos*@. (1) 


Superposed on this distribution is the sharp peak at 180 
degrees due to annihilation radiation. The half-width of 
this peak is equal to the angular width of either of the 
counters. The coincidence rate caused by annihilation 
radiation alone can be obtained by subtracting the rate 
at 160 degrees from the rate at 180 degrees or, more 
accurately, by subtracting 1.167 times the rate at 90 
degrees from the 180-degree rate. Similar data for the 
Ni® gamma-rays (1.17 and 1.33 Mev) following the Co® 
disintegration are also presented in Fig. 1 for com- 
parison. Both the external and internal pair-production 
processes are very weak for these low energies. The 
relative height of the annihilation peak can be increased 
indefinitely at the expense of the absolute counting rate 
by decreasing the solid angles of the counters. This is 
because the nuclear coincidence rate varies as the 
second power of the solid angle, while the annihilation 
coincidence rate varies as the first power of the solid 
angle. The solid angle used here is about 10~* of 47. 

For simplicity in making absolute measurements the 
flat source holder shown in Fig. 2 was used. Without 
cylindrical symmetry the nuclear coincidence rate must 
be determined as close to the 180-degree position as 
possible. The contribution to the annihilation rate from 
positrons produced in the absorbing material can be 
identified by using materials of various atomic number.* 
It will be seen that when the Na™ source is placed 
between two aluminum disks 0.5 centimeter thick, the 
external process accounts for 80 percent of the anni- 
hilation radiation. The source was prepared as NaCl 
and deposited on a 0.2-mil Nylon film. Another Nylon 
film was cemented over the source with Krylon plastic 
spray. The resulting film and source weighed about four 
milligrams per square centimeter. This film was 
cemented between two 1.0-mil aluminum rings for added 
strength, placed between the two thick absorbers, and 
the whole clamped onto the aluminum mounting. This 
structure was placed directly between the counters with 
the plane of the source film perpendicular to the line 
joining the counters. The radiation which is detected 
must pass through the absorbers in their thinnest 
dimension. 

A 0.1-millicurie source of Na” (positron emitter of 
2.6 year half-life), prepared in a separate aluminum 
source holder similar to that containing the Na™, was 
used to check the stability of the apparatus. The pro- 
cedure in taking data was as follows: (1) The Na” 
source was placed between the counters and its anni- 
hilation coincidence rate was determined. (2) The Na™ 
source was placed between two absorbers, and the 


2 E. L. Brady and M. Deutsch, Phys. Rev. 78, 558 (1950). 

* The external pair-production cross section varies as Z* pe 
atom of absorber (in the Born approximation). See W. Heitler, 
The Quantum Theory of Radiation (Oxford University Press, 
London, 1944), second edition, p. 196. 
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Fic. 2. Design of the source holder used to identify the various 
processes contributing to the annihilation radiation. Absorbers of 
beryllium, polystyrene (carbon), aluminum, copper, cadmium, and 
lead, all 3’; in. thick, are used. 


single-counter and coincidence rates were determined 
at 180 degrees and at 160 degrees. (3) The Na™ source 
was replaced and its coincidence rate redetermined. 
This procedure was repeated for absorbers of beryllium, 
polystyrene (carbon), aluminum, copper, cadmium, and 
lead. Various corrections were applied to the coincidence 
data as follows: (1) The cosmic-ray coincidence rate, 
measured with source absent, and the random coin- 
cidence rate, computed from the single counting rates, 
were subtracted from the observed coincidence rate. 
(2) The correction for the 15.0-hour decay‘ of the source 
was applied. (3) The corrected coincidence rate at 160 
degrees (due to the nuclear gamma-rays) was subtracted 
from that at 180 degrees, leaving only the annihilation 
radiation component. (4) This rate was corrected for 
any variations in counter efficiency as shown by the 
Na” source data. (5) The rate was further corrected for 
the absorption of the annihilation radiation in the 
material surrounding the source. The absorption factor 
was measured directly for each pair of absorbers by 
placing therm on opposite sides of the Na” source and 
recording the decrease in its coincidence rate. It is a 
fortunate circumstance that no matter where the posi- 
tron stops and annihilates in the absorber, the attenu- 
ation factor of the coincidence rate is the same as if one 


4 J. H. Sreb, Phys. Rev. 81, 469 (1951). 
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‘1G. 3. Decay of the beta-activity of a small sample of the Na™ 
source placed inside the proportional counter. 


photon had to traverse both absorbers and the other, 
neither absorber. This is at once clear if one considers 
that the attenuation factor for the coincidence rate is 
given by the product of two exponential factors (one for 
each annihilation quantum) whose arguments can be 
added together. This is one of the simplifications 


afforded by the use of a source with planar symmetry. 
The 2.76-Mev gamma-ray of Mg™ has a much smaller 
absorption coefficient than the 0.511-Mev annihilation 
radiation, so that, when the external pair-production 
component is computed, no corrections need be applied 
for the intensity of the gamma-ray flux bathing the 
absorbers. The lead absorber is an exception in that the 
high energy gamma intensity is down by 20 percent at 
the outside edge of the absorber, causing a 10 percent 
decrease in the external process in the lead absorbers. 

The coincidence rates thus corrected should fit the 
formula, 


C=K,+K.2M, (2) 


where C is the corrected coincidence rate, K, is a number 
proportional to the internal pair-conversion coefficient, 
XK, is a number proportional to the external pair- 
production cross section per atom for hydrogen (Z=1), 
Z is the atomic number of the atoms in the absorbing 
material, and M is the molar weight of the absorber 
(proportional to the number of atoms per square cen- 
timeter in the absorber). A plot of C against Z yields 
values for K, and Kz which, when combined with the 
source strength measurements, can be used to evaluate 
both the external pair-production cross section and the 
internal pair-conversion coefficient. 


IV. EXPERIMENTAL RESULTS 


The sharp peak in the gamma-gamma coincidence 
rate at 180 degrees is characteristic of the positron- 
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negatron annihilation radiation‘ and definitely indicates 
the birth and death of positrons in the region of the Na™ 
source. These positrons could come from any of four 
processes : (1) positron decay of the radioactive nucleus; 
(2) positron decay of some unknown contaminant in 
the source; (3) external pair-production the source 
assembly caused by the radiations from the Na™ source; 
(4) internal pair-conversion in the source (pair-produc- 
tion in the field of the disintegrating nucleus). It will be 
shown that there is no contribution from the first two 
processes in this experiment. 

The first process, that of positron decay of the Na™ 
nucleus, is not energetically possible, since the mass of 
the product nucleus Ne exceeds that of Na*. The mass 
of Ne™ can be estimated from the known mass of Ne* 
(23.0016 amu),*? the mass of the neutron (1.00898 
amu),® and the average neutron binding energy (0.0085 
amu).® The probable mass of Ne* is therefore 24.002 
amu, while the mass of Na* is 23.998 amu.*!° The dif- 
ference of 0.004 amu represents about 4-Mev energy 
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Fic. 4. Decay of the 180-degree coincidence rate with the Na™ 
source enclosed in beryllium absorbers. 


5 de Benedetti, Cowan, Konneker, and Primakoff, Phys. Rev. 
77, 205 (1950). 

6 J. Ambrosen and K. M. Bisgaard, Nature 165, 888 (1950). 

7A. Zucker and W. W. Watson, Phys. Rev. 78, 14 (1950). 

§ Orear, Rosenfeld, and Schluter, Nuclear Physics (University 
of Chicago Press, Chicago, 1950), revised edition. 

* K. Siegbahn, Phys. Rev. 70, 127 (1946). 

10 A. C. G. Mitchell, Revs. Modern Phys. 22, 36 (1950). 





INTERNAL 


difference in favor of negatron decay of Ne™ into Na™ 
and excludes the inverse decay. 

The second process, that of positron decay of some 
contaminant, is ruled out by the fact that both the 
beta-radiation and the annihilation radiation from the 
source diminish with the characteristic 15-hour half-life 
of Na™, Figure 3 shows the decay of the beta-radiation 
from a small sample of the source. This sample was 
deposited on a thin (0.2 mil) Nylon foil which was 
mounted inside the proportional counter. The counter 
was sensitive to beta-particles of energy above about 
10 kev. The data show that no more than 0.1 percent 
of the beta-radiation of the initial source can come 
from a long-lived contaminant. The deviation from the 
the 15-hour period after 180 hours may not be real as 
the counting rate from the source was down to about 
one-tenth the background rate of the counter. The 
purity of the source is remarkable, considering the fact 
that no chemical separation was performed. This 
source was prepared by a one-hour bombardment with 
10-Mev deuterons from the Washington University 
cyclotron of a single NaCl crystal mounted on an 
aluminum target plate. The activity was taken from 
the face of the crystal by quickly depositing and then 
removing a drop of water with an eye-dropper. 

A long-lived positron contaminant such as Na” with 
an intensity of 0.1 percent of that of the source could 
still account for the observed intensity of the annihila- 
tion radiation, since this figure is of the same order of 
magnitude as the internal pair-production coefficient. 
In this case the decay of the annihilation radiation 
itself is more critical in identifying the source. The decay 
of the 180-degree coincidence rate obtained with the 
source enclosed in beryllium absorbers is shown in 
Fig. 4. The solid circles of line A represent data obtained 
from the source described above. No more than 1.0 
percent of the initial annihilation radiation can come 
from a long-lived contaminant, and thus no more than 
one part in 105 of the initial source can be a long-lived 
positron emitter. The open circles of line B represent 
data obtained in an earlier exploratory experiment with 
a Na™ source prepared by a one-hour deuteron bom- 
bardment of metallic sodium which was deposited on a 
copper target plate. There is a slight possibility that 
Cu® (12.8-hour positron emitter) formed in the copper 
target plate might contaminate the sodium and increase 
the positron activity of the source. The observed decay 
rate shows no evidence of this, however. 

It thus appears that the annihilation radiation is 
definitely related to the Na™ source. One can expect 
some internal and external pair production from the 
nuclear beta-rays,"+ but the cross sections are about 
100 times smaller than those for gamma-rays of about 
the same energy. The external pair-production cross- 
section of the 2.76-Mev gamma-ray of Mg™ is about 


ms Landau and E. Lifshitz, Physik. Z. Sowjetunion 6, 244 
(1934 
oH Bradt, Helv. Phys. Acta 17, 59 (1944). 
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Fic. 5. Plot of the intensity of the annihilation radiation versus 
the Z of the absorber. The vertical axis represents the corrected 
annihilation coincidence rate per mole XZ? of absorber. The high 
points for low values of Z indicates a component of the annihilation 
radiation which is independent of the absorbing material and 
hence caused by pair emission from the source itself. 


8.9 times larger than that for the 1.38-Mev ray,” while 
the internal pair-conversion coefficient of the 2 76-Mev 
ray is about 50 to 70 times that for the 1.38-Mev ray." 
Thus, the effect is due almost entirely to the high energy 
gamma-ray. 

The relative intensities of the external and internal 
processes are determined by fitting the corrected coin- 
cidence data to formula (2). For convenience in plotting 
the data, the coincidence rates were divided by the 
quantity Z*M appropriate for each absorber. The rates 
should then fit the formula, 


R=C/2M =(K,/Z*M)+K:. (3) 


A plot of the values of R is shown in Fig. 5. The solid 
circles represent data obtained with the source prepared 
by bombardment of a NaCl crystal. The open circles 
represent data obtained with the source prepared by 
bombardment of metallic sodium. The latter data have 
been multiplied by 11.5, the ratio of the source strengths, 
to make them directly comparable with the former. The 
term K,/Z°M is very small for the copper, cadmium, 
and lead absorbers because of the large value of Z*. For 
these three points the curve should approximate a 
horizontal line if the Z* law for external pair production 
holds. The points for beryllium, carbon and aluminum 
should show the presence of the K,/Z*M term and 
rise above this line. That they do is plain from the 
diagram, indicating that there is indeed a component 
of the annihilation radiation which is independent of the 
absorbing materials. The three points for large Z appear 
to lie along a sloping line that suggests a Z* term in the 
formula for the coincidence rates, i.e., 


C=Kit+ K.2M+K,2M, (4) 
R=C/2M = (Ki/2M)+K:+K3Z. (5) 


‘3 J. G. Jaeger and J. Hulme, Proc. Roy. Soc. (London) 153, 443 
(1935). 
4 M. E. Rose, Phys. Rev. 76, 678 (1949). 
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A horizontal line and a sloping line are drawn through 
the three high Z points of the diagram. It is not possible 
to draw a horizontal line without violating the probable 
error limits of at least one of the points, but it is possible 
to draw a sloping line to lie within each of the probable 
error limits. The values of the constants K;, Ke, and Ks, 
determined from these two lines and from the beryllium, 
carbon, and aluminum data (solid circles only), are 
shown on the diagram. The value of the constant K,, 
which represents the internal contribution of the source 
independent of the absorbers, has been determined 
separately for each of the three low Z points. These 
three determinations do not agree when based on the 
horizontal line, but do agree when based on the sloping 
line. This fact, together with the fact that the sloping 
line fits the high Z points better, suggests that it is 
appropriate to include the Z* term. 

It is not clear whether this apparent higher power of 
Z is a result of some peculiar geometrical effect or 
represents a deviation of the external pair-production 
cross-section from the Z* law. There is some theoretical 
justification for a higher power of Z in the formula for 
the cross section (see Appendix I). The average value 
of K,, determined from the beryllium, carbon, and 
aluminum solid circles by using the sloping line, is 
0.73+0.05 coincidence per second due to internal 
processes in the source. This contribution from the 
source is due both to internal pair conversion and to 
the action of the gamma-rays on neighboring nuclei in 
the source material and its supporting films. The light 
weight of the source (4 mg/cm?) makes the probability 
of interaction with neighboring nuclei small. A quan- 
titative measure of this effect can be obtained by ob- 
serving the increase in the annihilation radiation caused 
by placing thin foils of materials on each side of the 
source to increase its effective weight. One-mil foils of 
aluminum (approximate Z of source material) cause 
such a slight increase in the radiation that in practice 
it is necessary to use thin foils of higher Z and extra- 
polate back to aluminum. Figure 6 shows a plot of the 
increased annihilation radiation caused by foils of lead, 
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Fic. 6. Increased annihilation radiation caused by placing one- 
mil foils of various materials between the source and the thick 
beryllium absorbers. The vertical axis represents the increase in 
the coincidence rate per mole XZ? of the thin foils. 
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Fic. 7. Theoretical curves of the internal pair-conversion coef- 
ficient for magnetic multipoles given by Rose. The horizontal axis 
represents the transition energy in units of mc*. The numbers 
affixed to the curves show the multipole order L of the transition. 
The plotted point shows the value obtained in this experiment 
for the 2.76-Mev transition in Mg™. 


cadmium, copper, and aluminum placed between the 
source and the thick beryllium absorbers. The line has 
been drawn through the points with the same slope as 
the line of Fig. 5, although the error limits of the points 
do not justify such care. The extrapolated value for 


‘aluminum, when reduced to foils of the same weight 


per square centimeter as the source material, indicates 
a contribution of 0.02 coincidence per second due to 
action of the gamma-rays on neighboring nuclei in the 
source. The corrected annihilation coincidence rate, 
0.71+0.05 count per second, must be attributed en- 
tirely to internal pair conversion. Since the calculated 
coefficient of the 1.38-Mev transition is about 1/70 of 
that of the 2.76-Mev transition,“ it follows that 0.70 
+0.05 coincidence per second are due to internal pair- 
conversion of the 2.76-Mev transition alone. 

The internal pair-conversion coefficient is defined as 
the ratio of the number of nuclear transitions resulting 
in the emission of pairs to the total number of transi- 
tions. In order to obtain a value for this coefficient it is 
necessary to know the total disintegration rate of the 
Na*™ parent source as well as its pair-emission rate. The 
total disintegration rate of the Na™ source was obtained 
by comparison with a smaller Na™ source of known 
disintegration rate. The pair-emission rate was obtained 
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Fic. 8. Theoretical curves of the internal pair-conversion coef- 
ficient for electric multipoles given by Rose. The horizontal axis 
represents the transition energy in units of mc*. The numbers 
affixed to the curves show the multipole order L of the transition. 
The plotted point shows the value obtained in this experiment for 
the 2.76-Mev transition in Mg*. 


from the corrected coincidence rate by calibrating the 
apparatus with a small positron-emitting source (Na™) 
of known disintegration rate. These calibration sources 
were deposited on 0.2-mil Nylon foils and measured by 
their beta-counting rates when placed completely inside 
the proportional counter. An accuracy of 10 percent is 
assigned to these measurements to allow for possible 
failure of the assumptions of 4m solid angle and 100 
percent counting efficiency. The conversion coefficient 
depends upon the ratio of the two calibration sources. 
Since any failure of the assumptions would effect both 
measurements in the same direction, this ratio is prob- 
ably quite reliable. The numerical results follow. The 
calibrated Na” source having a disintegration rate of 
500+50 positrons per second gives a coincidence rate 
(annihilation peak at 180 degrees corrected for attenu- 
ation by the beryllium absorbers holding the source) of 
0.0945+0.001 count per second. The over-all efficiency 
of the apparatus for detecting positrons is thus (1.9--0.2) 
X10~ coincidence per positron. The corrected coin- 
cidence rate from internal pair-conversion in Mg™ 
(0.70+0.05 count per second) indicates a pair-emission 
rate of 3700+450 pairs per second. The Na™ source 
calibration shows a total activity of (55.50.60) x 10° 
disintegrations per second. The ratio of these last two 
numbers gives a value of (6.7+1.0)X10~ for the in- 
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ternal pair-conversion coefficient of the 2.76-Mev 


transition in Mg™ (see Appendix II). 
V. DISCUSSION 


Numerical values of this coefficient have been cal- 
culated by Rose" for electric and magnetic transitions 
with multipole orders Z from 1 to 5, and for gamma-ray 
energies from 1.02 to 10 Mev. The Born approximation 
was used in the calculations, limiting the applicability 
of the results to Z<40 and energy >2.5 Mev. Both of 
these criteria are met by Mg”. The curves of Figs. 7 
and 8 are taken from reference 14 and show the varia- 
tion with energy of the coefficient for each type of 
transition. The plotted point shows the value obtained 
in this experiment with its assigned probable error 
limits. It clearly rules out all of the magnetic transitions 
(Fig. 7) except possibly the case L=1 (magnetic 
dipole). Among the electric transitions (Fig. 8), the 
point selects the case L = 2 (electric quadrupole) without 
ambiguity. The electric dipole value differs from the 
electric quadrupole value by four times the assigned 
error, while the electric octupole value differs by twice 
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Fic. 9. Theoretical cross sections for external pair production by 
gamma-rays. The vertical axis represents the cross section per 
atom ¢ in units of ¢. The Born-approximation values are appli- 
cable for elements of low Z and for high energy gamma-rays. The 
spherical-wave values are applicable to gamma-rays of all energies 
but for lead only. The difference between the two curves indicates 
the error of the Born approximation when applied to lead. The 
spherical-wave values are higher by a factor of 2 for 1.5-Mev 
gamma-rays and higher by a factor of 1.15 for 3.0-Mev gamma- 
rays. 
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the assigned error. A magnetic dipole assignment (L= 1) 
would conflict with the 0-2-4 spin assignment of the 
Mg™ levels suggested by the angular correlation of the 
two nuclear gamma-rays (reference 2 and Fig. 1) 
which restricts Z to lie between 2 and 6. An electric 
quadrupole assignment (L=2) would be quite con- 
sistent with the spin assignments and would mean that 
the wave functions of the initial and final states of this 
transition have the same parity. 

The beta-spectrometer measurements of Rae" using 
a thick source (36 mg/cm? of sodium carbonate) have 
given a value of (11.6--1.0) 10~ for the internal pair- 
conversion coefficient of Mg’. It appears likely that 
this result is high by a factor of 1.3 to 1.5 because of 
external pair-production processes in the material of 
the source and that if correction for this is applied, the 
result can be considered as further evidence for the 
electric quadrupole assignment. 

The experiment of Mims ¢¢ al.'* is very similar to the 
one described in this paper, differing chiefly in that the 
source strengths were measured by the method of 
gamma-gamma coincidence counting rather than abso- 
lute beta-counting. The value obtained for the internal 
pair-conversion coefficient of Mg* was (7.61.9) x 10—. 
On a,repeat experiment a value of (8.25+1.05)X10— 
was obtained by this group. These values are somewhat 
higher than that obtained in the present experiment but 
agree within the assigned error limits. If these two 
values are averaged with the value obtained here, the 
result is (7.5+0.8)X10~, which strongly favors the 
electric quadrupole assignment. 


APPENDIX I 


It has been pointed out previously that the Z* law for the 
external pair-production cross section will fail in cases where the 
Born approximation is not valid."** The condition for the appli- 
cability of this approximation is* 


2nZe/ho<1, 


where v is the velocity of either electron of the pair. This condition 
is not well met in the interaction of comparatively low energy 
gamma-rays with lead. 

The cross section for lead has been calculated for two different 
gamma-ray energies by Jaeger and Hulme" using spherical wave 
functions for both electrons. Their results are presented in Fig. 9 
along with the Born-approximation values given by Bethe and 
Heitler."* The smooth curves have been drawn by visual extra- 


18 E. R. Rae, Phil. Mag. 40, 1155 (1949). 

16 Mims, Halban, and Wilson, Nature 166, 1027 (1950). 

 Nishina, Tomonaga, and Sakata, Sci. Papers Inst. Phys. 
Chem. Research (Tokyo), 24, Suppl. 17 (1934). 

18W. Heitler, The Quantum Theory of Radiation (Oxford Uni- 
versity Press, London, 1944), second edition, Appendix II. 

19H. Bethe and W. Heitler, Proc. Roy. Soc. (London) 146, 83 
(1934). 
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polation, remembering that both cross sections must vanish at 
the threshold. For elements of sufficiently small Z, the spherical 
wave values will presumably approach the plane wave values. The 
separation of the two curves can be viewed as the addition of a 
higher power of Z to the cross section, although this is a great 
oversimplification of the problem. Using the above interpretation 
of the curves, one can estimate how much the external pair pro- 
duction produced by the 2.76- and 1.38-Mev gamma-rays of Mg” 
will exceed the Born-approximation values in going from Z=0 to 
Z=82. The ratio ¢/¢ for the high energy ray increases by a factor 
of 1.2, while ¢/@ for the low energy ray (whose cross section is 
only } as large) increases by a factor of 2.2. The sum of the 
external effects of these two rays should, therefore, rise to a factor 
of 1.3 above the Born-approximation value for lead absorbers. 
This is just the amount of rise shown in Fig. 5. The Z* dependence 
of the cross section for external pair production has been checked 
experimentally by Heiting® and by de Benedetti," both using 
the 2.62-Mev ray of Th-C”; and a 30 percent increase was not 
observed in either case. It would be interesting to look into this 
question further using the 1.17- and 1.33-Mev rays of Ni®. The 
factor by which the annihilation radiation might be expected to 
rise above the Born-approximation value is 2.2, which would be a 
much stronger effect than that for Na*. The Ni® gamma-gamma 
coincidence data of Fig. 1 show a small but definite annihilation 
radiation component. This could be made to stand out much 
more clearly above the nuclear gamma-gamma coincidence rate 
by decreasing the solid angles of the counters. 


APPENDIX II 


Further confidence in this technique can be gained from an 
evaluation of the cross section for external pair production in the 
absorber surrounding the source. The cross section ¢ is calculated 
from the equation, 

o=P/Nn, 

where N is the number of gamma-rays traversing the absorber 
per second, is the number of atoms per square centimeter in the 
absorber as seen from the source, and P is the number of pairs 
created per second in the absorber. The value of P is calculated 
from the annihilation coincidence rate for lead absorbers (Fig. 5) 
and from the measured efficiency of the apparatus for detecting 
positrons. The value of # is calculated from the molar weight and 
area of the absorbers (0.1363 mole, 1.0-inch diameter disk on 
each side of the source) and N is just the disintegration rate of the 
Na™ source, since we disregard the low energy gamma-ray. Using 
these figures, one finds a cross section of 3.810 square cen- 
timeter per atom of lead. The theoretical value extrapolated from 
the calculations of Jaeger and Hulme“ (Fig. 9) is 3.3x10-* 
square centimer. The close agreement must be regarded as for- 
tuitous, considering the fact that the closely-packed geometry of 
the source and absorbers (Fig. 2) does not lend itself to a precise 
calculation of the number of atoms per square centimeter in the 
absorbers as seen from the source. A result of the same order of 
magnitude as the theoretical cross section would have given 
adequate confidence in the technique. The measurement of the 
internal pair-conversion coefficient does not depend on geometrical 
approximations, since the pairs come directly from the source and 
the entire apparatus, source geometry, counter efficiencies, and 
solid angles are calibrated at once by the use of the measured Na* 
positron source. 


2 T, Heiting, Physik 87, 127 (1933). 
21S. de Benedetti, Compt. rend. 200, 1389 (1935). 
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Disintegration of a neutral V-particle into a proton and negative meson strongly suggests that the 
V-particle is an excited state of the neutron. In order to account for the very long lifetime of this state, it is 
suggested that the nucleon has a very complex structure involving many mesons in virtual states. The 
excitation is then distributed over many degrees of freedom, so the probability for formation of that state 
which leads directly to disintegration may be very small. If mo is the average number of pions of each charge 
in the nucleon and f is the number of states available to a single pion, the lifetime for pion emission is 
estimated to be = fn X 10-* sec. For the reasonable choice f= 10 and mo=4 this agrees with the observed 


lifetime of the neutral V-particle. 





1. INTRODUCTION 


HE recent observation that the charged disinte- 

gration products of the neutral V-particle' are 
proton and meson’ strongly suggests that this particle 
is simply an excited state of the neutron, with excitation 
energy of about 200 Mev, which disintegrates into a 
negative w-meson and a proton. However, the apparent 
lifetime for disintegration, about® 3X 10—"° sec, provides 
a very serious difficulty for this interpretation. The 
order of magnitude of the lifetime against +-meson 
emission of an excited neutron would be expected to be 


lox h/pe, 


where p is the meson momentum. This is of the order 
of 10-* sec. 

This estimate of ¢ is obtained as follows: the meson 
current through the nucleon surface is of the order of 
p/uV, where yp is the meson mass and V the nucleon 
volume. The number emerging per unit time is then 
p/uV', so the lifetime is 44=uV*/p. The value given 
above is obtained by assuming that V!~h/yc, the 
Compton wavelength of the meson. An additional factor 
of hc/g*, where g is the meson-nucleon coupling constant, 
might be expected; but for the usual values of g the 
resulting increase in / is not important. The estimated 
lifetime is also greater if a large transfer of angular 
momentum is involved in the transition. However, it 
seems unlikely that a low excited state of a nucleon 
would differ by many units of angular momentum from 
the ground state. 

The purpose of this note is to suggest, tentatively, 
a description of the nucleon which could account for the 
long lifetime. It has often been proposed‘ that the 


1G. D. Rochester and C. C. Butler, Nature 160, 855 (1947). 

? Seriff, Leighton, Hsaio, Cowan, and Anderson, Phys. Rev. 78, 
290 (1950); V. D. Hopper and S. Biswas, Phys. Rev. 80, 1099 
(1950); Armenteros, Barker, Butler, Cachon, and Chapman, Nature 
167, 501 (1951); W. B. Fretter, Phys. Rev. 82, (A) (1951); 
Leighton, Seriff, and Anderson, Phys. Rev. 83, 896(A) (1951); 
Thompson, Cohn, and Flum, Phys. Rev. 83, 197(A) (1951). 

3A. J. Seriff, ef al., reference 2. 

*G. Wentzel, Helv. Phys. Acta 13, 269 (1940); J. R. Oppen- 
heimer and J. Schwinger, Phys. Rev. 60, 150 (1941); E. Fermi, 
Elementary Particles (Yale University Press, New Haven, Con- 
necticut, 1951), Sec. 25. 


coupling between nucleon and meson field is so strong 
that the weak-coupling approximation is inadequate. 
The usual values of the coupling constant suggest that 
the nucleon consists of a complex of particles, core 
particle (nucleore) plus virtual #-mesons. The prob- 
ability for finding a fairly large number of pions in the 
nucleon should be rather large.® 

We now take the extreme view that the nucleon is 
a very complex system for which the probabilities of 
occurrence of one, two, ten, or even twenty pions are 
comparable. Then the excited state of a nucleon has a 
similar description. The 200-Mev excited state, can, on 
energetic grounds, disintegrate in only the one way, by 
emission of a single pion. The excitation is distributed 
over the many degrees of freedom of the nucleon and the 
probability for formation of that state which. leads 
directly to disintegration may be very small. Thus, the 
lifetime may be greatly increased by assuming a suf- 
ficiently complex nucleon structure. 

This proposal is analogous to the explanation of the 
relatively long life of the unstable state of a complex 
system such as a compound nucleus. However, the 
analogy may be misleading, since in the compound 
nucleus, conservation of the number of particles limits 
the states over which the excitation can be distributed, 
while in the nucleon the virtual meson states are quite 
free of any such restriction. 


2. DESCRIPTION OF THE NUCLEON 


A more quantitative formulation may be made as 
follows: the neutron and proton wave functionals Vy 
and Wp may be expanded as a sum of products of non- 
interacting meson and nucleore functions. Denoting an 
independent particle functional for a nucleore with 
isotopic spin 7, m negative pions, positive pions, and 
v neutral pions by ¥,([+ ]}", [—_]", ») we can write 


W=DilviC+), (- a v)(+, n, »|N) 
+y¥-([+]", (~+}*, »)(—, n, »|N)}, (1) 


5 Although strong coupling has been used here as a motivation 
for introducing large numbers of pions, it should be noted that 
strong coupling is not essential to the argument. The nucleon- 
meson copies may involve = geen which produce mesons 

a 


multiply. A special case of su coupling has recently been 
treated by R. J. Glauber (private communication, 1951). 
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Ve=dily (+f, (-}, v)(—, n, v| P) 
+¥4(C+),0C-P 4, (4+, 0, »|P)}, (2) 


where the sum is taken over all possible numbers 1, », 
and over all states of each pion for each m and v. The 
important assumption here is that the coefficients 
(r, m, v| N) are of comparable magnitude for values of 
n and y running from 0 to mo, where mo is some number 
larger than one. The excited state of the neutron is 
described by a functional 


Vy’ =Div4 (+), (—F; v)(+, n, v|N’) 
+¥-(+},[-—}*, »)(—, 2, oN}, (3) 


whose coefficiencients are of the same magnitude as in 
Eq. (1), but are phased in such a way that Wy’ is 
orthogonal to Vy. Disintegration of this state occurs by 
formation of the state Wp’ which describes a proton plus 
an extra negative pion: 


We'=D'{vil+}, (—Ts (+, 2, »| P) 
+v(4+}, [—}*, v)(—, n, v|P)}, (4) 


where the coefficients have been taken to be the same 
as those in Eq. (2). The primed summation is meant 
to indicate that 1 is the minimum number of negative 
pions to be included in the sum. 

The probability for the occurrence of Wp’ in the 
state Wy’ is |(Wp’, Vy’)|*. When this state occurs, it 
presumably disintegrates with transition probability 
1/to; therefore, the lifetime of Vy’ is 


t=to/|(Wp’, Wn’) |?. (5) 


Now it is necessary to make some more detailed assump- 
tion about the coefficients (7, m, v| P) and (7, n, v| N’) 
in order to evaluate ¢. The total number of each of 
these coefficients, which we denote by JN, is very large. 
Therefore, one possible assumption is that on the aver- 
age the coefficients will be randomly phased with 
respect to one another. Then we have 


| (VP’, Wy’) [?=1/N, (6) 
so that 
t= Nlo. (7) 


Another possibility, which corresponds to a very high 
degree of correlation, is that the ground states of 
neutron and proton differ in structure essentially by 
the addition of a negative pion to the proton. Then we 
have 


(7, n,v| P)=(r, n, »|N), (8) 
except for n=0, r=+1; and we find that 
Vp'=Vy—D ¥+((+), C-T*, »)(+, 0, »|N). (9) 


The sum is extended over the totality, N°, of 
neutral pion states. Since Vy’ is orthogonal to Vy, we 
find 

(10) 


(Wp’, ¥w')=—L(+, 0, »| N)*(+, 0, »|N’), 


or 


(11) 


t>(N/N°)*to. (12) 


It will be found below that (V/N°)?N, so that this 
estimate leads to an even longer lifetime than Eq. (7). 
Therefore, the more conservative Eq. (7) will be applied 
henceforth. 


|(Wp’, Wn’) | SN/N. 
Thus we have 


3. EVALUATION OF N 


Denote by f the number of accessible states of a 
single pion. Then, since the pions satisfy E.B. statistics, 
the number, 1 ,, of accessible states for m pions may be 
obtained from the relation® 


(1—2)=>.Nax” (13) 


for any x. There are three kinds of particles to be con- 
sidered, positive, negative, and neutral pions. The 
numbers of neutrals are presumed to be uncorrelated 
with the others, but the numbers of positive and nega- 
tive particles are closely correlated. For a fixed number 
n, of negative pions, the number of positives is fixed 
within one unit. However, the momenta of the various 
pions can range independently over the allowed values. 

To take account of the reduced probability for finding 
large values of m, we introduce a weight function P(n) 
which decreases with increasing m. Then the total 
number of states for the neutrals is 


N°=>. NaP(n), (14) 


while the number of states available to both positively 
and negatively charged particles is 


Nt=>on Na(NatNonii)P(n). 
The total number of accessible staes is 
N=N°N?. 


Now, to be definite, we take 


(15) 

(16) 

P(n)=exp(— n/n). (17) 
Then, according to Eq. (13), we have 

N°=[1—exp(—1/m) ]~’. (18) 

Since NV, increases with increasing m, we can set 

N*>Ni > NnP(n)=Ni[1—exp(—1/m) }”. 


Now we have 


(19) 


NMi=f, 


N+> f(1—exp(—1/m0)]}~, 


(20) 
so that 


and, according to Eqs. (16) and (18) 
N> f{1—exp(—1/mo) }-. (21) 


°R. H. Fowler, Statistical Mechanics (Cambridge University 
Press, London, 1936), p. 43ff. 





V-PARTICLES 


For large mo this can be rewritten as 
N> fno™. (22) 


An estimate of f can be obtained by treating the 
pion as a free particle constrained to a volume V 
centered on the nucleon. Then we assume that all pion 
states are equally probable up to some maximum 
momentum, Po, and that states of higher momentum 
do not occur at all. Thus we have 


f= (4n/3)[VPo'/(2ah)*]. 


On the assumption that the upper limit of the mo- 
mentum is primarily determined by the nucleon recoil, 
we take 

P o= M c, 


where M is the nucleon mass. The volume V should 
probably be taken to be of the order of (4/yc)*, where 
» is the pion mass. Then we have 


f= (M/u)'/6r=5. 


A considerably larger value of f is obtained if, instead 

of a sharp cutoff, states of higher momenta are assumed 

to occur with diminishing weight. For example, a dis- 

tribution of the form exp(— p/P») leads to the value 
f= (M/u)*/2? = 30. 

As a conservative compromise we may take’ 


f=10. (23) 


Application of this result to Eqs. (7) and (22) leads to 


(24) 


Thus, for a rather small value of mp, the lifetime may 
be increased by a factor of 10'° or so. 

The above enumeration of states is actually some- 
what optimistic, since no account has been taken of the 
conservation of angular momentum. The total orbital 
angular momentum, JL, of the pions can be assumed fixed 
without any serious loss of generality. The orbital 


t/to> 10n,?°. 


7 Note that f also increases rapidly with the radius of the 
nucleon which may easily be underestimated here. 
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angular momenta of all but one of the pions are com- 
pletely independent. If they combine to form angular 
momentum L’, then the orbital angular momentum of 
the last pion must take on one of the values L’+L, 
L’+L—1, ---|L’—L|. For L’>L there are 2Z+1 
values, otherwise 2Z’+1. However, out of the 
(2L+1) mz values only one is to be considered, so in 
effect there is about one state available to the last pion 
for each specific configuration of the other pions. This 
correlation will reduce the number of states by a smaller 
factor than that which was lost in going from Eq. (15) 
to Eq. (19). Therefore, an underestimate of ¢ is obtained 
if Eq. (22) is replaced by 


N= fn. 
The estimated lifetime is then 


ta foto. 


(25) 


(26) 
For m=4, this yields 


t= 10"%y~ 10" sec, (27) 


which is in reasonable agreement with the observed 
lifetime of the V-particle. 


4. CONCLUSION 


The most definite result of this discussion is that the 
number of parameters required to describe a nucleon 
state increases extremely rapidly as the number of 
virtual pions increases. This increase in complexity 
leads to an increase in lifetime of an excited state of a 
neutron under either one of two oppositely extreme 
assumptions: (1) there is very little correlation between 
the parameters describing the neutron excited state 
and those describing the proton ground state, (2) there 
is an extreme correlation of a very special type. 

It therefore seems possible that the V-particle is a 
manifestation of the excited state of such a nucleon. 
This state may disintegrate by either pion or muon 
emission. The arguments presented here lead to such a 
long lifetime for pion emission that decay into muon 
and neutrino by means of a beta-type interaction could 
compete with pion decay. 
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The polarization of vector mesons produced in free nucleon-nucleon collisions near the threshold is 
studied. The calculation is made under the Born approximation, assuming a phenomenological nuclear po- 
tential obtained from m—p scattering data for the interaction between nucleons. The vector meson pro- 
duced is shown to be completely polarized (to the order of m/M) parallel to the direction of motion of the 
incoming nucleon for vector coupling between meson and nucleon, and perpendicular to this direction for 
tensor coupling; similar to the polarization produced by the interaction between a nucleon and a nuclear 
force field, as studied by Wentzel. In particular, the same effect is shown to exist for the reactions p+ p—>p 
+n+x* and n+n—>p+n-+n- when the final proton and neutron fall into *s or 's deuteron states. The angu- 
lar distribution of the out-going nucleons in the baricentric system for the inverse reactions can be em- 
ployed as a means for detecting the polarization of the mesons. Cross sections for these reactions are also 


estimated. 





I. INTRODUCTION 


URING the last year, experiments on artificial 

mesons began to throw light on the spin and 
parity of the w-mesons (pions), independent of the 
Yukawa theory of nuclear forces. For instance, the 
observed two-photon annihilation of the neutral pion! 
excludes the vector character of this particle. Further- 
more, if it is true that the transition 


ax +deuteron—2 neutrons 


takes place for a ~ captured in a K-orbit, the charged 
pion cannot be scalar, because otherwise the conserva- 
tion of angular momentum or parity would be violated. 
Here, however, some doubts may be raised as to whether 
the experimental situation has been correctly inter- 
preted. Although rapid progress can be foreseen, the 
question is by no means settled to-day. In particular, 
the spin one for the charged pions cannot be ruled out. 

This paper attempts to describe a basic feature ex- 
hibited by a vector meson because of its spin, which 
may be subjected to experimental detection. It was 
shown by Wentzel* that a vector meson is polarized 
when produced by the interaction between a nucleon 
and a nuclear force field near the threshold, and the 
direction of polarization depends on the type of coup- 
ling between the vector meson and the nucleon, being 
in the direction of motion of the incoming nucleon if the 
coupling is of the vector type and perpendicular to this 
direction if the coupling is of the tensor type. This 
situation is experimentally approximated when a nu- 
cleon, say a proton, is shot at a heavy nucleus. In this 
paper the same polarization effect is sought in the case 
of a vector meson produced by collisions of two free 
nucleons. Experimentally, this is equivalent to shooting 
protons or neutrons at a hydrogen target. The calcula- 
tion here, also, is made near the threshold. 

Because of the dubious nature of present-day meson 
theory of nuclear forces, a phenomenological nuclear 
potential is assumed for the interaction between nu- 


' Steinberger, Panofsky, and Steller, Phys. Rev. 78, 802 (1950). 
2G. Wentzel, Phys. Rev. 75, 1810 (1949). 


cleons. This reduces the problem to a second order 
perturbation calculation, instead of a third-order per- 
turbation calculation with the nucieonic interaction 
caused by the exchange of virtual mesons. The nuclear 
potential is assumed to be central and has the most 
general form of a static interaction 


V (8) =0(r) [ert com) o(2) +Cs% (1 * 82) 
+ 640(1)°O(2)%(1)* 72], (1) 


the tensor forces being neglected because they are of 
minor importance. The constants ¢1, C2, ¢3, c4, and »(r) 
may eventually be obtained from scattering experi- 
ments, especially the n— p scattering at 90 Mev.*-* It 
will be seen in the discussion later that the Born ap- 
proximation for the incoming nucleons is not too bad, 
and a perturbation calculation, unsatisfactory and 

unsophisticated as it is, seems to be the only manage- 
able way of solution. 

In accordance with the charge-independent nuclear 
potential (1), we have used Kemmer’s® charge-sym- 
metric theory of the meson field to calculate the pro- 
duction of charged and neutral vector mesons. For 
neutral mesons, the vector theory is actually in con- 
tradiction with the observed two-photon annihilation 
of w°. With regard to pions, therefore, the neutral 
particle production should be disregarded. As a reason 
for not dropping these terms entirely, it may be men- 
tioned that they may possibly be applied to heavier 
meson types whose existence has been ascertained 
lately.7—° 


5, a ikes Kelly, Leith, Segré, Wiegand, and York, Phys. Rev. 
51 (1949). 
*R.S. Christian and E. W. Hart, Phys. Rev. 77, 441 (1950). 
5 Kelly, Leith, Segré, and Wiegand, Phys. Rev. 79, 96 (1950). 
6 N. Kemmer, Proc. Cambridge Phil. Soc. 34, 354 (1938). 
7L. Leprince-Ringuet and M. Lheritier, J. phys. et radium 
(Sér. 8) 7, 66 (1946). 
8G. D. Rochester and C. C. Butler, Nature 160, 855 (1947). 
® Seriff, Leighton, Hsiao, Cowan, and Anderson, Phys. Rev. 78, 
290 (1950). 
10 P.M. S. Blackett, V-Particles and Cosmic Rays, paper pre- 
sented at the International Conference on Elementary Particles 
(Bombay, December, 1950). 


308 








POLARIZATION OF VECTOR MESONS 


Regardless of the applicability to particular meson 
types, the results of this paper will prove that mesons 
of spin one, when produced in nucleon-nucleon colli- 
sions near the threshold, will in general be strongly 
polarized. 

Recent experiments on pion production in nucleon- 
nucleon collisions revealed also the significance of the 
case of deuteron formation''—“ when the final nucleons 
are a proton and a neutron at low energies. In this case 
the discussion of the meson polarization is sketched in 
the nonrelativistic approximation. The inverse processes 





5) 
(vector). Hs’ = 5(0m)-1(~) a*| 


where g, and g; are the coupling constants having the 
dimension of a charge and are assumed to be small in 
the weak coupling theory; Q is the normalization vol- 
ume; m and k are the rest-mass and the momentum 
of the meson, and w,=(m*+*)! (in the rationalized 
system of units h=c=1); a,* and a, are, respectively, 
the generation and the annihilation operators of a 
meson of momentum k; a@ and 8 are the usual Dirac 
spin operators of the nucleon; @ is the Pauli spin oper- 
ator; 7“ indicates the appropriate isotopic spin oper- 
ator which in the charge symmetric theory may be 
conveniently written as 


r= (s/V2)r1—(is/V2)re+(1—s*)r. (4) 





Po 
Aro 


Vi0 


(d) 


where po and —pp are the momenta of the incoming 
nucleons in the barsy, and A and y are, respectively, the 
spin-energy and the charge indices. 

4 Peterson, Lloff, and Sherman, Phys. Rev. 81, 647 (1951). 

® Cartwright, Richman, Whitehead, and Wilcox, Phys. Rev. 


81, 652 (1951). 
3 Crawford, Crowe, and Stevenson, Phys. Rev. 82, 97 (1951). 


k fw 
a= +(—-1 
m m 


WE 
; 
We 
(tensor) Ho'=eam-(~) a,*- a— (—xe 
m 


Wk 


X 
X 
X 
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to deuteron formation, namely, the absorption of a 
charged vector meson by a deuteron to form two pro- 
tons or two neutrons, are also sketchily studied. 


II. TRANSITION MATRIX ELEMENT NEAR 
THE THRESHOLD 


(A) Perturbation Calculation under Born 
Approximation 


The two relativistically invariant interaction hamil- 
tonians of the first order between a vector meson and a 
nucleon" are 


(a-k)k 
) |iwemrtec, (2) 
R? 


m (a-k)k 
+(~-1) feirmemrtce, 
Wk 


(3) 





This expression for r‘* can easily be checked by setting 
s=+1 (positive meson), s=0 (neutral meson), and 
s=—1 (negative meson). In the barsy (baricentric 
system), at the threshold k=0, we have for the hamil- 
tonians 

(5) 
(6) 


H wy’ = go(Qm)-tao* - ar +c.c. 
Ho’ = gd Qm)ao* - aBir™ +c.c. 
The nuclear potential (1) may be written as 
V (1) = o(r)c*J sxc J sxcay®, (7) 


where J. =6/V3, Jax? =n, Ju =Td2, Jie 
=o;r, (not summed). The transition scheme in the 
barsy at the threshold is 


0 
Ae 
Ve N 


0 
ty 


, 
v 


— Po 
20 (°) 
V2 5, 
— Po 
»’ °) 
y’ s 
We will later assume that near the threshold the 
transition matrix element varies only slowly and will 


find that, for energies of the initial nucleons up to 50 
Mev above the threshold, this assumption is valid 





4 See, e.g., N. Kemmer, Proc. Roy. Soc. (London) Al66, 127 
(1938). 
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and the value of the transition matrix element given by 
the aforementioned transition scheme at the threshold 
is a good approximation. 

For transitions (a) and (b) the interaction between 
the incoming nucleons with large momenta po and — po 
is much weaker compared with that between the slow 
outgoing nucleons for transitions (c) and (d). Actually, 
in cases (c) and (d), when the outgoing nucleons are a 
neutron and a proton, the interaction between them is 
so strong that they may combine to form a deuteron. 
In this case the Born approximation is, of course, no 
longer valid ; and a consistent nonrelativistic discussion 
of the polarization effect using deuteron wave functions 
for the final nucleons is given later. 

With vector interaction (5) between meson and 
nucleon, the complete transition matrix element from 
(I) to (F) is 


gC V po 
H1rr()'=———[(1 | J*| 10){2| K_2| 20) 
miQi 
—(1|J*|20)(2| K,*| 10) 
— (2| J*|10){1| K_*| 20) 
+(2| J*|20){1| K,*|10)], 
(9) 


where 


K,¢= [ao*- ar (M+m+8M)J*] 


2M+m 


1 
an -—[J*(Eo— 


2Eo—m 


m+ a: po+BM )ao*- ar |, 


J >= ——— V_», 





P*(po, Vi0; 


LEE C. 


=} sp[J*(1+8)J*(Eo+ a: pot+8M)(1+ v07s) }§ spLK-*1(1+-8)K 


TENG 


M is the mass of the nucleon; and 10 and 1, and 20 
and 2 denote, respectively, the initial and the final 
states of the nucleons. In obtaining Eq. (9) we have 
written for the energy denominators following from 
Eq. (8): 


1/(M-+m)#=M =(M+m+BM)/(2M+m)m, 
for (a), (b); 
(2E>—m)m 
for (c), (d) 


with p’= pp» or p’= — py for the first and second nucleon, 
respectively. Then the summation over all intermediate 
states follows the usual scheme. Here, we have taken a 
one-particle formulation with positive and negative 
energies for the nucleon states. The calculation in the 
hole-theory formulation of the nucleons with positive 
definite energy was also made, and the result agrees 
with that given here. We now square Hr)’ and sum 
through only the positive energy substates of the final 
state by the introduction of the projection operator 
(1+ )/2 to operate on the final states with zero mo- 
mentum. Introducing also the isotopic spin projection 
operator (1-+-v7;)/2 to operate on the initial states, 
which eliminates the neutron state when v>=+1 and 
the proton state when v= —1, and averaging over the 
positive energy substates of the initial state, we get 
(since J*t= J) 


| Hrr’| (= 0" Vp,2c%c8Q->m—* Ey 
X[P*4(po, v0, ¥20) +0 (po, v10, ¥20) 
— R**(po, v0, ¥20)—S*9(po, v10, ¥20) 
+ P**(— po, v20, ¥10) +Q%9(— po, ¥20, ¥10) 
— R*9(— po, v20, v1) —S*°(— po, v20, v0) ], (10) 


1/(Eo—m)¥ Eo= (Ey—m+a-p'+8M)/— 


where 


*(Eo—a- pot 8M)(1+ veors) ], 


078 (po, Vi0, vo) =} spl K°t(1+8)J*(Eo+a-po+8M)(1+ ri073) }} spl J*(1+ 8)K_*(Eo—a- pot+8M)(1+ v2073) J, 


R*(po, vio, 


Vs 20) 


S*7(po, V0, 


V2) 


The evaluation of the Spurs is lengthy but straight- 
forward. The resulting complete | H7r’| ()? shows that 
the contribution from transitions (a) and (b) is of the 
order m/M smaller than that from transitions (c) and 
(d), and so is the contribution from transitions to nega- 
tive energy substates of the intermediate states. These 
terms are neglected; contributions are retained from 
transitions to positive energy substates of the inter- 
mediate states (c) and (d) alone. Only in this approxi- 
mation is it legitimate to use the nuclear potential 
obtained from scattering experiments, i.e., transitions 
from positive energy states to positive energy states, 
and to neglect possible ‘“non-static” corrections to 


=, spl J*(1+8)J*(Eo+ a: pot 8M) (1+ riots) Ky91(1+8)K 
=, sp[K_°t(1+8)J*(Eo+a- po+ 8M) (1+ riots) J*(1+8)K 


K_*(Eo—«a- po+8M)(1+ v2073) ], 
K_*(Eo—@- pot+8M)(1+ v2975) ]. 





V(r), for example terms of the form v(r)csacy- a2). 
The resulting | H7r’| (»)? and the corresponding squared 
transition matrix element with tensor interaction be- 
tween meson and nucleon, | H7p’ | (2%, are 





| Are’ | (w= 


Bo" on ( 2M—m\? 


) Tw) cos’6, (11) 
Q'm E,? 2Eo— 

g°V p," po 
03m E,? 





(— 


| Hre’| ) Ti sin?@, (12) 
2Ey—m 


where @ is the angle between ao* and po and the T func- 
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tions—T\,) and T;»)—are 


T (vo) = [2+ 5(v10+ 20) }(C:+-62— 3¢3— 34)" 
— 3(1—s*) ry9v20(¢1+ C2— 3¢3— 34)? 
— (1— vy0v29) (2? — 32+ 13¢P%+ 962+ 60362 
— 100 ,¢3— 6¢1¢4—6¢2¢3— 18¢2¢4+ 30c3¢4), 
T () =43[2+8(vi0+ v2) ](3e1?+ 1162+ 192+ 27¢2 
— 2¢162— 10¢1€3— 18¢164— 18€2¢3+ 662644 30C9¢4) 
— (1—s*)vyov20(¢?— 762+ 1762+ 92+ 10¢ c2 
— 1404¢3— 6¢1¢4— 602¢3— 30 C2 4+-42c9¢4) 
— (1— v9.29) (C1 +-62—3¢3—3¢4)?. 


(B) Deuteron Formation 


For the reactions 
ptport+nt+p, (13) 
and 


n+n—x-+n+p (14) 


near the threshold, as mentioned in the Introduction, 
the final neutron and proton having very small momenta 
interact so strongly that they may fall into deuteron 
states. The Born approximation of plane waves for the 
final nucleons is, of course, no longer valid; instead an 
appropriate “‘deuteron”’ wave function should be used. 
Since under the assumption of charge symmetry, and 
neglecting coulomb effects, the two reactions (13) and 
(14) are obviously equivalent, we will fix our atten- 
tion on the first reaction (13). As to the final states 
of the proton and neutron, we shall consider only *s 
and 's states, because for p and higher states there is no 
resonance with bound or low-lying virtual states and 
their contribution will be much smaller near the 
threshold. 

The following calculation is made in the barsy at the 
threshold. The velocity of the incoming nucleon is 
approximately ~[(4M-+m)m ]!/(2M+m)=0.38 for 
M/m=6.4. Therefore a nonrelativistic calculation is 
tolerable even for the initial states. The properly anti- 
symmetrized wave function of the incoming nucleons 
is then either 


i(v2/2)T .(1)T (2) * sinpo-r (15) 


(v2/Q)T.(1)T.(2) !Z cospo-r, (16) 


where 7, is the isotopic spin state function; 7, for 
proton, and T_ for neutron. *= and '& are, respectively, 
the symmetric (triplet) and antisymmetric (singlet) 
spin state functions of the two nucleons. The numbers 
1 and 2 in 7,(1)7,(2) designate nucleons No. 1 and 
No. 2, and r=r,—r2. The incoming nucleons are as- 
sumed to be free, since the contribution from transi- 
tions (a) and (b) in Eq. (8) was only of the order m/M. 
The wave functions of the “deuteron” in the *s and the 
's states are, respectively, 


(1/v2)[T}(1)T_(2)—T_(1)T+(2)] *ZDou(r) (17) 


and 
(1/v2)(T(1)T_(2)+T_(1)T+(2)] 'ZDos(r). (18) 


The symmetrized interaction hamiltonians between 
the pion and the nucleons at the threshold in the non- 
relativistic approximation become 


Hy = (ge/iM)(Qm)-*Lr4(1)— 742) Jao*- ¥, (19) 


H' = (g:/iM)(Qm)-*Lo(1)7,.(1) — @(2)74.(2) ]-a0* XV, 
(20) 


where ¥ is the differential operator “del” with respect 
to rand r,=(11—ir2)/V2 destroys one positive charge. 
Since the spatial parts of the “deuteron” wave functions 
(17) and (18) have even parity and those of the inter- 
action hamiltonians (19) and (20) have odd parity, 
to get non-zero transition matrix elements, we must use 
the triplet wave function (15) of the incoming nucleons 
having an odd spatial part. The transition matrix ele- 
ments are then: for a “deuteron” formed in the *s state 


2 LoPo 
Arr) = pasta 0s ———(Z | *Z) 
f/m QM 


x| f Day(r) cospy rr] cos6, 


; 1 g:Po 
Hrrvoyy’ = -—— — C2 | o,(1) +6,(2) | * 
Vm QM 


| Pent cospy rr | sin@; (22) 


for a “deuteron” formed in the 's state 
H1r(v)@' =9, (23) 


SEC GR 
Hiro =—— —('Z| o,(1)—o,(2)|*Z) 
/m QM 


(24) 


| f Beair comps rt] sin8, 


where 6, as before, is the angle between ao* and po; and 
a, is the component of @ in the direction of ao*X po. 
Squaring the matrix elements, summing over the final 
spin states, and averaging over the initial spin states 
we get, for *s deuteron state, 

9 go po 


| Arco)’ | @"=— 
m (PM? 


2 
x| f Dou (rkcose ni] cos’, 


6 gr po 
| Arey’ | wo*=— 


m SPM? 


x [ fe» (r)cospo e ne] sin’6; 
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for !s deuteron state, 
| Hrrcpy'| «=, 


f , 9 3 bi pe 
| Hrrcpy' | "= — 
m (2M? 


x| f Das(r) cospo- re] sin?@. (28) 


For the inverse processes the transition matrix ele- 

ments are evidently the same as those given. 
Ill. CROSS SECTION 
(A) Nucleonic Inelastic Scattering 

Near the threshold we can consider the transition 
matrix elements as energy independent, having their 
respective values at the threshold. (In the discussion 
we will see the condition for the validity of this assump- 
tion.) Since in the barsy the momenta of the two out- 
going nucleons and the meson produced are small, we 
can use the nonrelativistic expression for the final 
energies. The energy density of final states is then 


d'n/dE,=(0?/2(2x)*|M pd, k*dkdQ, 
where k is the momentum of the meson and p is half of 


the difference of the momenta of the outgoing nucleons, 
with its magnitude given by 


p={M[2e—(2M+m)k/4Mm]}}, 


2e=2(E,— EE) being the total excess energy above the 


threshold. 
The differential cross section for the vector meson 


production is then 

do = (Q°M Ey/4(2)*po) | Hire’ |*pdQ k*dkdQy 
where we have put v9= po/Eo as & good approximation 
for the velocity of the incoming nucleons. The total 
cross section is given by integration 


OM*7 m \IEp 
a Zita 
(2x)\2M+m/ po 


(B) Deuteron Formation 
For the cross section of deuteron formation we con- 
sider only the case when the deuteron is formed in the 
bound *s state. The momenta pp of the final deuteron 
and k of the meson produced are related through 
momentum conservation by pp= —k. Near the thresh- 
old energy conservation gives 


2ep=2E;—M p—m=3[(1/Mp)+1/m]pp?, (32) 


where M p is the rest-mass of the deuteron. The energy 
density of final states is 


(29) 


(30) 


(31) 


4 


d*n €D 
( og AR dQrp. (33) 
dE;/ p 4n*°[(1/Mp)+1/m]}! 





TENG 


The differential cross section is then 
o Ep €p! 
"8 poo [(1/Mp)+1/m}! 





(34) 


| H rrp)’ |*?dQpp, ( 


and the total cross section is 
20° m* 
Cp= —M yp} 


ee [(Mp-+m)?—4M"|(Mp+m) 
X | Hrrcpy’ |*en! 





(35) 


where we have put in the values 
Eoo=}(Mp+m), poo=43[(Mpo+m)*—4M?*}} 


for the energy and momentum of the incoming nucleon 
at the threshold. 


(C) Absorption of Charged Meson by Deuteron 


For the inverse process, namely, the absorption of a 
charged vector meson by a deuteron, the total cross 
section ¢4 can be obtained from op immediately by 
detailed balancing. 


w(t 


M 
= —[M om Mot m)—— trineninennepe 
3 [(Mp+m)?—4M?} 


Mp+m—2M 


> 4 €p'+— [ater (36) 


€p 


As before, | H1r:p)’ |? is given by Eqs. (25), (26), (27), 
and (28), where @ now is the angle in the barsy between 
the direction of polarization of the incoming linearly 
polarized meson and the direction of the outgoing 
nucleons, and €p defined by Eq. (32) is now to be in- 
terpreted as half of the total kinetic energy of the in- 
coming meson and the deuteron. When ep is small, the 
term proportional to ep~ is the dominating term in the 
bracket which exhibits essentially the 1/» law. 


IV. DISCUSSION OF RESULTS 
(A) Polarization near the Threshold 


The resulting transition matrix elements (11) and 
(12), and Eqs. (25), (26), (27), and (28) show complete 
polarization (to the order of m/M) of the vector meson 
produced in either an inelastic nucleon collision process 
or a deuteron formation process in both the *s and 's 
states (with the unessential exception of | Hrr,py' | «)?=0 
for 's deuteron state). It is polarized parallel to the 
direction of motion of the incoming nucleon for vector 
coupling between the vector meson and the nucleon, 
and perpendicular to this direction for tensor coupling. 
This is exactly the same as the polarization of the vector 
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meson produced by the interaction between a nucleon 
and a nuclear field, the case treated by Wentzel.? This 
effect, if it exists, should be detectable experimentally 
and offers a basic and clear-cut argument for or against 
the vector theory of charged pions. 

As for the methods of detection of this polarization 
effect, we may mention the following two: 


(1) It was shown by Wentzel? that the r—yp decay of 
polarized vector pions should lead to an angular distri- 
bution of the u-meson (muon) anisotropic in the pion 
rest frame of reference. This anisotropy should be em- 
pirically detectable. 

(2) The inverse processes of deuteron formation, 
namely, the absorption of charged pions by a deuteron 
to form two identical nucleons, may be employed as a 
means for detecting the polarization of the charged 
vector pions. For low kinetic energy of the pion and 
the deuteron in the barsy, the final nucleons will have 
velocities mainly in the direction of polarization of the 
incoming pion if the coupling is purely vectorial, and 
perpendicular to this direction if the coupling is purely 
tensorial. Since the mass of a deuteron is much larger 
than that of a pion, the aforementioned effect should be 
easy to detect in the labsy (laboratory system) when a 
pion beam of low energy is shot at a liquid deuterium 
target. The cross section of this process will be calculated 
in the next section and is of the order 10-*’ cm? for 100- 
Mev incoming pions. This effect was first qualitatively 
discussed by Wentzel.!®-16 


(B) Total Cross Section 


From neutron-proton scattering experiments at 40 
Mev, 90 Mev, and 260 Mev done in Berkeley,*~* the 
best fit to the experimental results, neglecting tensor 
forces, is obtained by a central force potential having 
an exchange property of a 45-55 mixture of ordinary- 
exchange forces and a Yukawa-type radial dependence 
with a range of 1.1810 cm. For this potential the 
total cross sections obtained from Eqs. (11), (12), and 
(31) are 


ow)/(g0?/he) = 1.8X 10-7) cos*O(e/Mc*)? cm’, 
o./(g2/he)=1.8X10-*T (», sin?0(e/Mc)* cm?, 


(37) 
(38) 


where 


vio=1, v= —1 vio=—1, vo=—1 
0.08 0 
0.57 0 
0.08 0.98 


vio= 1, vo=l 

s=1 0.98 
Tw) =s=0 0 
s=—1 0 


vno=1, v2o= —1 vro=—l, vo= —1 

0.81 0.08 0 

Tw =s=0 0.16 0.33 0.16 
s=—1 0 0.08 0.81 


15 G. Wentzel, Helv. Phys. Acta 22, 101 (1949). 

1% R. E. Marshak and W. B. Cheston have suggested that the spin 
of the pion be determined from the ratio of the total cross sections 
of the two inverse processes p+p=2d+-*. The anisotropic distri- 
bution of the protons for the case of polarized vector pions should 
not be overlooked in evaluating the total cross section from ex- 
periments selecting certain proton directions. 


vVo= 1, vo=l 
s=1 
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Since g*/hc is of the order of unity, we see that the 
value obtained for the total cross section agrees in the 
order of magnitude with that calculated for the pseudo- 
scalar theory by Marshak and Foldy,"’ also under the 
Born approximation. Both results are necessarily under- 
estimates, because the Born approximation ignores 
resonances with deuteron *s and 's states. 

In the case of deuteron formation, we will calculate 
the total cross section only when the deuteron is formed 
in the bound *s state. To get an analytical form for 
Di(r) we assume a Hulthén potential of range 
1.18 10- cm and take the binding energy of deuteron 
4s state as 2.23 Mev. The total cross sections as given 
by Eqs. (25), (26), and (35) are 


o pw)/ (ge2/he) = 1.3 10~** cos*O(ep/Mc*)* cm?, (39) 
op »/(g2/hc) =0.86X 10-** sin*6(ep/Mc*)* cm?. (40) 


With the Hulthén potential, the total cross section 
is very sensitive to the range. Calculations with differ- 
ent ranges show that doubling the range will reduce the 
cross section by a factor of as much as 10~*. Considering 
the possible error in the value 1.18X10-" cm for the 
range and all the approximations made in the calcula- 
tion, therefore, we should not put more than order-of- 
magnitude emphasis on the numerical values of the 
total cross sections given above. With a square well 
potential, however, the values obtained for the total 
cross section are consistently smaller than the values 
quoted above by a factor of about 2 10-*. This is due 
to the absence of the 1/r infinity at the origin and the 
consequent lack of fourier components of higher wave 
numbers. 

The total cross section for the absorption of a pion 
by a deuteron is given by Eq. (36), together with 
Eqs. (25) and (26). Assuming the same Hulthén poten- 
tial as above, we get 


© 4(v/(g?/he) = 2.2 10-"[13.6(ep/Mc*)? 
+(€p/Mc*)-*] cos*@ cm?, 

o4co/(g2/he)=1.5X10"[13.6(ep/Me)* 
+(ep/Mc*)-*] sin*@ cm?, (42) 


where €p as mentioned before is half of the total kinetic 
energy of the incoming pion and deuteron in the barsy. 

These values of the total cross sections of the reversi- 
ble reaction *++d=2p+ p agree in order of magnitude 
with those obtained theoretically by Marty and 
Prentki'® and by Cheston.”® They also agree in order of 
magnitude with the experimental result of 1.4x10-* 
cm? for the reaction p+ p—d+ a+ for 340-Mev incident 
protons obtained in Berkeley and the order of magni- 


(41) 


‘TR. E. Marshak and L. L. Foldy, Phys. Rev. 75, 1493 (1949). 
18 Quantity defined as x“ in L. Rosenfeld, Nuclear Forces (Inter- 
science Publishers, Inc., New York, 1949), p. 67. 
set Marty and J. Prentki, J. phys. et radium (Sér. 8) 10, 156 
°W. B. Cheston, On the Reactions x++d=2p+p (unpublished 
paper, Rochester, New York). 
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tude of 10-” cm? for the total cross section of the 
reaction *-+-d—>p+ p obtained by Roberts in Roches- 
ter. 


(C) Condition for the Validity of the Results 


In the complete interaction hamiltonians (2) and (3) 
there occur terms dependent on k, proportional to 
k/m. The matrix element of @ gives the velocity of the 
nucleons v,, and the matrix element of k/m is a quan- 
tity of the order of magnitude of the velocity of the 
meson produced 2,. Therefore, when terms of the second 
order in k/m are neglected, the matrix elements of the 
complete hamiltonians near the threshold are of the 
form (in the barsy) 


Hrp'=A0,+ BogAto+ B(4e/m)}, 


where A and B are of the same order of magnitude, since 
the coefficients of a and k/m in the hamiltonians are of 
the same order of magnitude. Hence, to neglect k/m 
compared with e@, we must have 


(4¢/m)*K r= 0.38, 
which gives 
(e,/Mc)<2.4 percent, (43) 


where e¢; is the energy above threshold in the labsy. 
To obtain a better estimate, the square of the transi- 
tion matrix element for the production of neutral meson 
during neutron proton collision with only the ordinary 
force term in the nuclear potential was worked out 


with the complete interaction hamiltonians. The condi- 
tion obtained there for neglecting resulting terms in & is 


(e,/Mc*)<«14.4 percent. (44) 


This condition agrees in order of magnitude with the 
one given above, but is looser. The argument above 
would necessarily lead to a too stringent condition, 
because we substituted for v, the too large value 
(4¢/m)! which is actually forbidden by momentum 
conservation, and for v, the minimum value 1. Take 
Mc?=938 Mev; then, it is safe to assume the results 
to be valid for 

e100 Mev. (45) 


The condition for the validity of the application of 
the Born approximation® is not very well satisfied; 
but it is well known that the Born approximation 
usually gives sensible results even when the criterion, 
which is too stringent, is not well satisfied or barely 
satisfied as it is in our case. 

The validity of these calculations is, of course, fur- 
ther impaired by the limitations of meson theories in 
general and the unreliability of a perturbation calcu- 
lation. 

I would like to express my deepest indebtedness and 
thanks to Professor Gregor Wentzel for suggesting this 
problem and for his constant help and encouragement 
during the course of development of this work. 


1 See, e.g., L. I. Schiff, Quantum Mechanics (McGraw-Hill 
Book Company, Inc., New York, 1949), p. 168. 
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The recombination of two atoms in the presence of a third body is of importance in gas kinetics. The 
evaluation of its probability coefficient can be reduced to that of the reverse process, the dissociation of a 
molecule by collision, by means of the principle of detailed balance. Various mechanisms for dissociation 
are briefly discussed, and an attempt is made to estimate the general order of magnitude of the cross section 
for the excitation of a molecule into the vibrational continuum of its electronic ground state by carrying 
through a calculation for the dissociation of a hydrogen molecule by collision with an electron, proton, 
and hydrogen atom. The Born approximation is not satisfactory for the heavy particles at low energies, 
and a tentative method of correcting the cross section by means of the exact one-dimensional problem is 
given. The resulting value of the cross section for dissociation of a hydrogen molecule by a hydrogen atom 
is of the order 10~** cm? at low energies; the three-body recombination coefficient for the reverse process, 
namely, the recombination of two hydrogen atoms in the presence of a third, is ~10~* cm*/sec, which 


is very much smaller than the experimental value. 





I. STATEMENT OF THE PROBLEM 


EACTIONS in which two atoms A and B combine 
in the presence of a third body X to form a 
moiecule AB, namely, 


A+B+X—AB+ X* (1) 


are of great importance in many problems in the gas 
kinetics of chemistry and of the upper atmosphere. The 
problem is usually to understand the mechanism of the 
energy transfer (1) for given reactants A, B, X; and for 
this a knowledge of the probabilities of the various 
possible mechanisms of energy transfer is necessary. 
For any given mechanism, the probability of (1) taking 
place can best be measured by a cross section o3 for the 
three-body process defined in the following manner. 
Consider the reverse process of (1), namely, the dissoci- 
ation of AB by the transfer of the energy of excitation 
of X*, i.e., 

AB+X*+A+B+X (2) 


and let o2(vo) be its cross section, v» being the relative 
velocity of AB and X*. Let u be the relative velocity 
of A and B after the dissociation. The cross section 
o3(u) may then be defined by the principle of detailed 
balancing, namely, that at equilibrium the number of 
processes (1) per unit volume and time is equal to that 
of (2) per unit volume and time 


o3(u)ul A J[BILX]}=o2(v0)volABILX*], (3) 


where [A] is the concentration of A, etc. For any 
assumed mechanism for (1) and (2), statistical mechan- 
ical arguments enable one to obtain a relation between 
o3;(u) and o2(v9) in terms of the statistical weights and 
atomic and molecular constants of A, B, AB, and X 
alone. Thus, the three-body problem (1) can be reduced 
to the solution of its reverse, the two-body process 
(2), which is always simpler. 


* National Research Laboratories Postdoctorate Fellow. 


If X is an electron, two different modes of energy 
transfer (1) are possible, namely, (a) the electron may 
take up as kinetic energy the energy of the excited 
electronic state of AB arising from the close approach 
of A and B, or (b) it may take up the energy of the 
system A+B in the vibrational continuum of the 
ground electronic state of AB. The cross section ¢ for 
the reverse process (2) in the case (a), namely, the 
excitation of the electronic state of AB, is of the same 
general order of magnitude as that for the excitation 
of the electronic state of an atom by an electron, and 
hence o2~10~'*—10—"* cm*. It can be shown that 
C= ou, which is usually called the coefficient of three- 
body recombination, is in this case ~10-*—10-" 
cm®/sec. For case (b), o2 for the excitation of the 
vibrational continuum by electronic impacts will be 
shown in the present work to be very small, leading to 
oy4~ 10— cm®/sec. 

If X is a heavy particle such as an ion, atom, or 
molecule, there are other possible mechanisms in addi- 
tion to (a) and (b). Thus, the system A+B may 
transfer its electronic or vibrational energy to the elec- 
tronic, vibrational, or rotational motion of X. In the 
case of the transfer of electronic energy of A+B to 
electronic energy' of X, the cross sections o2 and o; 
may be quite large if there is resonance. The exact 
treatment of any of these processes is difficult, but on 
general considerations they seem to be very improbable 
away from resonance. For the low energies occurring 
in the problems of interest, the velocities , v9 are small 
compared with the orbital velocities 2,,, of the elec- 
tronic processes, so that the collisions take place adia- 
batically because the collision time, which is inversely 
proportional to the velocity of approach, is large com- 
pared with the period of the electronic motion which is 
inversely proportional to vo;p. For such low velocities 


'H. E. Moses and T.-Y. Wu, Phys. Rev. 83, 109 (1951), 
Appendix 5. 
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of approach, the cross section varies as exp(—orp/Vo),” 
so that the cross sections oz for typical electronic 
reactions are less than 10-** cm’. 

Thus, apart from resonance phenomena, if X, is a 
heavy particle, recombination will occur only by the 
transfer of the vibrational energy of the electronic 
ground state of A+B into vibrational, rotational, or 
translational energy of X.* The excitation of vibrational 
motion is in general difficult, while translational and 
rotational energy are freely convertible into one another, 
so that one need only consider mechanism (b), 
namely, the transfer of vibrational to translational 
energy. The adiabatic effect of the previous paragraph 
is not of importance in these considerations because 
the periods of rotational and vibrational motion are 
much greater than those of electronic motion. 

The object of the present work is to make a reasonable 
quantum-mechanical estimate of the probability of (1) 
when two atoms A and B, approaching each other in 
the vibrational continuum of the electronic ground state 
of AB, transfer this vibrational energy to an electron 
or heavy particle as kinetic energy. To make the 
calculation manageable, it has been carried out for the 
case of two hydrogén atoms combining in the presence 
of an electron, a proton, and another hydrogen atom. 
By using the principle of detailed balancing (3), the 
evaluation of the three-body recombination coefficient 
C=o;-u has been reduced to that of the cross section 
a2 of the reverse process, and we discuss the dissociation 
of hydrogen molecules by excitation into the vibrational 
continuum of the electronic ground state by collision 
with electrons, protons, and hydrogen atoms. The de- 
excitation of molecular vibrations in one-dimensional 
collisions has been investigated previously,‘ but it was 
supposed that van der Waals’ forces provide the relevant 
interaction. These forces are now known to be satis- 
factory for distances greater than 5A;° however, the 
excitation of vibrational levels requires very close colli- 
sions as quite a large energy is transferred, and thus 
the use of van der Waals’ forces in Margenau’s sense is 
not satisfactory in the present problem. 

Recently, Wu® has considered the excitation of vibra- 
tions in hydrogen molecules by collision with electrons, 
and in this case has obtained results which agree in their 
order of magnitude with the experimental cross sec- 
tions.’ Here this interaction is modified to account for 


2 N. F. Mott and H. S. W. Massey, Atomic Collisions (Clarendon 
Press, Oxford, 1949), second edition, Chapter XII. 

* There is one further possibility, namely, that the atoms A 
and B come together in a state of rotational energy greater than 
the binding energy, and transfer some or all of this rotational 
energy to X. This possibility has not been considered in the 
present work. 

*C. Zener, Phys. Rev. 37, 556 (1931); J. M. Jackson and N. F. 
Mott, Proc. Roy. Soc. (London) A137, 702 (1932). 

5H. Margenau, Revs. Modern Phys. 11, 1 (1939). 

*T.-Y. Wu, Phys. Rev. 71, 111 (1947). 

7W. Harries, Z. Physik 42, 26 (1927); H. Ramien, Z. Physik 
70, 353 (1931); Chao, Wang, and Shen, Science Record, Acad. 
Sinica 2 (4) 358 (1949). 
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the interaction of hydrogen atoms with hydrogen 
molecules. 

The calculation has been carried out to Born’s 
approximation. As the binding energy of the hydrogen 
molecule is about 4.4 ev, the coupling constant ay 
=Z'e*/hv is 2 and 69 for electrons and protons, respec- 
tively, at the threshold. Thus, while the Born approxi- 
mation will be satisfactory for electrons fairly close to 
the threshold, this will not be so for the much more 
interesting case of heavy particles. For protons of 20-ev 
energy, the relation, 

Li~M arb, (4) 


shows that for impact parameters 6~0.5A, /,~30, and 
thus at this energy perhaps 50 phases must be con- 
sidered. It does not seem possible to find any convenient 
analytical expression for the phases, and thus it is not 
feasible to attempt an exact calculation. However, the 
one-dimensional problem can be evaluated numerically, 
and it is suggested that a comparison between the 
accurate treatment and the Born approximation for the 
same one-dimensional problem may furnish a basis for 
making a correction to the Born approximation in the 
three-dimensional case. In this way the cross secticn 
for the dissociation of hydrogen molecules by protons 
and hydrogen atoms by excitation into the vibrational 
continuum is estimated. The three-body coefficient osu 
of the inverse process is calculated from this by means 
of (3). 
Il. THE INTERACTION 


Wu® has considered the interaction of an electric 
charge distant r from the center of mass of a hydrogen 
molecule of nuclear separation p, in its normal ! state, 
described by Wang’s variational eigenfunctions.® After 
integration over the electron coordinates, one term 
which is not important for the small angle elastic 
scattering of fast electrons is neglected; and as an 
approximation to integration over the polar angles 
(the molecule is not considered as rotating), the field is 
replaced by the central one 


Vow(r, p) = 2e(1+S)A,e""/r, 
Ay=(1—}u0/dp), 
S=[1+4up+(1/12)u*p? Pe, 
Z=1.166, ao=h?/me’. 


In its dependence on r, Vw is essentially the field due 
to a neutral atom, but in bringing out the dependence 
on the nuclear separation p through the overlap integral 
S, it furnishes the coupling between the translational 
coordinate r and the vibrational coordinate p without 
requiring any further assumptions for the interaction. 
Thus, Vw seems satisfactory for describing the vibra- 
tional excitation of a hydrogen molecule by an electron 
or proton ; it will be satisfactory even for the dissociated 


8See H. Bethe, Handbuch der Physik 24/1 (Verlag. Julius 
Springer, Berlin, 1933), second edition, Chapter III, Sec. 59. 


p=2Z/a0; 
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molecule during the collision provided the constituent 
atoms do not move too fast and are in their normal 
electronic states. 

In the case of a hydrogen atom, the effect of the 
orbital electron must be considered as well as that of 
the proton. At least at low velocities, the only effect of 
the electron will be to screen the proton, as the electron 
has not on the average sufficient kinetic energy to 
produce dissociation, even if its binding could be 
neglected. 

For the nucleus at a point r and the electron, in the 
(1s) state, at s relative to the proton, the interaction 
between the hydrogen atom and the molecule is 


Var, p) cia fos ¥1.(8) | | Vols, p) ] 


(6) 
—Vw(\r+s|, p)} 
=Vpw(r, p)—Vs(r, p), 
4. 2¢é | (e-#7 — e~?7/00)4 
V(r, p)=— Ay) 
ao? 1+S(p) | rao(u?>—4/a,")? 


e72rlao 





nsetestaiitiie 
w+4/a¢? 
~f 2e/(1+S) ]V s%e-*; 
Vs°=0.619, g=1.44.} 


The potential Vx, has the correct qualitative form of 
an intermolecular potential, being strongly repulsive 
for r<do and weakly attractive for r>1.3a9; its mini- 
mum value is —0.02e/ap. 

Since we are interested in the probabilities of exciting 
the vibrational states, it is convenient tn express Vw 
or Vy as a function of p in a more explicit manner. 
Following Wu,® only small displacements 7 of the 
nuclear separation p from its equilibrium value pp are 
considered ; and thus we put 





(A=W, M). (8) 


rs) 
Vilr, p= Vals, pital Vil, 0| 
Op 


po 


The p-dependence of V comes from the factor S=S(p), 
and as po™1.5ao, 
[(0/dp)Vx(7, p) Joo= (0.42/p0)Vilr, po). —(8") 
Thus to this approximation only the matrix element of 
the nuclear separation is required.° 
Ill. THE TOTAL CROSS SECTION o,: FORMULATION 
OF THE PROBLEM 
We consider a collision in which the incident particle 
of reduced mass M, changes its momentum from hk» 
® Equation (8) is very satisfactory because 2/{1+S(p)} is 
linear in p for 0.5a9<p<3ao. In a width Ap=0.5ao on either side 
of the equilibrium position po, the wave function of the ground 
state, Yo(e), has already fallen to } of its maximum value, so 


that the linear approximation (8) is sufficient in the region 
where yYo(p) is appreciable. 
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to Ak,, and in so doing excites the molecule into the 
vibrational state p of energy (h?/2M,)P*(p)=D 
+ (h*p*/2M¢) in the continuum; D is the binding energy 
of the molecule, and My=1840m/2 the reduced mass 
of its two atoms. Thus the condition of energy conser- 
vation is 


(h?/2M 4)(ko?—k 7?) = D+ (h?p"/2M 0) = WP*(p)/2Mo. (9) 


If the incident particle is scattered through an angle 6, 
and momentum fq is transferred, conservation of 
momentum gives 


gdq= —kok;d(cos6) at constant ko, ky. (10) 


The differential cross section for scattering into an 
angle between @ and 6+4d8 is 


2h(ky/ ko) | (Ma/2ah*)(kes, p| Va(r, p)| Ko, 0)|* sinddd. (11) 


For electrons and protons the interaction is Vw, while 
the screened interaction V 4 must be taken for hydrogen 
atoms. 

Now, from Eq. (8), V(r, p) is separable; and, in fact, 
h®p?/2My><D for all values of » which contribute 
noticeably to the cross section. This brings about a 
further simplification in that the condition of energy 
conservation becomes 


ke —kP~2M 4D/h’, (9’) 


so that the contributions of translational and nuclear 
motion to the cross section may be treated as inde- 
pendent. The vibrational state p lies in the continuous 
spectrum, and its wave function must be normalized 
per unit energy range if the standard expression for 
the probability of a transition per unit time, Po, 
= (2x/h)|(0|V|)|*, is to be used. In consequence of 
this, no,” has not the dimensions (length),? and it is 
necessary to integrate over E,=h*p?/2M) to obtain a 
meaningful result for the total cross section. This 
means physically that we get o2 as a function of ko, 
giving the total cross section for dissociation by vibra- 
tional excitation, integrated over all energies with 
which the dissociated hydrogen atoms move apart. 

Thus, from Eqs. (8), (10), and (11), the cross section 
is given by 


ox(Re) = x(o)(0.42/ pa)" f ~ |nopl%@E» (12) 


p=0 
where 


x(ko) = 29(k;/ko)(M 4/2xh?*)? x 
x f | (f| Valr, po)|0)|? sinddée 
0 


=22(M 4/2rh*ky)* 





kot+ky 
x f |(f1 V(r, o0)|0)|? singdg. 
ko—ky 
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The value of pmax is not critical, because 70,” falls off 
very rapidly with increasing ~, so that the integration 
may be extended to infinity. The expression (| V|0) 
stands for a matrix element relative to the translational 
motion, and x is a factor determined by the contribution 
of the translational motion to the cross section. The 
chief difficulty is the evaluation of x, as an exact 
treatment is out of the question for heavy particles 
(see Sec. I). The Born approximation is given in Sec. V 
and a detailed one-dimensional analysis of (f| Vw|0) 
in Sec. VI; the final results for o2 are given in Fig. 2 
and discussed in Sec. VII. 


IV. THE MATRIX ELEMENT OF THE NUCLEAR 
SEPARATION 


It is required to find the matrix element mo, for the 
transition from the ground state 0 to a state of mo- 
mentum fp. For a harmonic oscillator there is a selec- 
tion rule Av=-+1; but while the ground state may be 
represented by a harmonic oscillator wave function, 
transitions from it to states p in the vibrational con- 
tinuum are no longer forbidden, as these are not har- 
monic oscillator states. 

The wave function for a state p can be obtained 
readily from the WKB approximation by replacing the 
exact potential well (as a function of p) by a square 
well of the correct depth D and size, the potential 
becoming strongly repulsive for p<;. The wave func- 
tion which has the correct (decreasing exponential) 
form for p<; and is normalized per unit energy range is 


¥p(p)=(1/h)(2Mo/eP)* cos{ P(p—pi)—tx} (14) 


within the potential well; P= P(p) is given by Eq. (9). 

The form of ¥, outside the well is of little importance 

for the matrix element, as the ground-state wave 

function yo decreases very rapidly on either side of po. 
For the (0?) transition, 


nop= (No A) 2Mo/ xP) f dn exp(—3Bn’) 


Xcos[P(p— p:)—i x] 
= —[2/(8*r)'h](MoP)} sin P(po—p1)—3 8] 
Xexp(— P?/28) 
B= M qwo/h=18.4/a0?, 





Ne =(8 mn); 


where wo/27 is the oscillator frequency. 

It is reasonable to choose p; so that at p=p, the 
energy of the hydrogen molecule is equal to —2e*/ap. 
Then it is found that the Hylleraas variational method,® 
gives po—pi=0.55a9; and, using this value, we find 
that m0,°=7.6X10-7ag/e at p=0, 1.3X10-7a;/e? at 
p=3/ao, and 0 at p=6.6/ao, ao=h?/me® being’ the 


10 mop vanishes for p=6.6/a9 because of the sine factor, which 
arises from the fact that the matrix element depends critically on 
the position of the nodes of y, relative to the peak in Yo. The 
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first Bohr radius. E,=h’p?/2M, is the kinetic energy 
with which the two atoms of the molecule move apart 
after dissociation ; for E,=4$kT (at 300°K), p=0.94a9— 
and 10,?=7.0-10-7a,*/e?, while for E,=kT, nop’?=6.3 
X 10~7a,°/e?. Because of the normalization of ¥,, we 
require {7,°dE,. This is best evaluated numerically, 
and gives 


f nop dE p= 3.95 X 10-a,?. (16) 


0 


V. BORN APPROXIMATION FOR THE TRANSLATIONAL 
MOTION 


Plane waves exp(ik- r) are used in the matrix element 
({|V|0) of Eq. (13), giving 


(f| Val0)= fareey¢, po), 


(f| Vw|0) = (49/u*)G(9"/u"); 
G(x)=1/(1+«)+1/(1+2), 
(f| Vse| 0) = (4x/u?) {G(G?/u?)— Vs°Hg(9"/u")} ; 
H,(x)=2g/w?(g°/u?+x)?. 





Changing variables from g to x= q"/,’ in the integration, 
x is given by 


ZEN? £2? 
©) 
hv 


(* for electrons and protons 


A-—B for hydrogen atoms, 
o=hko/Ma; Z'’=2/1+S(po)=1.115, 
A= f G*(x)dx, 


tmin 


B= [ (2VSG@)H(2)—V SH #0)\dr, 


7min 


Xmax, min> [ (Rot ky)/uF. 


VI. ONE-DIMENSIONAL TREATMENT OF THE 
TRANSLATIONAL MOTION 





We shall consider the one-dimensional problem to 
estimate the error in Born’s approximation for protons. 
The matrix element (/| Vw|0) in the sine wave approxi- 
mation, which is the one-dimensional analog of Born’s 
approximation, is given first. With the normalization 


(x)= (sinkx)/k, 


the matrix element for protons interacting with a 


contributions due to states with p>6.0/ao need not be considered, 
because the matrix element 7, falls off extremely fast. 
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hydrogen molecule is found to be 


(\Vw|0=——— i “Pha 
bana ee er, 





ae Ee 
w+k? w+k,? 





k= Rotky. 


Next we shall obtain the matrix element (/| Vw!0) 
by two more accurate methods, namely, Langer’s 
modification" of the WKB method, and also by 
approximating for the wave function by bessel functions 
of order chosen to fit the correct wave function at the 
turning point of the classical motion. The two methods 
agree quite well with one another. 


(a) WKB Method 


Langer’s modification" is used to give the wave 
function for all x as the usual WKB approximation 
fails at x,, the turning point of the classical motion. 
The results used here are the following. The wave 
equation 


{ (@/dx?)+k?— (2M 4/h?)V(x)}\p=0 
has a singular point at x, where 
(x1) =k’ — (2M 4/h?)V (x1) =0, (20b) 


V(x) being given by Eq. (5). The zero in Q*(x) at x; is 
a simple one, i.e., near 21, 


P(x)=C'(x—m1) (C’>0) (20c) 


and the desired solution, which is oscillatory for large 
x and decreases rapidly for small «x, is the following, if 
N is a normalizing constant: 


x>x: W(x)=N(2rt/30)'J(E) +I 4(8)], 
x<axy: W(x)=N(2|é|/w|Q|)*Ky(| E]), 


t- J ‘Qld, 


with the following simplified forms: 
¥((x—2%1)—> © )~2NQ- cos(t— 2/4); 
E~k(x—2}), 
O~k 


(20a) 


(21) 


V(x1) = (N/C*) >< 1.21 
V((x—21) > — © )~N|Q| te“! J 





Especially at low energies, there is a considerable 
difference between x; for initial and final states. It is 


™ R. E. Langer, Phys. Rev. 51, 669 (1937). 
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convenient to split the range of integration into three— 
I: 0<x<#,, where ¥(x) decreases rapidly with de- 
creasing x; II: #:<x<2.2~2%;, (x) oscillates in a 
complicated way; III: «>2, where asymptotic values 
of ¥(x)~sin(kx—const) may be used. In fact, the 
regions I and II contribute most to the matrix element 
(see Table II). The matrix elements are calculated in 
this way at two energies, 41.4 and 165 ev, and the results 
are given in Table I. It is seen that these matrix 
elements are much smaller than those using sine waves. 


(b) Bessel Function Approximation 


From Table II it is seen that the most important 
contribution to the matrix element comes from the 
region near x, and thus one is led to look for an analytic 
form of wave function which is satisfactory near x, and 
also has the correct behavior for very large and very 
small x. In fact, this can be done by replacing V(x) by 
an inverse square interaction chosen to give the correct 
value of x;. The result is a bessel function whose order 
depends on @ (and x;)— 

Let 


V(x) =Z'ey1/21. (22a) 


Then Eq. (20a) is approximated by 
[(@/da?) +8 (2M 4/h)Z'ey 21/2" W=0, 
which has a (suitably normalized) solution 
V(x) = (9/2)'xtJ (kx); P=3+(2ay:)*. 


Unfortunately, 


(22b) 


(22c) 


f J (Rx) J (k’x)e~**dx 
0 
has no simple analytic form unless y= »’, when 


inf J (Rox) J (Rk yx)e~**dx 


=[1/2(hok,s)*]0,-y(uw+hP+h?/2kok,). (23) 
Q,(x) is a Legendre function of the second kind.” 

However, bessel functions are well tabulated, and it 
is possible to evaluate the matrix element numerically 
with relatively little labor. This has been done at the 
two energies at which the WKB functions were evalu- 
ated, and the results agree quite well with the WKB 
method (see Tables I, II). 

The difference |vy;—vo| decreases with decreasing 
coupling constant a», so that for <6, say, we may 
put »o=vy and use the result (23) to compare the 
“‘exact” matrix element obtained in this way with the 
sine wave matrix element (19). Now (u?+h?+2/)/ 
2koks= 1+, and «= (y?+k_*)/2kok > y?/2k? as E> ; 


2G. N. Watson, A Treatise on the Theory of Bessel Functions 
(Cambridge University Press, London, 1944), second edition, 
p. 390, 
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TaBLe I. One-dimensional matrix elements. 








Energy (ev) 41.4 165 
Coupling constants: ao 27.5 13.7 
ay 30.0 14.0 
Closest distance x° 0.522 0.212 
of approach (au) f x:/ 0.572 0.218 
WKB: 1.41x10- 441X107 
1.25X 10% 3.93X 107% 


Vor (au) { Bessel function: 
36.2 K10-% 25.9 X10"% 


Sine waves: 








a superficial difficulty arises from the fact that the 
Q,(1) diverge logarithmically. For integral order n™ 
we have 


Q,(x)/ P(x) =} log{(#+1)/(x—1)]—L, (x), | 


1 Pf 2 —1)? 
ttanes oe Baca _ 


x—3x—S5x—+--—(2n— 1)x 
a continued fraction. 


In fact, P,(1)=1 and the Z,(1) are finite, so that » 
need only be retained in the logarithm ;“ and, in fact, 
the argument in the log term is the same as in Eq. (19). 

The result (24) is quoted for integral m, but can 
clearly be extended to all real positive orders with 
appropriate modifications. Further, V(x) is generated 
from e~**/x by the operation Ze?(1—30/0,), so that 
to the first order the contribution of the term }uZe~** 
to the matrix element is just the same as in the sine 
wave case. Thus the matrix element is 


w+ k? 
teers 
we+k? 


Z'é 
(| Vw}0)= ——— |b 
4(kok,)* 


1 1 
Pur fet aoe )- 2L,-4(1) , (25) 
w+ k_? w+k,? 


where Lo(1)=0; L£,(1)=1; L.(1)=1.5; L5(1)=2.3; 
Lyo(1)= 2.9 ; Loo(1) = a 

t is now possible to give an expression for ¢, the 
ratio of exact to sine wave matrix elements of (/| V|0) 
in the one-dimensional case, as a function of the coupling 
constant ap, and this is shown in Fig. 1. Equation (25) 


TasLe II. Comparison of the WKB and bessel function methods. 








41.4 165 


yin disaiaien 
_ Bessel Bessel 
function function 


25.8 21.2 

26.2 21.5 
0.53 0.53 
0.60 3.35 
0.12 0.05 
1.25 3.93 


Energy (e 





Method 
WKB WKB 





0.78 
3.38 
0.25 
4.41 








8 E, T. Whittaker and G. N. Watson, Modern Analysis (Cam- 
bridge University Press, London, 1927), fourth edition, p. 318. 
™ At Eyo=41.4 ev, e=5.1X 107%. 


fails for large ap by giving too large a result for ¢, 
presumably because the difference |v;—vo| becomes 
noticeable. 


VII. RESULTS: THE CROSS SECTION o; 


It seems plausible on physical grounds to suppose 
that the ratio of the exact value of (f|Vw|0) to that 
calculated using plane waves for the 3-dimensional case 
will be of the same order of magnitude as this ratio for 
the one-dimensional case, and thus one may hope that 
for protons 
(26) 


Xcorr= CxBorn 


will be a better approximation than xporn; ¢ is given in 
Fig. 1. Since over an appreciable range of energies 
¢?<1, this correction is hazardous; but the corrected 
results of Fig. 2 for the total cross section o2: seem 
reasonable, as the strong interaction represented by 
a>1 means that the wave functions will differ con- 
siderably from plane waves, and the modification in 
general tends to reduce the probability of inelastic 
processes.” 


1.0 
08 
0.6 


04 


0.2 





°o 





te) 


Fic. 1. ¢, the ratio of exact to sine wave translational matrix 
element of Vw in one dimension, as a function of the coupling 
constant ao=Z'e/hvy. Points O come from the WKB evaluation, 
+ from the approximate bessel function method of Eq. (25)] wy 


If this reasoning is accepted tentatively, the results 
for ¢ may be used to correct xporn for hydrogen atoms, 
as the effect of the screening field is small at low 
velocities. Naturally, the corrected cross sections for 
hydrogen atoms can be significant only in their order 
of magnitude. 

The total cross section o2 is given in Fig. 2 as a 
function of energy for electrons, protons, and hydrogen 
atoms. The corrected cross section for hydrogen atoms 
is not shown: at low energies it is equal to that for 
protons, while at high energies it tends to 0.41 times 
that for protons, because of screening; at an energy of 
15 ev it is ~6X 10-* cm’. 


VIII. THE THREE-BODY COEFFICIENT C=o,u 


The relative (3) holds in differential form, and must 
be integrated to give the three body recombination 
coefficient C as a function of E,=h*®p?/2M> the mutual 
kinetic energy of approach of the two hydrogen atoms, 
and E;=h?k/?/2M x the kinetic energy of the third-body 





DISSOCIATION OF HYDROGEN MOLECULES 


pv ates 


X relative to the center of mass of the twe hydrogen 
atoms. Following Moses and Wu,' Eq. (3) becomes 


GuGx* Mope? 1 dovke*dko 
Mi? ky pp ’ 


where the G’s are statistical weights of the individual 
systems. Now, from Eq. (12), we may write 


(ko, ky) = B(ko, ky) f A(p)pdp, (12) 


so that 


: Z GH, Gx* Mopc? 1 A(p) 
C(EpiE;)= 2h 
Gi? Gx M,? k; 


x f B(ko, ky)katdko. (28) 


The limits of integration are ki<ko<k2, where k? 
= 2M 4D/h’ is the threshold of the dissociation reaction, 
and k2=[k?+k+(M./Mo)p*}' is the maximum pos- 
sible value of ko subject to conservation of energy in 
the collision. One may take some suitable approximate 
form for B= B(kp) in the integration, such as B,(ko?— ;”) 
for heavy particles at low energies and (B2/k,*) 
x[1—exp(—A(ki—ko))] for electrons; the resulting 
values of the three-body coefficient are the following— 
if E,=4}kT and E;=5 ev, then for electrons, C~ 10-*° 
cm*/sec and for a hydrogen atom as third body, 
C~10-" cm®/sec; if E,=kT, these values are reduced 
by a factor 1.6.% The values quoted increase roughly 
linearly with E; up to 5 ev; but above this the coefficient 
C for electrons increases less rapidly, while that for 
hydrogen atoms increases faster. 

Experimental values for the case of hydrogen as third 
body are of the order 3X 10-* cm®/sec,'® corresponding 


'® At low energies (<50 ev) use of the uncorrected Born approx- 
imation cross sections increases ¢2 and C for hydrogen atoms and 
protons by a factor 10°. 

‘© H. J. Schumacher, Chemische Gasreaktionen (Theodor Stein- 
kopff Verlag., Leipzig, 1938), p. 324 
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Fic. 2. The total cross section o2 as a function of the ener 
of the incident particle relative to the center of mass of the 
molecule. (A) Uncorrected cross section for protons. (B) Un- 
corrected cross section for hydrogen atoms. (C) Corrected 
cross section for protons. (D) Uncorrected cross section for 
electrons. The scale of o2 for (D) is 100 times larger than that 
for (A)-(C): for (A)-(C), the unit is 10-" cm, while for (D) it 
is 10-** cm*. Thus, the cross section for electrons is greater than 
the corrected cross section (C) for protons only for energies less 
than 30 ev. The coupling constant a is also shown on the abscissa 
for electrons and protons. 


to 2~10-" cm’. It is hard to understand such a large 
value for 2; but it is clear that a much closer study of 
both the experimental methods and their analysis, 
and also of the theoretical calculations,} is necessary to 
obtain a clear understanding of the recombination 
processes observed in the actual experiments. 

I should like to thank Dr. T.-Y. Wu, who suggested 
this problem, for many discussions. 

t Note added in proof:—Further work has shown that if the 
molecule is formed by recombination in a highly excited vibra- 
tional state, the three-body coefficient C may be larger than the 
value calculated here by a factor of order 105. This work will be 
reported later. 
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The atmospheric absorption of the flux of nuclei of charge =10 has been obtained at A=55° N from a 
combination of flux measurements at different altitudes and at different zenith angles. The absorption, 
together with the collision cross section, gives an energy spectrum consistent with the one measured by 
stopping particles and the latitude effect. The cross section for collision of heavy nuclei is about three-fourths 
of the geometric cross section. The energy spectrum can be represented by NE>Eo« 1/Eo’, where ¥ is 0.5 
for energies above 0.8 Bev/nucleon. N is the number of nuclei with an energy greater than Zp per nucleon. 
The flux measured at \=30° N gives an exponent y=0.5. At energies below about 0.75 Bev/nucleon the 
spectrum seems to get steeper. The flux of heavy nuclei measured on two night flights shows no significant 
difference from the day flux. Solar activity resulting in flares of importance 1 and 2 shows no measurable 


correlation with flux of heavy nuclei. 





I. INTRODUCTION 


INCE heavy nuclei were first observed in 1948 as 

part of the primary cosmic radiation,! numerous 
high altitude balloon flights have been made both at 
Minnesota and off the coast of Cuba in order to study 
these nuclei in photographic emulsions. Methods pre- 
viously described?-* have been used to determine the 
charges and energies of the nuclei. The variation of the 
flux with altitude and zenith angle has been obtained 
at Cuba (geomagnetic latitude, A= 30° N) and at Min- 
nesota (A=55° N). A possible diurnal effect has been 
investigated with two night flights. A possible solar 
effect has been looked for during two solar flares. The 
charge spectrum of nuclei of charge =10 has been 
determined. The energy spectrum of the Z=10 com- 
ponent has been obtained by three methods. The cross 
section for collision has been measured in glass, emul- 
sion, and air. 


II. DAYTIME FLUX OF Z=10 AT 2=55° N 


If one intends to look for any diurnal or solar varia- 
tion in the primary cosmic-ray flux, it is necessary first 
to determine what variations, if any, are introduced by 
the detector used. Since heavy nuclei are rapidly ab- 
sorbed by the air of the atmosphere, it is especially 
important to know accurately the residual air pressure 
above the detector, and also to know how variations in 
air pressure change the flux. We have determined the 
magnitude and angular distribution of the flux of nuclei 
with charges =10 on seven different day flights at 
Minnesota. The flights were all made with “Skyhook” 
balloons which leveled off at altitudes between 84,000 
and 104,000 feet. 


* This work was supported by the joint program of the ONR 
and AEC. 
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The following are the methods that have been used 
to measure pressure on the various flights. In the early 
days of flying “Skyhook” balloons, pressure was deter- 
mined by using theodolite bearings to measure the 
altitude of the balloon; the residual pressure was then 
computed assuming a standard atmosphere.’ Later, 
pressure was also measured with mercury manometers 
and with bellows. Photographing, recording on smoked 
drums, and telemetering have been used as recording 
methods. Late in 1950 pressure was_ successfully 
measured by a very accurate bellows which acts as a 
condenser in a crystal oscillator circuit. On October 4, 
1950, on a flight which reached 9 g/cm?, the bellows and 
telemetering system were compared with a photo- 
graphed Wallace-Tiernan gauge. The Wallace-Tiernan 
gauge is a highly accurate instrument readable to 0.1 
g/cm*. The two methods gave results which agreed to 
within 3 percent at pressures of 10 g/cm*. General 
Mills has now adopted this telemetering method of 
pressure measurement for each flight. 

On six of the thirteen flights reported here, there was 
only one record of the pressure. On six other flights the 
pressure measured in two different ways agreed within 
10 percent. On only one flight did the two pressure 
records differ by as much as 20 percent. On all but three 
flights the balloon remained at a constant altitude 
within the error of pressure measurement. For these 
three flights an estimate of an average pressure had to 
be made. 

A measurement of the flux of nuclei with Z=10 at 
\=55° N involves one major difficulty. Slow nuclei of 
the carbon, nitrogen, oxygen (C,N,O) group can ionize 
as heavily as fast nuclei of Z=10. The only certain way 
to rule out a nucleus being a slow C,N,0O is to follow it 
through sufficient glass and emulsion so that both the 
value and rate of change of its ionization density are 
known. However, this becomes a very time-consuming 
operation when one is obtaining flux values based on 
thousands of nuclei. We have corrected for this effect 
in the following manner. 


7B. Rossi, Revs. Modern Phys. 20, 537 (1948). 
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When the plate is scanned for nuclei of Z=10, the 
minimum 6-ray count accepted is set at 1.3 times the 
minimum count for Z=10. From a complete study of 
200 heavy nuclei at Minnesota, we know the charge 
spectrum and the energy spectrum. With this informa- 
tion we can compute what percentage of slow C,N,O 
we still include in our survey and what percentage of 
Z=10 we exclude by this criterion for track selection. 
These two corrections are found to be of the same order 
of magnitude (~10 percent) and tend to cancel each 
other except at the depth where the nuclei of the C,N,O 
component with energies just above the geomagnetic 
cutoff reach the end of their range. With a cut-off 
energy of 0.35 Bev/nucleon this region is from 20 to 25 
g/cm?. Although we have not followed each nucleus in 
this critical region in order to eliminate the Z<10 
nuclei, the measured flux values do not show any dis- 
continuity in this region. Furthermore, as a direct check 
on the validity of this correction factor, we found that 
on completely studying 200 nuclei which had satisfied 
the criterion necessary for inclusion in the flux of Z=10 
and which had traversed 15-25 g/cm? before entering 
the emulsion, 35 of the 200 had charges <10. So even 
in the critical region the number of C,N,O included in 
the Z=10 is about 15 percent, and this is partly com- 
pensated for by the exclusion of some fast Z= 10 and 11. 

On seven different day flights at Minnesota we have 
measured the angular distribution of the flux of nuclei 
of Z=10. Both C.2 and G.5 Ilford emulsions have been 
used. The plates have been flown vertically in carefully 
aligned stacks. 2’’"X 4” plates were used on three flights. 
On all other flights 4’’ 10” plates were flown. The plate 
stacks were wrapped in black paper and tape, and 
padded with foam rubber. We have neglected this 
wrapping and also the 0.05” aluminum of the spherical 
gondola in which the plates were flown when we have 
studied the variation of flux with depth in atmosphere. 
This would amount to a 1-2 g/cm? correction depending 
on the angle at which the nucleus enters the stack. 
However, at residual pressures of less than 10 g/cm? 
this correction should certainly not be neglected. 

In order to obtain the angular distribution of the flux 
of heavy nuclei, the two outside plates in the stack are 
systematically scanned for all nuclei with 6-ray counts 
=1.3 times the 6-day count of a Z of 10 at minimum. 
The 5-ray count for Z=10 is computed from that of 
carbon which we measure in the plates. On our sys- 
tematic survey of the plates we count é-rays on all 
tracks of more than 1 mm length in the C,N,O group. 
These nuclei are then followed in other plates and 6-rays 
counted there. If these nuclei prove to be fast, as shown 
by their constant ionization over a long range, we use 
them as calibrating nuclei. We then have the 6-ray 
counts for fast nuclei in the C,N,O group, and we can 
determine the 6-ray count for carbon at minimum to 
within about 10 percent. This error is mostly statistical, 
and it is sufficiently large to cover any non-uniformity 
in the development of the plates. 
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Fic. 1. Definitions of zenith and azimuthal 
angles in a vertical plate. 


The zenith and azimuth angles are measured for each 
nucleus coming into the stack. The plate on one side of 
the stack is used for one 180° sector of azimuth, the 
plate on the other side for the opposite sector. On one 
flight we checked the equivalence of horizontal and 
vertical plates as detectors of heavy nuclei. More than 
2000 nuclei of Z=10 were found on four vertical plates 
and two horizontal plates. The flux measured in the 
vertical plate agreed with the flux measured in the 
horizontal plate within the statistical errors except for 
zenith angles less than 20° where the horizontal plate 
proved a poor detector. Nuclei with small zenith angles 
have short projected lengths in a horizontal plate. We 
found that we had to decrease our scanning speed in 
order to obtain 100 percent efficiency in the horizontal 
plates. 

Figure 1 shows the zenith and azimuth angles 
measured for each nucleuz. For particles with angles @ 
and ¢, the effective area presented to the particle is 


A.u=A siné sing. (1) 


This azimuthal sine dependence has been verified for 
787 nuclei found on the October 13, 1948, flight. This 
means that if the nuclei are coming in with azimuthal 
symmetry, the efficiency of detection is the same in all 
directions. Since it would take an unlikely coincidence 
of asymmetry with just the right variation in detection 
efficiency to give a sine distribution, we conclude that 
the nuclei are detected with 100 percent efficiency in all 
directions. 
The flux of particles is then given by 
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Taste I. Flight data for day flights at \=55° N. 








Type of 
Ceiling pressure 
pressure measure- 
(g/cm*) ment* 


Time at 
Date of altitude 
flight CST 


Symbol used on 
graph 





Semicircle 
(diam. below) 
Triangle 
(apex up) 
Square 
Triangle 
(apex down) 

Circle 
Semicircle 
(diam. at top) 
Cross 


7/16/48 


10/13/48 
5/24/49 


9/27/49 
2/9/50 


3/29/50 
10/4/50 


1000-1400 24 50 


1030-1430 14 787 
0830-1300 17 153 


0800-1530 18 207 
1030-1330 18 308 


0830-1530 10.5 611 
1015-1545 9 , B: 427 








_* T =theodolite; Hg=mercury manometer; B=bellows; W =Wallace- 
Tiernan gauge; subscript ¢ indicates data was telemetered. 


where JN is the number of nuclei, / the time in seconds, 
A the area of the emulsion in cm’, and J the flux in 
particles/cm? sec sterad. The zenith angle distribution of 
flux summed over azimuth has been measured for seven 
different daytime flights at Minnesota. In Table I the 
pertinent data for the flights are tabulated. In order to 
compare fluxes on flights which reach different altitudes, 
we have plotted in Fig. 2 the fluxes against the residual 
pressure at ceiling divided by the cosine of the zenith 
angle, so that the abscissa is proportional to the amount 
of air the nuclei have traversed. The errors shown are 
statistical errors (100/N* has been used as the per- 
centage error for NV nuclei). Pressure errors have been 
omitted on the graph, but they are about 10 percent on 
all the flights except on the October 4, 1950, flight 
where pressure was measured to 3 percent. 


Ill. DAYTIME FLUX OF Z=10 AT 4=30° N 


Two flights have been made off the coast of Cuba at 
a geomagnetic latitude of 30° N. The angular distribu- 
tion of the flux of Z=10 has been found in the same 
manner as at A=55° N with one important difference. 
At A=30° N the vertical magnetic cut-off energy is 3.5 
Bev/nucleon for heavy nuclei so that all particles ob- 


PARTICLES/CM® SEC. STER. 


o/cose@ GM/cM* 


Fic. 2. Daytime flux of Z=10 at \=55° N as a function of 
depth in atmosphere. The dashed line gives the flux corrected for 
collision loss in the air. A mean free path of 25 g/cm* was used. 
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served near the top of the atmosphere are at minimum 
ionization. This eliminates the difficulty of having to 
distinguish between a slow nucleus of the C,N,O group 
and a fast Z=10. The emulsions are again calibrated 
by using long tracks of the C,N,O group and the 6-ray 
count for Z=10 is computed from the measured value 
for carbon at minimum. 

The data for the two flights are given in Table II. In 
Fig. 3 we have plotted the flux of Z=10 against the 
residual air pressure at ceiling divided by the cosine of 
the zenith angle. 

Although the earth’s magnetic cutoff differs con- 
siderably from the west and the east at A= 30°, the flux 
of particles incident at the top of the atmosphere will be 
practically independent of zenith angle if the flux is 
integrated over all azimuths. 

If the flux integrated over all azimuths is isotropic 
with respect to zenith angle at the top of the atmos- 
phere, then the flux at zenith angle, 0, and at a depth, d, 
in the atmosphere can be given in terms of Jo, the flux 
at the top of the atmosphere, by 


I=I,y exp(—d/L cos), (3) 
where L is the mean free path for nuclear collisions in 


TaBLE II. Flight data for day flights at \=55° N. 








Type of 
Ceiling pressure 
pressure measure- 
(g/cm*) ment 


0900-1530 17.5 Hg, B; 183 
0800-1345 20 B, 228 


Total 
No. of 
nuclei 


Symbol 
used on Date of 
graph flight 


2/3/49 
11/17/49 


Time at 
altitude 
CS 





Circle 
Triangle 








air. Since the cut-off energies are so high, nuclei are not 
stopped by ionization, and only the collision loss need 
be accounted for in Eq. (3). We have fitted the 14 data 
points to this expression by the method of least squares, 
and the straight line obtained in this manner is drawn 
in Fig. 3. The values found for the constants are 


To= (0.85+0.08) X 10-4 Z=10 nuclei/cm? sec sterad, 
L=21+2 g/cm’. 


We have also measured the relative numbers of 
C,N,O nuclei and Z=10 nuclei with zenith angles from 
0-30°. The ratio is 


I (o-30°) (C,N,O) 
Io~20°)(Z= 10) 


R= =3.9+0.7 


and represents the ratio at about 20 g/cm? of air. If 
we assume that the computed mean free path of 21.2 
g/cm? in air is for an average Z of 15, we can compute 
the corresponding mean free path for Z of 7. These 
mean free paths are considerably different, which makes 
R a function of atmospheric depth. Correcting R 
measured at 20 g/cm? to the top of the atmosphere, we 


8M. Vallarta, Phys. Rev. 74, 1837 (1948). 
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obtain a flux at the top of the atmosphere for C,N,O of 
Ig=2.7+40.5X 10-4 C,N,O nuclei/cm? sec sterad. 


IV. CHARGE SPECTRUM OF HEAVY NUCLEI 


On October 13, 1948, a large stack of sixty-eight 
4”X10” Ilford C.2 1004 emulsions was flown at Min- 
nesota. These plates were used to study the charge 
spectrum of the nuclei. Two hundred heavy particles 
with zenith angles from 0°-30° were followed through 
the stack to determine energies, charges and cross 
section for collision. Seven of these two hundred nuclei 
stopped in the emulsion and 56 in the glass; 19 were 
slowing down enough so that energy and charge could 
be accurately determined from change in ionization. 

The charge distribution for these nuclei is shown in 
Fig. 4. For the 82 nuclei which stopped or slowed down, 
the charge is accurate to within 10 percent. For par- 
ticles which merely went through the stack or suffered 
collisions, the charge can usually be determined within 
20 percent. Particles whose charges have been deter- 


TABLE IIT. Relative abundances of heavy nuclei. 








Cosmic-ray 
abundance 
at 15 g/cm? 
A =S5S°N 


Elemental abundance 
(Brown) 


9-240 (uncertain) 
9 


Element 





10 


— 


3.5 
0.1-2.2 
Negligible 
i8 


Are OUwWWO*00 


nn 


1 
54 (using Ne=9) 
460 


Ni 
All Z=10 
C,N,O 


2 








mined by either means are included in the charge dis- 
tribution. 

The relative numbers of C,N,O and Z=10 nuclei 
were measured for nuclei with zenith angles from 0°-30°. 
The ratio at A= 55° N and at 15 g/cm’ residual pressure 
is 

R=4.6+1.3. 


In Fig. 4 we have used this ratio in order to plot the 
C,N,O abundances along with the Z2=10 abundances. 
The relative number of the C,N,O nuclei was obtained 
from only 35 slow particles and is therefore not statis- 
tically very significant. Also, with the 10 percent 
accuracy we obtained in Z determination, it was impos- 
sible to completely resolve the peaks in the C,N,O 
group. The relative abundances of C, N, and O have 
been studied more extensively by Bradt and Peters.‘ 

We can compare the cosmic-ray abundances of heavy 
nuclei with elemental abundances as summarized by 
Brown.° For elements with charges = 10, there are peaks 
in the abundance curve at neon, magnesium, silicon, 


*H. Brown, Revs. Modern Phys. 21, 625 (1949). 
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o/cose Gm/cm* 
Fic. 3. Flux of Z210 at A=30° N as a function of depth in 


atmosphere. The straight line is a least mean squares fit to the 
data. 


sulfur, argon, and iron. All of these show up in the 
heavy nucleus abundances with the addition of a peak 
at Z=23 (vanadium) which has negligible abundance 
according to measurements of meteoritic and stellar 
abundances. Some of these nuclei could be iron whose 
charge is estimated too low, but it would be difficult to 
explain them all in this way. Many of them may be 
nuclei resulting from a collision which only slightly 
decreases the charge of an iron nucleus. Such collisions 
have been observed in the emulsion. In Table III are 
listed the relative elemental abundances for elements 
with charges = 10 normalized at silicon. For the cosmic- 
ray abundances the number of nuclei with a given Z 
was taken to be the measured number of nuclei with 
that charge, Z, plus one-half of the measured number 
of nuclei with a charge of Z+1. 

Only three nuclei of the 200 had charges significantly 
greater than that of iron. Two of them were slow. Since 
their great number of 5-rays made counting difficult, 
they could conceivably be iron nuclei. However, one of 
them went a great distance in the stack and was defi- 
nitely heavier than iron. The relative abundance of 
nickel is high enough that it is not at all surprising to 
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Fic. 4. Charge distribution of heavy nuclei at \=55° N. 
Residual pressure equals 15 g/cm*. 
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Fic. 5. Experimental and theoretical variation in 4-ray counts 
with residual range for a nucleus of charge 10 stopping in the 


emulsion. 


see some nuclei with charges greater than that of iron. 
We have already reported? one nucleus with a charge 
of 41-4. It is the heaviest one we have seen and is the 
only nucleus we have found heavier than nickel. 


V. CROSS SECTION FOR NUCLEAR COLLISION 


The 200 particles from which we obtained the charge 
spectrum were also used to determine the cross section 
for nuclear collisions. The 200 particles were selected 
for study because (i) their zenith angles were <40°, 
and (ii) their possible range in the stack of plates was 
at least 20 g/cm*. It was possible for a particle to have 
as much as 70 g/cm? range in the stack of plates. The 
200 particles thus chosen were followed through the 
stack, and their 6-rays were counted. The sudden disap- 
pearance of a track between two emulsions or a decrease 
in its 6-day count indicated a collision in the glass. We 
could detect any collision of a heavy nucleus which 
changed the charge of that nucleus by 10 percent or 
more. 

At Minnesota many particles stop by ionization; 
therefore, we must be sure that we can differentiate a 
stopping in the glass from a collision in glass. By 
studying very carefully the 6-ray counts on the seven 
nuclei which stopped in the emulsion and whose ranges 
were, therefore, accurately known, we determine how 
well the change in 6-ray counts agrees with the theo- 
retically expected variation in ionization with range. 
Figure 5 shows the agreement between the experimental 
and theoretical 5-ray counts for a nucleus of charge 10 
whieh stopped in the emulsion. A particle was said to 
stop in the glass only if its 6-ray count agreed within 


TaBLe IV. Mean free paths in g/cm* of glass. 








4 =30° N 
No. of 
collisions Lgeom 


4 =55°N, 
In- E21 Bev/nucleon 
coming 
charge 


6,7,8 55413 17 
10-20 44+6 46 
=20 50410 21 


A=S55°N 


No. of No.of 
Iexp collisions Lexp collisions Lexp 





39+20 2 33 
34410 12 24 
29+12 6 18 


42411 13 
3646 38 
3348 18 
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the experimental errors with the theoretically expected 
count for a stopping particle. Otherwise, a particle 
which disappeared in the glass was said to have suffered 
a collision. 

In Table IV we show the experimental mean free 
path determined from the 200 particles chosen for 
study. The errors indicated are statistical errors based 
on the number of observed collisions. We can compare 
the measured values with geometric mean free paths. 
For two nuclei to interact with one another, it is 
reasonable to expect that they must overlap by a 
distance equal to the range of nuclear forces. For two 
nuclei with radii, 7; and r2, the geometric cross section 


is then 
o= ari t+re—1.4X 10-8 f. (4) 
For the radius of a nucleus with mass number, A, we use 
r=[1.44!X10-*] cm. (5) 


The mean free path is then obtained from this geometric 
cross section by 
L=p/>: N,O;. (6) 


L is the mean free path in g/cm?, p is the density of 
material in g/cm’, m; is the number of atoms/cm‘, and 
g; is the cross section in cm? for each component of the 
material. Considering glass as SiO: and using the 
measured density of 2.44 g/cm’, we obtain the geometric 
mean free paths which are shown in the last column of 
Table IV. 

The mean free paths determined experimentally at 
Minnesota are much longer than the geometric mean 
free paths. This is in disagreement with the result of 
Bradt and Peters,‘ who found at A=30°N values 
consistent with the geometric cross section. In an effort 
to determine the reason for this discrepancy, we elimi- 
nated from our measurement of path length at Min- 
nesota all the nuclei which were slow. This allows a 
measurement of the mean free path for those nuclei 
whose energies are greater than about 1 Bev/nucleon. 
The result for the group of faster particles is much 
closer to the geometric value, but still significantly 
greater than the geometric mean free path. We deter- 
mined the mean free path at \=30°N where the 
average energy of the particles is still higher and found 
values about the same as for energetic Minnesota 
particles. The results are shown in Table IV. 

The mean free path for collision has also been 
measured in emulsion. Here we do not have the problem 
of missing a collision since the actual collision can be 
seen. A total of 43 collisions of 2210 has been observed 
in the emulsion. Some of the collisions were observed 
while following particles through the stack; the rest 
while scanning plates to obtain flux measurements. 
The results obtained by the two methods agree; com- 
bined they give 

Lemulsion= 4747 g/cm’. 


The geometric mean free path in emulsion can be 
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computed using the emulsion composition given by 
Ilford. For an incoming charge of 16 the geometric 
mean free path in emulsion is 


Ly muision(geom) = 36 g/cm? (Z=16). 


We have one other mean free path determination. 
That is the value for air deduced from the angular dis- 
tribution at Cuba (Sec. IIT), 


Lair= 2122 g/cm’. 


The mean free path corresponding to a geometric cross 
section for air with an incoming Z= 16 is 


Lair(geom) = 18.5 g/cm? (Z= 16). 


In order to compare the mean free paths measured in 
such different ways we must investigate the essential 
differences in the measurements. The glass measure- 
ments include all collisions which change the charge of 
the heavy nucleus by 10 percent or more. The incoming 





50, 


Fic. 6. A collision in which an incoming nucleus of charge 16 
breaks up into three penetrating particles of charge 7, 4, and 2 
which go forward in the same direction. 
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Taste V. Frequency of various types of collisions in glass. 








Total 


Only alphas 
number of 


and protons 
go on (%) 


Z=3-8 
goes on (%) 


20-26 50 25 25 30 
10-19 25 25 50 57 
25 75 16 


Incoming 
Zz 


Z210 
goes on (%) 











charge can be identified so that the division into the Z 
groups can be made. The collisions can be classified into 
two groups.'® The heavy nucleus may go on in the same 
direction with its charge reduced. An example of this 
type of collision is shown in Fig. 6. In the second type 
of collision, nothing heavier than an alpha-particle 
penetrates. Figure 7 shows a collision of this type. 
Table V gives the relative frequency of these types of 
collision in glass. 

The emulsion mean free path measurement differs 
from the glass measurement in several ways. In the 





Fic. 7. A collision which results in the complete break-up of the 
incoming heavy nucleus whose charge was about 15. 


 H. Bradt and B. Peters, Phys. Rev. 75, 1779 (1949), 
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Fic. 8. A collision in which the incoming nucleus of charge 14 
goes on unchanged in charge or direction. Three protons of energies 
1.0, 9.2, and 10.2 Mev end in the emulsion. The other particle is 
probably a proton of about 130 Mev. 


first place no collisions are missed in the emulsion. 
Twelve percent of the 64 collisions which we have now 
observed in the emulsion involve no detectable change 
either in the charge or the direction of the heavy 
primary. Figure 8 shows an example of such a collision 
in which four low energy protons seem to be evaporated 
from the target with no noticeable change in the heavy 
primary. Three of the eight cases we have found involve 
the evaporation of only one particle from the target 
nucleus. Such collisions would not be detected if they 
occurred in the glass. Collisions of this type have been 
observed before.‘:* Tchang-Fong has considered and 
rejected the possibility that such events are the result 
of electromagnetic rather than nuclear excitation. 

We have not been able to identify the charge for 
every nucleus whose path is included in the emulsion 
path length measurement. The path length was obtained 
from all nuclei whose charges were =10. From the 
measured charge distribution we can calculate that the 
average cross section for the Z=10 group is that of 
Z=16. This would vary with atmospheric depth, but 
with an integral energy spectrum with an exponent of 
0.8 (see Sec. VI) and with geometric cross sections in 
air, the average cross section would change only 10 


TABLE VI. Ratio of experimental to geometric cross section. 








Glass 
In- A=55°N 


coming A=55°N E21 

charge allenergies Bev/nucleon \=30°N 
6-8 0.60+0.15 0.80+0.20 0.8+0.4 
10-20 0.55+0.08 0.67+0.11 0.7+0.2 
10-26 

=20 0.3640.07 0.55+0.13 0.60.2 


Emulsion 
A=55°.N 


Air 
A=30°N 





0.7740.15 0.88+0.09 








AND NEY 


percent from the top of the atmosphere down to 50 
g/cm? of residual pressure. Therefore the assumption 
of an average cross section equal to the cross section 
of Z=16 is valid within the accuracy of our measure- 
ments. We have used the geometric cross section for an 
incoming nucleus of Z = 16 to compare with the measured 
cross sections in air and emulsions for all nuclei of 
Z=10. Table VI gives a summary of the experimental 
results in terms of the ratio of the experimentally 
determined cross sections to the geometric cross section. 

The cross sections are significantly smaller than 
geometric except for the air value found from the 
angular distribution at A=30° N. In Table V we saw 
that at least 25 percent of the collisions in glass of the 
Z=10 component resulted in a nucleus whose charge 
was =10 penetrating further. Thus we should reason- 
ably expect the ratio of experimental to geometric cross 
sections for air to be about 25 percent smaller than for 
glass. We do not understand why the observed ratio of 
experimental to geometric cross sections is, instead, 
even higher than that for glass. Since the ratio in air 
was determined by an indirect method, we place more 
weight on the glass and emulsion values. From those 
it seems that the cross section for the collision of two 
nuclei at energies greater than 1 Bev/nucleon is about 
three-fourths the geometric cross section. 


VI. THE ENERGY SPECTRUM OF HEAVY NUCLEI 


The energy spectrum of the heavy nuclei has been 
determined in three different ways with fair consistency. 
We have used the angular distribution, the latitude 
effect, and the number of stopping particles to give 
estimates of the exponent in a power representation of 
the energy spectrum. 

Figure 2 shows the manner in which the flux of 
nuclei with charges =10 decreases with increasing air 
path. This decrease in flux is due to loss of particles both 
by collision and by ionization. If we correct the mea- 
sured flux for collision loss in the atmosphere, we obtain 
the flux at the top of the atmosphere of these particles 
which have enough energy to penetrate down to our 
detector. We have corrected the measured flux using a 
collision mean free path of 25 g/cm?; the resulting flux 
at the top of the atmosphere is given by the dashed 
curve in Fig. 2. This assumed mean free path cor- 
responds to 0.75 of the geometric cross section in air 
for a nucleus of charge 16. Since the relative charge dis- 
tribution is a function of atmospheric depth, the choice 
of Z=16 as an average charge for all depths is only an 
approximation, but the error is less than 10 percent. 

The dashed curve in Fig. 2 then gives us the flux at 
the top of the atmosphere of nuclei with energies great 
enough to penetrate to the detector as a function of the 
atmospheric depth. We have obtained from this flux 
an integral energy spectrum by plotting the flux against 
the energy necessary for a nucleus of charge=16 to 
penetrate the required amount of air. The results are 
shown in Fig. 9. We have included a point at 3,8 
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Bev/nucleon corresponding to the vertical flux at 
A=30°N. 
We shall assume that the integral energy spectrum is 
of the form 
NE>Ey= 1/Ey’, (7) 


where JN is the number of particles with energies greater 
than Eo. Figure 9 shows a sharp break in the energy 
spectrum at about 0.7 Bev/nucleon. The value of y 
changes from 1.7 for low energies to 0.5 for energies 
above 0.8 Bev/nucleon. 

If we assume that the integral energy spectrum with 
the 0.5 exponent extends to higher energies, we see 
that the vertical flux measured at 30° N latitude falls 
on this line (see Fig. 9). The penumbra region between 
the main cone and the shadow cone is fairly wide at 
\=30° ® so we have used the average energy with an 
error equal to the half-width of the penumbra region. 
If, in the conventional manner," we use the vertical 
flux measured at A=55° (cut-off energy=0.35 Bev/ 
nucleon) and at A= 30° (cut-off energy= 3.80.5 Bev/ 
nucleon), we find for the exponent in the integral power 
spectrum 

y=0.87+0.13. 


This value, however, merely represents an average y 
between the energies 0.35 and 3.8 Bev/nucleon. 

A completely independent check on the form of the 
energy spectrum can be obtained from the 200 heavy 
nuclei studied on the October 13, 1948, flight. Eighty- 
two of these nuclei either stopped in the stack or were 
slow enough to allow an accurate determination of the 
energy. A lower limit can be set on the energies of the 
other nuclei. Considering the criteria which had to be 
satisfied by a particle before it was included in this 
survey, we could compute the energy range for which 
the stack is an efficient detector. This energy range is a 
function of the charge of the particle. In Fig. 10 we 
have plotted the integral energy spectrum obtained 
from three groups of nuclei. There is good agreement 
with the results obtained from the angular distribution 
and latitude effect. The Z=9-12 group which measures 
the spectrum in the range from 0.45 to 0.8 Bev/nucleon 
shows an exponent of 0.85 significantly higher than the 
value of 0.5 obtained from the other two charge groups 
in the region from 0.6 to 1.6 Bev/nucleon. 

The energy spectrum of heavy nuclei can be com- 
pared with the spectrum of protons obtained by 
Winckler, et al." They obtained an exponent of 0.9 from 
1 to 14 Bev with some evidence that the spectrum 
becomes flatter below 1 Bev, However, except for the 
measurement of Pomerantz at 69° N," there is not 
much data below 1 Bev, and the form of the proton 
energy spectrum is certainly not well known in this 
region. The evaluation of the energy spectrum of the 
heavy nuclei from the angular distribution is subject 


1M. Vallarta, Phys. Rev. 77, 419 (1950). 
® Winckler, Stix, Dwight, and Sabin, Phys. Rev. 79, 656 (1950). 
13M. Pomerantz, Phys. Rev. 77, 830 (1950). 
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Fic. 9. An integral energy spectrum of nuclei with charges ==10. 
The circled data were obtained from an atmospheric absorption 
measurement at \=55° N. The point at 3.8 Bev/nucleon repre- 
sents the vertical flux at \=30° K. 


to many uncertainties. If the cross section for collision 
becomes smaller at low energies, as is indicated by our 
measurements (Table IV), the energy spectrum ob- 
tained from the atmospheric absorption would flatten 
out some at low energies. However, there would still be 
a steeper form of the spectrum at low energies than at 
energies above about 0.8 Bev/nucleon. The energy 
spectrum in this region from 0.35 to 0.80 Bev/nucleon 
can be investigated more accurately by studying the 
differential energy spectrum of the C,N,O component.“ 


Vil. DIURNAL VARIATION IN FLUX 


We have studied the flux of nuclei with charges =10 
on two different night flights. The angular distribution 
was determined in the same manner as for all other 
flights. Table VII gives the flight data, and Fig. 11 
gives the flux measured on these two flights. 

The first night flight we made led us to believe that 
the flux at night might be low.'® However, the residual 
pressure on this flight varied from 23 to 35 g/cm’, being 
as high as 30 g/cm? for 10 percent of the flight time. The 
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Fic. 10. An integral energy spectrum of nuclei with charges =10 
obtained from the energy determination of 200 nuclei at A= 55° N. 


4 Reynolds, Ritson, and Woodruff, Phys. Rev. 83, 197 (1951). 
15 Freier, Ney, Naugle, and Anderson, Phys. Rev. 79, 206 (1950). 
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Tas_e VII. Flight data for night flights and solar flare flights. 








Type of 

Time at Ceiling pressure 

Date of altitude pressure measure- 
flight CST (g/cm?) ment 


— 1630 25 


10/27/49 0700 
4/13/50 1830 14 B 


to 

4/14/50 0700 

Circle 2/15/50 1800 18 B 50 
Fig. 13 to 


9/2/50 


Symbol used 


on graph nuclei 


529 





Circle— B, Hg 


Fig. 11 
803 


Triangle— 
Fig. 11 


1900 
1530 
to 
1800 


Diamond— 12-16 Bi, B 236 


Fig. 13 








average of 25 g/cm? is simply a time average of the 
altitude. A more satisfactory night flight on which the 
pressure was maintained at 14 g/cm? was made in 
April, 1950. The flux of heavy nuclei on this flight 
agrees very well with the daytime flux values. Since 
this second flight had a much more reliable pressure 
record, we give this result more weight. Lord and 
Schein'*-!? have recently reported a night flux 2.5 times 
smaller than the day flux at 15 g/cm’ residual pressure. 
In view of these conflicting results and the importance 
of the problem to theories of cosmic-ray origin, the 
diurnal variation of the flux of heavy nuclei could bear 
more detailed investigation. 

On the October 26, 1949, night flight the star density 
in the emulsions was measured and compared to the 
density measured during the day.'* No appreciable 
difference was obtained in the star densities. This is in 
agreement with Lord and Schein.!* 


Vl. AZIMUTHAL ASYMMETRY 


A recording compass was flown on both of the night 
flights, but failed both times to record for the whole 
flight time. The record showed that the October 26 
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Fic. 11. Night-time flux of 2210 at A=55° N as a function of 
depth in atmosphere. The curve gives the daytime flux at \=55°N. 





16 J. Lord and M. Schein, Phys. Rev. 78, 484 (1950). 

17 J. Lord and M. Schein, Phys. Rev. 80, 304 (1950). 

8G. Anderson and J. Naugle, M.S. theses (University of Min- 
nesota, 1950). 
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flight was fortuitously oriented about 25 percent of the 
time with no record of the orientation for 50 percent of 
the flight time. On the April 13 night flight an attempt 
was made to orient the plates. For 25 percent of the 
flight the recorder showed constant orientation of the 
plates within +10°. For the remainder of the flight the 
recorder did not function, and the orientation is 
unknown during this time. 

On both of these night flights an azimuthal asymmetry 
was observed. On October 26 the flux as a function of 
azimuth varied roughly sinusoidally about the mean 
with an amplitude of about 50 percent of the mean and 
with the minimum near the east. On April 13 the 
asymmetry was only about 10 percent with a minimum 
70° N of E. The presence of such an asymmetry at 
night is certainly not well-founded ; however, the agree- 
ment, though rough, seems to be more than chance. An 
experiment is in progress to investigate this problem. 


Taste VIII. Solar activity during flight times. 








Number of flares 
Number of flares reported during 
reported during 8 hours preceding 


flight flight Activity* 


Date 
7/16/48 
10/ 13/48 
2/3/49 
5/24/49 
9/27/49 
10/26, 27/49 
11/17/49 
2/9/50 
2/15/50 
3/29/50 
4/13, 14/50 
8/2/50 


10/4/50 





Quiet 
Active 
Activet 
Active 


orr oO 


-— STOP OW O71 0 


8 (very small) 
5 


0 


Oonoc coo 








* The flights have been classified in four groups: quiet, no flares; active~, 
1-2 flares; active, 3-4 flares; active*, more than 5 flares. 

b Observation of flares was intermittent because of clouds. Period of 
February 12-February 20 was one of great activity on the sun with 7 flares 
| we observed on February 16. Activity probably went unobserved on 

ebruary 15. 


The daytime azimuthal effect has been checked 
carefully with a stack flown at altitude for 190 
minutes.!® For 140 minutes the plates were held with 
constant orientation within +15° and to within +35° 
for 184 of the 190 minutes. The direction of incidence 
of each nucleus was determined. The number of nuclei 
in each of the four quadrants of azimuth is shown in 
Fig. 12. The results show no asymmetry. The poor 
statistics do not exclude there being an asymmetry as 
great as 15 percent. 


IX. EFFECT OF SOLAR ACTIVITY ON HEAVY FLUX 


Many people have reported increased cosmic-ray 
activity during the now well known solar flare of 
November 19, 1949.2°-% In an attempt to discover 


19 Ney, Linsley, and Freier, Phys. oe 79, 206 (1950). 
2 Doubillier, Compt. rend. 229, 1096 (1949). 
2D. C. Rose, Phys. Rev. 78, bt (1950). 
2 Forbush, Stinchcomb, and "Schein, Phys. Rev. 79, 501 (1950). 
% J. Clay and H. F. Jongen, Phys. Rev. 79, 908 (1950). 
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Fic. 12. The daytime azi- 
muthal effect measured on 
February 9, 1950. The solid 
line gives the number of 
nuclei averaged over the 
four quadrants of azimuth. 
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whether solar activity affected the flux of heavy nuclei, 
we have flown two balloons after learning of the out- 
break of unusual activity on the sun. The flight data is 
given in Table VII. The flux measured on these two 
flights is shown in Fig. 13. 

These flights have not measured the flux of heavy 
nuclei very accurately because of the short duration of 
the flights and the poor altitude records. On one of the 
flights the balloon was above 80,000 feet for only one 
hour, and not at a constant altitude for even that hour. 
On the flight of August 2, the pressure records dis- 
agreed, and the two extremes of pressure have been 
indicated on the graph. We estimate the pressure errors 
on these two flights to be of the order of 20 percent. 
We include these flux measurements, however, because 
they give some limits, at least, on the magnitude of any 
solar effect. 

In Table VIII we have listed the solar activity for 
each of the days on which we have measured the flux. 
These data were kindly furnished by A. H. Shapley of 
the National Bureau of Standards. The flares tabulated 
here were all of magnitude 1 and 2 except for the 8 very 
small flares reported on April 13, 14, 1950, the time of 
the second night flight. February 3, 1949, the day of 
one of the flights at A= 30° N, was as active as either 
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February 15, 1950, and August 2, 1950, when we tried 
to measure the effect of the sun’s activity. 

It appears that the usual solar activity resulting in 
flares of importance 1 and 2 affects the flux of heavy 
nuclei to only a small degree, if at all. The activity of 
November 19, 1949, was much more outstanding, with 
the flare being rated importance 3 and lasting sig- 
nificantly longer than the flares occurring on the days 
we have measured the flux 

The authors wish to express their sincere thanks to 
the many people who have contributed to this study, ° 
but especially to A. H. Shapley, who so kindly furnished 


























PARTICLES/CM SEG STER 




















20 30 40 50 60 70 80 
0/COS @ GM/cM* 


Fic. 13. Flux of Z2=10 at \=55° N as a function of depth in 
atmosphere during two times of increased solar activity. The solid 
line gives the flux during times of more normal solar activity. 
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the solar activity data, to John Linsley, who built the 
orienters used on two of the flights, and to Duwayne 
Thon and David Church, who have helped with so many 
of the details of the flights. Charles Moore and William 
Huch of the General Mills Aeronautical Research 
Laboratories have been very helpful and cooperative in 
arranging the flights. We appreciate the cooperation 
and support of the Office of Naval Research. 
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The production rate of low energy nuclear bursts or stars has 
been measured as a function of altitude and geomagnetic latitude, 
, at 0°, 40° N and 52° N through 65° N. The measurements were 
obtained in aircraft using fast electron collection pulse chambers. 
Exponential absorption paths, (A), for the nuclear burst or 
star producing radiation below ~200 g-cm™ are 1,(0°) =214+:7; 
1,(40°)=17446; I4(252°)=164+14 g-cm™*. At an atmos- 
pheric depth of 312 g-cm~ the latitude factor of increase 
from 0° to 52°N is 3.11+0.15 on undisturbed days. The disin- 
tegration product fast neutrons have a latitude factor of 3.30-+-0.05 
under the same conditions. Integral pulse-height distributions of 
nuclear bursts both at 0° and 52° are represented by N, 
= AV-*-5+0.1, where N, is the number of burst pulses > bias 
energy V. 

A similar study of local showers produced in lead over the 
chambers at 0° and 52° shows a latitude factor of <1.1 and an 


exponential absorption of the shower producing radiations at all 
latitudes of 13447 g-cm~. The integral pulse-height distribution 
for showers was V,= BV ~?-°40.18, 

From the measurements it is concluded that (a) the small stars 
are produced in atoms by inelastic collisions and knock-on 
processes by nucleons and the average number rather than the 
average energy of the stars produced by high energy nucleons 
increases with increasing primary nucleon energy, (6) the small 
nuclear bursts are in equilibrium with the fast neutron production 
in the atmosphere below ~200 g-cm~ and these small bursts 
account for almost the entire fast neutron intensity in the atmos- 
phere, (c) these small stars and neutrons represent the low energy 
limit of the nucleonic component, (d) the production rate of small 
nuclear stars is not strongly dependent on primary nucleon 
momentum above ~4 Bev/c. 





I. INTRODUCTION 


HE investigation discussed in this paper includes 
the measurement of the latitude and altitude 
dependence of the nuclear bursts or stars which are 
produced in fast pulse ion chambers. It was the purpose 
of the measurements to determine the extent to which 
the neutron distribution observed in the atmosphere! 
approximates the star production distribution, to iden- 
tify the principal star producing processes which occur, 
and to measure the intensity and energy distribution of 
stars as a function of primary particle momentum. 

The measurements extended over the regions of the 
atmosphere where the star producing radiations were 
expected to be in equilibrium with star production; 
namely, at atmospheric depths greater than ~ 200 g- 
cm~ which is below the air transition maximum in the 
atmosphere. Measurements were obtained at 0° (Lima, 
Peru), 40°, and 52-65° N geomagnetic latitude in B-29 
type aircraft and included the period April through 
October, 1949. 

The detectors used in the experiment were fast elec- 
tron collection pulse chambers at high gas pressure 
which measured the energy lost by ionization in the 
chamber gas due to a nuclear burst in the thin wall or 
gas of the chamber. Nuclear burst measurements using 
this type of detection have been reported by Bridge, 
Rossi and co-workers,” and in general, the methods used 
in the present investigation are similar to those already 
developed by Bridge and Rossi.? They have reported 


* Assisted by the joint program of the ONR and AEC. 

t Deceased. 

! J. A. Simpson, Phys. Rev. 83, 1175 (1951); Phys. Rev. 73, 1389 
(1948). 

? Bridge, Hazen, Rossi, and Williams, Phys. Rev. 74, 1083 


(1948); H. Bridge and B. Rossi, Phys. Rev. 75, 810 (1949); 
H. Bridge and B. Rossi, Phys. Rev. 71, 379 (1947). 


altitude measurements of the nuclear burst rates at 
54° N. The recent work of McMahon, Rossi, and 
Burditt* using a chamber under 6 inches of lead has 
extended the measurements to 20° N; however, their 
apparatus required >0.4-Bev protons to produce a 
nuclear burst in the ion chamber when not associated 
with penetrating particles. The results to be discussed 
here are for a thin wall chamber with a roof of less than 
~1 g-cm~. The results extend the measurements of 
small stars already reported.‘ 

Studies of the altitude dependence of stars observed 
in photographic emulsions are numerous and recently 
measurements of the latitude dependence of stars at 
mountain altitudes® or in the stratosphere® above the 
transition maximum have been made. In general, these 
measurements are of larger stars than those to be 
reported below. 


II. EXPERIMENTAL EQUIPMENT AND 
PROCEDURES 


A. Detectors 


The ion chamber dimensions are: effective length=51 
cm; cathode diameter=7.6 cm; center electrode 
=0.0635 cm; brass wall thickness=0.079 cm. The 
chambers were tested for small leaks using helium gas 
and a mass spectrometer and then filled with highly 
purified’ argon to 75 pounds per square inch above 


3 McMahon, Rossi, and Burditt, Phys. Rev. 80, 157 (1950). 

‘J. A, Simpson and R. B. Uretz, Phys. Rev. 76, 569 (1949) ; 
Proc. Echo Lake Conf. 1949; J. A. Simpson and E. Hungerford, 
Phys. Rev. 77, 847 (1950). 

5 Morand, Beets, and Winand, Compt. rend. 229, co (1949); 
231, 851 (1950) ; S. Lattimore, Phil. Mag. 41, 961 (19. 

¢'M. Schein and J. J. Lord, Phys. Rev. 73, 189 i948); Salant, 
Hornbostel, Fisk, and Smith, Phys. Rev. 79, 184 (1950) ; yy 
Lord, Phys. Rev. 81, 901 (1951) and references therein. 

7 The following procedure was followed in preparing the argon 
gas for use in the electron collection chamber: 1. The gas was 
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Fic. 1. Block diagram of electronic circuits used to measure the frequency and energy loss distribution of nuclear 
bursts or stars in fast electron collection ion chambers. There was provision for recording air and local showers 
using three trays of G-M counters distributed over an area which included the pulse ion chambers. 


vacuum pressure. The cathodes were operated at ground 
potential. Each chamber contained a retractable thin 


Fic. 2. Calibration point on the continuous motion film recording 
of oscillograph traces. In the above picture the film transport has 
been stopped and the thin polonium source has been injected into 
the chamber volume. The image of the clock appears in 5-minute 
intervals on the film. The calibration grid is from an edge illu- 
minated Lucite screen and is used only during calibration. 


dried at liquid Nz temperature. 2. The gas was bubbled through 
liquid lithium at approximately °C. 3. The remaining im- 

urities: a. Ort H: + CO, total less than ris go b. Nz was less than 
P ppm. 4. The baked and vacuum tested chambers were filled 
with the argon. 


polonium alpha-particle source which could be inserted 
in the sensitive counting volume by energizing an 
external solenoid. The alpha-particle pulses reached 
saturation above 450 volts applied potential and the 
chamber operating region extended beyond 1100 volts 
with a change of alpha-pulse size of less than 1 percent 
per 100 volts change in potential. The ion chambers 
were operated at 750 volts. 


B. Electronic Circuits 


Mounted on the end of each chamber was a wide band 
preamplifier with gain 30 which transferred pulses 
through a cathode follower to a multistage wide band 
amplifier. (See Fig. 1.) The system of chambers and am- 
plifiers had a rise time of 21077 sec and a pulse 
clipping time of 1.1 10-5 sec. Two identical systems 
of chambers and amplifiers were used in parallel to 
double the observed nuclear burst rates. The outputs 
from the two amplifiers were coupled to a mixing stage 
which, in turn, was coupled to a series of pulse-height 
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NO LEAD OVER 25CM LEAD OVER O3CM COPPER OVER 
CHAMBER CHAMBER CHAMBER 




















VERTICAL PLANE 


Fic. 3. These three geometries are used to separate local 
showers and nuclear bursts. The lead shield may be placed over 
the copper shield to demonstrate the negligible contribution of 
the lead to the nuclear burst rate in the chamber. See Sec. III(b). 
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Taste I. Summary of nuclear burst and shower data obtained April-October 1949 using fast electron collection ion chambers with 
the geometries shown in Fig. 3. The total number of events recorded and the number of events per hour are shown for K=V/Vpo. 











Pressure Shield 
altitude over K =0.8 K=1.1 K=1.1 


ft chambers total c/hr total c/hr total c/hr 


K=1.5 K=2.0 
total total c/hr total c/hr 





22,700 none 

none 1029 228+7* 

none 322 245414 

Pb 1299 786422 

none 

none 622 249+10 

Pb $14 482421 

none 834 535419 816 523418 

none 1024 512+16 

none 1412 1412438 525 525422 

Pb 1156 1156435 1096 1096433 

none 2612 1741435 1120 747422 

none 921 700+23 

Pb 1717 16321439 

none 1282 1148434 442 3961419 

none 1381 621417 1585 710+18 
30,000 none 506 710+30 443 625430 
30,000 none 1588 794420 1520 760+20 
30,000 none 350 712438 
30,000 Pb 1182 1182434 1216 1216435 
30,000 Pb 1276 1276434 1270 1270+35 
30,000 Pb 1162 1162435 
30,000 Pb 2249 2305448 1181 1210435 


351 229 154:5 43.4+3.6* 
746 513. 11445 
221 169 128410 7848 
960 755 458+16 252413 
451 352 17149 10445 
422 294 118+7 6345 
361 261 242+15 134411 
525 418 268+13 162410 
653 239411 
334 140412 
769 587 58725 

231412 


399+ 18 211413 

942 897+32 451421 
177+18 

364+ 13 253411 
334423 

2294-11 


368+ 28 188+ 20 
694+. 26 
720+27 419+20 
662+ 26 357419 
66827 








* All errors are standard statistical deviations. > Bias drifted during measurement. 


discriminator channels each with independent bias independently, each run of data was manually recorded 
controls. The pulses from the amplifiers were also by the operator. 

traced on an oscilloscope screen (with provision for The equipment operated from an electronic regulated 
inserting a delay line) and the pulse amplitude and power supply with additional electronic regulation for 


shape was recorded on a continuous motion film camera 
on which the time was recorded each 5-minute interval. 1000 
All mechanical registers were mounted on a panel with 800 
time, temperature and free air pressure indicators. This 


panel was photographed in 5-minute intervals and, 600 





PER HOUR 
CHAMBERS 


CHAMBERS 





T 
lONIZATION 


IONIZATION 
@ 
° 


IN THE 
> o 
> 2 Oo 
TTiTiTrrrrrirny 
I=NUCLEAR DISINTEGRATIONS PER HOUR 
IN THE 


c 


= NUCLEAR DISINTEGRATIONS 


I 





uw 
oO 
Py 


1 i 1 } 1 j 1 l 4 
is | 20 | 23 30] 35 
35000' 22700" 

30000 





ATMOSPHERIC PRESSURE (cm Hg) 





Ke if \ 


Pine oe 


K* 15 a 
z 


Wo 3S EROS, v 


T 


K*20 \3 





*S 
ay 


i 


40° 





i 1 iL i F =e L 
10 is | 20 | 25 
36,000 30,000’ 22,700 





ATMOSPHERIC PRESSURE 
(cm Hg) 


Fic. 4. The production of nuclear disintegrations in pulse ion Fic. 5. The production of nuclear disintegrations in pulse ion 
chambers as a function of atmospheric depth at geomagnetic chambers as a function of atmospheric depth at geomagnetic 
latitude \=0° (Lima, Peru). The absorption Z,(0°) of the nuclear latitude A=40° N. The absorption Z,(40°) of the nuclear burst 
burst or star producing radiation is given in Table IT. or star producing radiation is given in Table II. 








NUCLEAR BURSTS 


the discriminator heater voltages, high potentials and 
B+. 


C. Calibration 


The pulse height at the amplifier outputs and the 
oscilloscope screen changed linearly with chamber pulse 
height within +2 percent from 0.5 Vp. to 4.0 Vpo, where 
Vpo is the pulse height of the polonium alpha-particle 
and represents an ionization loss in the argon of 5.3 Mev. 
The calibration procedure for each measurement was as 
follows: using a calibrated screen on the oscilloscope the 
alpha-pulse heights from the two chambers were made 
equal. The pulse generator which produced periodic 
pulses similar in shape to the alpha-pulses was then 
coupled to a preamplifier and used to obtain pulses of 
height K Vp, as observed on the oscilloscope screen. The 
discriminator bias levels were adjusted individually for 
any desired values of KV po. A typical calibration check 
during a flight is shown in Fig. 2. The entire system was 
recalibrated every second hour during the flights. 

All burst frequency measurements which are reported 
below are on a relative scale. 


D. Geometry 


The chambers were located horizontally in the rear 
pressurized cabin of a B-29 with armor and radar units 
removed. The mass over the upper hemisphere of the 
chambers was <1 g-cm~*. No apparatus was located 
under the chambers or under the floor boards of the 
cabin. The chambers were located 45 cm apart to 
avoid ionization in two chambers due to a single nuclear 
burst in the wall or gas of one of them. As shown by 
Bridge et al.2 at mountain altitudes this effect becomes 
appreciable when the chambers are close together. 
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of atmospheric depth at geomagnetic latitude A=52°N. The 
absorption Z,(52°) of the nuclear burst or star producing radia- 
tion is given in Table IT. 
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Taste II. ———— absorption (Z,) of the star producing 
iation in the atmosphere in g-cm™ air. 
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Two basic geometries were used for the measure- 
ments to be described. The first was the unshielded 
chamber measurement to determine nuclear burst rate. 
The second geometry was the chamber covered with a 
hemicylinder of lead 2.5 cm thick as shown in Fig. 3. 


Ill. EXPERIMENTAL RESULTS 


The results obtained from the use of the multi- 
channel pulse-height selector are tabulated in Table I. 
Flights on which serious equipment failures occurred 
were not included. The total number of bursts recorded, 
the burst frequency and standard statistical deviations 
are shown. Since Viis= KV po, a range of K values was 
selected which would include the small burst production 
but be limited by background noise in the amplifiers 
while in flight ; hence K 20.8 was selected as the lowest 
bias and K=2 was used as the highest bias. Wider 
ranges of burst sizes were selected from the film re- 
cording of pulse traces which will be described later. 


A. Nuclear Burst Production as a Function 
of Altitude and Latitude 


Altitude curves at 0°, 40°, and 52° are plotted in 
Figs. 4, 5, and 6, respectively. The experimental 
points appear to fit a simple exponential absorp- 
tion of the burst-producing radiations of the form 
I=I exp(—h/Ls), where h is the atmospheric depth in 
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Fic. 7. The relative intensities of the fast neutron production 
in the atmosphere and the nuclear burst production in pulse ion 
chambers all at an atmospheric depth of 312 g-cm~*. The curves 
were fitted above 52° at 3.3. It is seen that is no evidence 
for an reciable increase in nuclear burst intensity above 
d=52°. Neutron values plotted are for undisturbed days. 
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Fic. 8. The local showers produced in 2.5 cm Pb over the ion 
chambers has been measured as a function “of atmospheric depth 
at A4=40°N. Also the measurements at 312 g-cm™ (30,000 ft) 
included A=0° and A=52°. 


(cm Hg) 


g-cm~ and J, is the exponential’ absorption of the 


nuclear burst or star producing radiations in g-cm~. 
Values for Z,(X) have been tabulated in Table IT for 
different latitudes and minimum bias energies KV po. 
The values for 1,(52°) are less reliable using’the§two 
points on each curve; however, they cannot be larger 
than the corresponding values at A= 40°. A typical 
latitude curve is shown in Fig. 7. 


B. Altitude and Latitude Dependence of 
Local Showers in Lead 


In addition to the nuclear burst measurements with 
uncovered chembers there was a series of measure- 
ments of the local production of electronic showers in 
2.5 cm of lead hemicylinders covering the chambers as 
shown in Fig. 3. The lead thickness was selected to 
coincide with the transition maximum found for local 
shower production in lead. The frequency of events in 
the lead covered chambers was due to electron showers 
and to the nuclear bursts as measured in III(a), since 
the attenuation of the nuclear burst producing radiation 
in 2.5 cm Pb is negligible. Hence, the difference in the 
measurements with and without lead gives on first 
approximation, the shower rate as a function of latitude 
and altitude. The results of these difference measure- 
ments are shown in Fig. 8. 

It may be shown that the presence of lead over the 
ion chambers does not significantly change the pro- 
duction rate of muclear bursts in the chambers as 
compared with the production rate with uncovered 
chambers. Consider the following sequence of four 
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TaBLe III. The nuclear burst and shower production per hour 
measured at 30,000 feet pressure altitude. The geometries are 
shown in Fig. 3 and the interpretation of the measurements appears 
in Section IIIB. 
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measurements at A=40° as given in Table III using 
the geometry shown in Fig. 3. 


(1) The nuclear burst rate of uncovered chambers was measured. 

(2) 0.3 cm copper, in which shower production is negligible 
but the nuclear burst rate is not, was placed over the chambers. 
The chamber burst rate was, within statistics, the same as for an 
uncovered chamber. 

(3) 2.5 cm Pb was placed over the chambers and the combined 
nuclear and shower rates were determined. 

(4) The copper was placed over the chambers and under the 
2.5 cm lead as shown in Fig. 3 to determine whether secondary 
nuclear burst production on the underside of the lead could con- 
tribute to the chamber counting rate. 


Within statistics the results show that if any effect 
existed it must be negligible. Measurements described 
in Table IV of reference 1 also confirm this result. 


Fic. 9. A typical section of the continuous film recording of 
pulses. The sweep in this case was adjusted for convenient 
measuring of pulse height rather than rise time. The seventh pulse 
from the top is a typical shower event. 
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Further, it is evident that the events produced in 
lead are associated with high energy showers (> 13 Bev), 
since the shower production rate has a very small 
latitude dependence. 


C. The Nuclear Burst Size vs Frequency 
Distribution at 2 =0° and 4=52° 


By measuring the pulse sizes from the oscilloscope 
which were recorded on the continuous motion film a 
detailed curve of the integral burst rate as a function 
of bias energy has been obtained. Typical pictures of 
strips from the film record are shown in Fig. 9. In 
Fig. 10 these data are fitted on a log-log plot by straight 
lines. Hence, within the range of bias energies measured 
the burst frequency is defined by VY,= AV~, where A 
is a constant, V is the pulse size in Mev, and y=2.5+0.1. 
For comparison, data obtained from Figs. 7 and 9 
independently by the electronic pulse size discriminators 
have also been plotted. 


D. The Electronic Shower Burst Size vs 
Frequency Distribution 


With 2.5 cm Pb hemicylinders covering the cham- 
bers the pulse size distribution derived from the 
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Fic. 10. The integral pulse size distribution of nuclear bursts at 
A=0° and A=52°. Both sets of data are fitted by the expression 
N,=AV+*5*01, The data at 0° are corrected for shower back- 
ground (Sec. IVA). 
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Fic. 11. The integral pulse size distribution of local showers 
produced in 2.5 cm Pb over the ion chambers. The points are fitted 
by the expression V,= BV~?-°+!5, 


oscillograph film recordings was obtained at 30,000 ft 
pressure altitude. The data for the integral shower rates 
as a function of K are plotted in Fig. 11. Since these 
data are derived from difference measurements the 
electron shower intensity at bias energies greater than 
K=1.5 is not reliable. The slope of the curve for K <1.5 
is given approximately by V,= BV,~*, where V, is the 
Mev energy loss in ionization by an electronic shower 
and 8=2.0+0.15. 


IV. DISCUSSION AND CONCLUSIONS 


A. Latitude and Altitude Dependence of 
Star Production 


It was shown by a series of measurements in Sec. 
IIIB that when the chambers were covered with 
lead, there was no observed contribution of nuclear 
bursts by the lead. However, air and local showers may 
produce measurable pulses in both the uncovered and 
covered chambers. Consequently, a small correction 
must be made to the nuclear burst data to account for 
the contribution of air shower events. For the measure- 
ments reported here at high altitudes this contribution 
was determined from the observations of pulse shapes 
recorded on film due to nuclear events (alpha-type 
pulses) and air showers (volume ionization type pulses) 
in the uncovered chambers. A 7 percent contribution at 
30,000 ft, pressure altitude and \=0° was found. Since 
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large air showers are derived from high energy pri- 
maries the frequency of these showers has negligible 
latitude dependence. Hence, since the latitude de- 
pendence of nuclear burst rate is ~3, the contribution 
of air showers at 52° N is ~-2 percent. This is in agree- 
ment with the measurements of Bridge? and Mont- 
gomery and co-workers.* This correction is of impor- 
tance when comparing: the latitude dependence of 
neutrons in the atmosphere and nuclear bursts in 
ionization chambers. The uncorrected latitude factor 
for nuclear bursts under 312 g-cm~ air is 2.9, but 
taking into account the 7 percent air shower con- 
tribution the ratio becomes R,=3.11+0.15 and is to 
be compared with the observed neutron production 
ratio of R,=3.30+0.08. The latitude effect for nuclear 
bursts and neutrons at 312 g-cm~ is shown in Fig. 7. 

The exponential absorption, J, is a measure of the 
absorption of the star or burst producing radiations in 
air. In order to compare at different latitudes the cor- 
responding values ZL, for fast neutrons and J», the 
values for Ly were measured by taking all nuclear bursts 
of size >KV po, the bias energy. Using the integrated 
value for the nuclear burst rates is necessary, since the 
neutrons after being emitted from stars immediately 
lose their identity with stars of any given initial energy 
and are scattered and reduced in energy to form a 
neutron energy distribution distinct from the star 
energy distribution. At the geomagnetic equator the 
measured values for ZL, are 214+7 g-cm~ with the 
exception of K=1.3, where the Z, value was increased 
because of a high experimental point at 31.2 cm Hg. 
From reference 1 it is seen that Z» is to be compared 
with L,=212+4 g-cm™ for fast or slow neutrons. 

At A=40° N the absorption Z, approaches 1746 
g-cm™~* as the chamber bias energy is reduced. The 
corresponding value from fast neutron measurements 
in air is L,=181+3 g-cm™ air. 

With only two altitude points at \=52° the value 
I,=164+14 is an approximation. It is not in disagree- 
ment, however, with the exponential absorption of the 
neutron producing radiation in air, L,=157+2. 

The published values for Zg at \~50° using chamber 
measurements are 135-150? g-cm~? and from the 
stars observed in nuclear emulsions are 135° to 150" 
g-cm~*. These values for Z, in the region of, 50° tend 
to be lower than found in the present investigation. 
However, it should be noted that for the nuclear burst 
curves obtained at \=0° and 40° fast neutron measure- 
ments were obtained concurrently in the same aircraft 
to confirm the earlier values for L,; hence a systematic 
error in air mass determinations would have introduced 
a change in the Z, observed with the nuclear burst 
measurements if such an error existed. 


§ Montgomery, Montgomery, and Northrup, Phys. Rev. 79, 
293 (1950). 

® Bernardini, Cortini, and Manfredini, Phys. Rev. 76, 1792 
(1949) ; 79, 952 (1950). 

10 E. P. George and A. C. Jason, Cosmic Radiations, Colston 
Papers (Butterworths Science Publications, London, .1949). 
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The nuclear burst measurements obtained by 
McMahon, Rossi, and Burditt® under 6 inches of lead 
may be compared with the above measurements 
although their apparatus selected higher energy events. 
At 300 g-cm~ they obtain R,=1.96+0.18 between 
20° and 55° N ascribed to proton produced stars. This 
latitude effect is smaller than that expected from the 
measurements reported here (from Fig. 7 the latitude 
effect would be ~2.5 between 20° N and 52° N). This 
difference is most probably due to the higher energy 
cutoff in the experimental arrangement of McMahon. 
Their value for Ly at 20° is 198450 g-cm-*. When 
extrapolated to 0° this value is consistent with the 
measurements reported here. Recently Whyte! has 
reported balloon flights using an unshielded spherical 
chamber which showed a latitude factor of approxi- 
mately 3 between 0° and 52° at 312 g-cm~. Photo- 
graphic nuclear emulsion measurements of small stars 
at mountain altitudes’ near the geomagnetic equator 
and near 50° as well as measurements in the strato- 
sphere® when extrapolated to the region 200-600 g- 
cm~ atmosphere appear to be in approximate agree- 
ment with the pulse ionization chamber measurements. 


B. Shower Events 


The local shower events in the lead-covered chamber 
include both electronic and penetrating particle showers. 
The maximum latitude factor R, for these events can 
only be estimated from Fig. 8 to be R,=1.0 to 1.1 
between 0° and 52° at 312 g-cm~ air. The altitude 
dependence of local shower production, assuming ex- 
ponential dependence on atmospheric depth, is L,= 134 
+7 g-cm~*, and is in agreement with Bridge? and 
McMahon.’ The integral shower burst spectrum, Fig. 
11, is represented by V,= BV~*-9+0-15, 


C. Energy Spectrum for Small Nuclear Bursts 
at 2=0° and 52° N 


The integral small burst spectrum at 312 g-cm~ 
has the exponent y= 2.50.1 at both \=0° and A=52° 
as seen from Fig. 10. If it is assumed that nuclear 
bursts are produced by inelastic collisions and knock-on 
processes by nucleons,"® it then follows from Fig. 10 
that the change in average primary particle momentum 
between 0° and 52° produces a change in the average 
number of inelastic collisions rather than a change in 
the average energy transfer of each collision process. 
It is clear that production of nuclear bursts at these 
altitudes by fast pion capture is not prominent because 
of the short mean life of pions. Thus, the principal 
process for small nuclear burst production in the 
equilibrium region of the atmosphere appears to be 
a series of inelastic nucleon-nucleus collisions or 
knock-on collisions by a high energy nucleon with the 
extent of the series or chains of collisions in the atmos- 
phere being a function of the nucleon energy. This 


1G, N. Whyte, Phys. Rev. 82, 204 (1951). 
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accounts for the change in exponential absorption of 
the star producing radiation with latitude; namely, 
L,(0°) > L4(40°) > 14(52°). 

The above arguments show that the energy loss E’ 
in a nucleon-nucleus collision producing a small star 
cannot be a homogeneous function of E’/E,, where E, 
is the primary particle energy. Thus, the expression 
N,=AV~** for small burst production does not repre- 
sent the primary energy spectrum. At much higher 
burst energies the measurements by Carmichael!* and 
Montgomery™ and the recent measurements in nuclear 
emulsions by Barton, George, and Jason“ indicate that 
the large burst and star integral spectrum approaches 
the values for y in the range 1.6 to 1.9. 


2H. Carmichael, Phys. Rev. 74, 1667 (1948). 

%C. G. Montgomery and D. D. Montgomery, Phys. Rev. 76, 
1482 (1949). 

“ Barton, George, and Jason, Proc. Phys. Soc. (London) A64, 
175 (1951). 
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The measurements described above show that the 
nuclear burst production and fast neutron production 
are substantially in equilibrium in the atmosphere 
below ~200 g-cm~*. Hence, the evidence given in 
reference 1 to show that the production of neutrons per 
primary nucleon is not strongly dependent on primary 
particle momentum above ~4 Bev/c may be extended 
now to the production of small nuclear bursts in the 
atmosphere asa function of primary particle momentum. 

The authors wish to thank Mr. L. Brodie and Mr. E. 
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to thank Mr. P. Fields and the Argonne National 
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California Institute of Technology on some of the 
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The Absorption of Extensive Showers in Water* 


_ Paut H. Barrett 
University of California, Berkeley, California 
(Received July 11, 1951) 


The absorption of the particles in extensive showers in water has been measured at 2765 meters elevation 
by detecting coincidences between trays of Geiger counters located under water. Coincidence rates have 
been measured with counter tray separations up to 5 meters and at seven depths from 0 to 10 meters of 
water. A theoretical calculation is shown to predict coincidence rates lower than those experimentally ob- 
served and further improvements in the calculations are suggested that might remove this discrepancy. If 
multiple cores exist in extensive showers, this experiment shows that they cannot be separated by more 
than 50 cm. The density spectrum and the spectrum of the number of particles in a shower have been calcu- 
lated from the experimental results for elevations of 50 and 2765 meters. 


I. INTRODUCTION 


INCE the discovery! of the extensive showers in 
cosmic rays by Geiger tube coincidences, many 
experiments have been performed to clarify the struc- 
ture and composition of these showers. From the 
hypothesis of the cascade origin of these showers 
Moliére? has calculated the electron distribution about 
the shower axis. These results have been shown to be in 
agreement with experiments performed with Geiger 

counters? and ionization chambers.‘ 
A possible mechanism for the production of extensive 


* Assisted by the joint program of the ONR and AEC. 

¢ AEC Predoctoral Fellow. Now at Laboratory of Nuclear 
Studies, Cornell University, Ithaca, New York. 

1 Auger, Maze, and Grivet-Meyer, Compt. rend. 206, 1721 
(1938). 

2G. Molitre, Cosmic Radiation, edited by W. Heisenberg 
(Dover Publications, New York, 1946). 

* Cocconi, Cocconi, Tongiorgi, and Greisen, Phys. Rev. 76, 1020 
(1949). 

‘R. W. Williams, Phys. Rev. 74, 1689 (1948). 


showers® predicts the presence of multiple cores. How- 
ever, the hypothesis of multiple cores has been shown 
to be inconsistent with the results from ionization 
chamber‘ and counter tray* experiments. 

Fretter and Ise* have reported another type of experi- 
ment to detect the presence of multiple cores. With 
water as an absorber the low energy particles will be 
absorbed. Preliminary results indicated this approach 
to be promising. These experiments have been extended 
to greater depths of water in the research reported here 
in an attempt to study further the structure of the 
shower core. Experiments were carried out during the 
summer of 1950 at Lake Sabrina (elevation 2765 
meters) near Bishop, California. Further data were ob- 
tained in the spring of 1951 near sea level at Berkeley, 
California. 


5 Lewis, Oppenheimer, and Wouthuysen, Phys. Rev. 73, 127 


(1948). 
*W. B. Fretter and J. Ise, Jr., Phys. Rev. 78, 92 (1950). 
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Fic. 1. Diagram of apparatus showing arrangement of counters. 


II. EXPERIMENTAL ARRANGEMENT 


The apparatus for the experiments consisted of two 
steel boxes each containing Geiger tubes alternately 
connected to two preamplifiers (see Fig. 1). The out- 
put pulses of the preamplifiers were fed through co- 
axial cables to the coincidence circuit. This circuit, 
along with the power supplies, counting circuits, etc., 
was located in a small wooden house. The output of the 
four preamplifiers (hereafter referred to as channels 
1, 2, 3, and 4) were used in the following coincidence 
arrangements: (a) twofold coincidences when at least 
one Geiger tube was discharged in each box, i.e., 
channels 1 or 2, and 3 or 4; (b) fourfold coincidences 
when all four channels were discharged simultaneously. 
The recording of both twofold and fourfold coin- 
cidences in this way gives an indication of the density 
spectrum of the showers observed. The steel boxes and 
their connecting cables were watertight and were sup- 
ported by ropes under water at various depths and 
separations. 

The Geiger counters used in this experiment were of 
the all-metal type filled with an argon-ethylene mixture. 
They were all of 2-inch inside diameter and their effec- 
tive length was measured to be 15.5 inches. The re- 
solving time of the coincidence circuits was measured 
to be 2.0+0.1X10~ sec. 


Ill. RESULTS AND CALCULATIONS 


The data taken at Lake Sabrina are shown in Figs. 2 
and 3. The data have been corrected for accidentals 
(r=2X10~ sec) and the errors are standard deviations. 
These data have not been corrected for the barometric 
effect which is of the order of magnitude of 10 percent 
per cm of Hg. Because of the possible error due to the 
barometric effect, these curves can be interpreted as 
giving only the general form of the decoherence curves. 
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A theoretical calculation has been performed by 
Elihu Abrahams’ to determine the twofold decoherence 
curve expected at various depths under water. His 
approach to the problem is briefly given below. 

From the distribution function of electrons as calcu- 
lated by Moliére* the distribution of electrons with 
energy greater than £; is calculated. E; is the energy of 
an electron at the surface of the water with sufficient 
energy to have, on the average, at the depth / one elec- 
tron remaining from its cascade shower in the water. 
The decoherence curves calculated from this distribu- 
tion were found to be obtainable from the decoherence 
curve on the surface by a simple scale change. His 
results are given by 


Ci(d/M1, A)=(a7/M2-)Co(d, A), (1) 


where C; is the counting rate at a depth / and counter 
separation d/M, with counter tray area A, y is the ex- 
ponent in the integral spectrum of shower size, 
M = E,/38 (E; in Mev), a=2.24, and Cy the counting 
rate with no water absorber at a counter tray separa- 
tion of d. 

Considerable difficulty arises from the determination 
of E;, and consequently M;. The most recent cascade 
theory calculations of Bernstein* give considerable 
uncertainty as to the depth at which on the average one 
electron remains from the shower. Figure 4 shows a plot 
of the average number of electrons V(t) induced by a 
single incident electron vs the absorber thickness ¢ (in 
radiation units) for different initiating electron energies 
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Fic. 2. Twofold decoherence curves at different depths 
of water (2765 meters elevation). 


7 E. Abrahams (to be published). 
8]. B. Bernstein, Phys. Rev. 80, 995 (1950). 
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E, (the curve for an initiating y-ray is given for Zo=17 
Bev). 

The desirability of obtaining coincidence rates at 
large separation was not known at the time the data 
were taken at Lake Sabrina and C)(d, A) was obtained 
only for d up to 17 ft (5.2 meters). To obtain Co(d, A) 
for the required values of d up to several hundred 
meters, calculations were made from the following 
integral : 


Co(d, A)= K f f [1—e-ery NA) 
N=2"°S 


x1 NA W-(rtGSdN. (2) 


The differential spectrum of shower size is assumed to 
be given by 


{(N)dN= KN-dNhir'm. (3) 


The electron density distribution function p(r) is ob- 
tained from Moliére’ and 7; and r2 are the distances from 
the shower core to the two counter trays. The surface 
integral is over the horizontal piane. 

The integration of (2) has been performed numeri- 
cally for y=1.3, 1.4 and 1.5 for the values of d=5, 50 
and 200 meters. The results are shown in Fig. 5 along 
with points calculated by Moliére? for Pic du Midi 
(2870 meters). These calculations are normalized to the 
experimental point at 5 meters (506 hr~). The curve 
for y= 1.4 agrees well with the experimental results of 
Auger® beyond 20 meters. The experimental value of 
Co (Sm, 0.117m?) = 506 hr~ yields K=3.2X 105. 
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Fic. 3. Fourfold decoherence curves at different depths 
of water (2765 meters elevation). 


® Auger, Maze, and Robley, Compt. rend. 208, 1641 (1938). 
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Fic. 4. N(f), the average number of electrons induced by a 
single incident electron of energy Eo, vs the depth of water in 
radiation units. A curve is also shown for an incident y-ray of 
17 Bev. 


With the values of Co(d, A) of Fig. 5 an attempt has 
been made to obtain the values of C,(d/M:, A) from 
(1). The value of y= 1.4 was used in this calculation and 
values of E; were obtained from Fig. 4. The calculated 
values of C:(d/M;, A) from (1) are shown in Fig. 6 
with the experimental curves. Values of C; for 10 
meters depth were below 1.0 hr“. 

The discrepancy between the calculated and observed 
coincidence rates is quite serious as to both magnitude 
and over-all shape of the decoherence curve. The experi- 
mentally observed leveling off of the underwater de- 
coherence curves between 3- and 5-meter separations is 
definitely not predicted by the theoretical results. 
Efforts to adjust different values of a, y, and M, to 
predict one decoherence curve from another did not 
produce a consistent method of prediction. 

Before discussing Abrahams’ calculation further, it 
would be well to consider from a different viewpoint 
whether the coincidences occurring at 10 meters depth 
could be produced by the electron-photon component 
of the showers. The mean-square lateral displacement 
of electrons and photons from the axis of a shower is 
given by Roberg and Nordheim” as 


(°(E))w =0.64(E,/E)*X;”, (4) 
(7?(W))w=1.13(E,/W)?X¢, (5) 


where E is the energy of the electrons and W is the en- 


10 J. Roberg and L. W. Nordheim, Phys. Rev. 75, 444 (1949). 
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Fic. 5. Experimental and calculated decoherence curves for 
2765 meters elevation. A few points from Moliére’s calculated 
curve are also shown. Ail curves are normalized to the experi- 
mental coincidence rate of 506 hr at d=5 meters. 


ergy of the photons (E,=21 Mev and X)>=493 meters). 
Table I shows the values of the root mean square lateral 
displacement of photons and electrons capable of pene- 
trating to the three largest depths. The values of W 
were obtained from curves, similar to those in Fig. 4, 
for the case of an initiating photon and are slightly less 
than the corresponding values of E. When d has the 
value 0.75 meter, the separation of the two closest 
Geiger tubes is 0.46 meter, which is about the mean 
diameter of a shower penetrating 10 meters of water. 
Thus it is seen that the observed coincidences at small 
separations are compatible with the electron-photon 
distribution calculated from cascade theory and cou- 
lomb scattering. 

An indication of why there is the large difference in 
the experimental and theoretical results might be gained 
from the following considerations. Unshielded counters 
and ionization chambers measure the electron distri- 
bution in the shower; however, when shielding is placed 
over the counters, photons produce pairs in the shielding 
and the photon distribution is superimposed on the 
electron distribution. Cascade theory predicts that at 
the maximum of a shower the number of photons is 9/7 
the number of electrons. In accounting for the contri- 
bution of the photons, Abrahams assumed that they 
had the same distribution as the electrons and inserted 
the factor (1+9/7) at the appropriate place to allow 
for their contribution to the particle density. This 
factor appears in the constant a in Eq. (1). Recently 
Moliére" has calculated the lateral photon distribution 
in extensive showers and found that it differs greatly 
from that of the electrons by its more rapid singularity 
at r=0; varying as r~ for photons as compared with 
r~ for electrons. This means a much stronger concen- 


4G. Molitre, Phys. Rev. 77, 715 (1950). 


tration of photons within the core and a more rapid 
variation of photons in its vicinity than expected from 
the corresponding behavior of electrons. The somewhat 
larger rms spread of photons is almost entirely due to 
the tail of the distribution and does not, therefore, 
contradict the above results. 

There is a serious discrepancy between Abrahams’ 
calculation and the experimental results. Abrahams has 
indicated a theoretical approach to the problem and 
has shown how a solution in the form of a scale change 
results. However, the problem appears much more 
complex than was assumed in these calculations. An ex- 
tension of these calculations should allow for the differ- 
ence between the electrons and photons both as to their 
distribution about the shower core and as to the range 
of their cascade in water. Also, the complex problem 
of the fluctuation in the number of particles about the 
average number of particles in a shower would have to 
be included in any rigorous solution of the problem. 

A possible mechanism for the production of exten- 
sive showers predicts® the presence of multiple cores. 
These cores could be separated as much as ten meters. 
No evidence from other experiments has indicated the 
presence of these cores, but the possibility that core 
separations less than 1 meter exist has not been elimi- 
nated. If one assumes that multiple cores exist, and that 
they are distributed over a region of diameter g, the 
following results would be expected for this experiment: 
(1) At depths of water where only the high energy 
particles near the core remain (e.g., 10 meters depth) 
the decoherence curve would be nearly flat for separa- 
tions less than g (i.e., d<q); (2) As the cores would be 
very dense clusters of particles, nearly every twofold 
coincidence would be accompanied by a fourfold and 
the result would be a ratio of twofold to fourfold 
counting rates of about unity. As neither of these effects 
is observed, it may be concluded that if multiple cores 
exist, they are located within a region of 50 cm. Because 
of mesons and their knock-on electrons the results for 
d=0.38 meters cannot be unambiguously interpreted 
as showing the absence of multiple cores. 

The presence of mesons in extensive showers has 
been shown and their density has been measured to be 
about 2 percent of the electron density.” Their distribu- 
tion in the shower is thought to be similar to the dis- 
tribution of electrons, although this has not been 
checked within about 5 meters of the core. If the as- 
sumption is made that mesons have the same density 


TABLE I. Root-mean-square distance from shower core of 
electrons and photons having on the average one electron remain- 
ing in its cascade at a depth / of water. 

= 








l [r(W) av)? [r?(E) av] 


4.2m 4.4m 
6.3m 1.4m 
10.0m 0.21m 











2 J. Ise, Jr., and W. B. Fretter, Phys. Rev. 76, 933 (1949). 








ABSORPTION 


distribution function as electrons but only 2 percent 
of their intensity, the contribution of mesons to the 
counting rates in this experiment can be calculated. 
Substitute Npn»(r)=0.02Np(r) for the meson density 
in Eq. (2) and the coincidence rate for mesons is given by 


Cn(d, A)=K f f C1-esmnvowy 
N=2 “8S 
X[1—eO-Mora NA N-O+Dg SdN, (6) 


With a change of variable this can be shown to be 
Cn(d, A)=(0.02)7Co(d, A). (7) 


Thus the coincidence rate of just the mesons would be 
0.4 percent that due to electrons. If all these mesons 
could penetrate to 10 meters of water (this would re- 
quire a meson energy of 2 Bev),'* their contribution to 
the coincidence rate would be about 2 hr at that depth. 
A coincidence rate of about this magnitude is observed 
at d= 1.5 meters (10 meters depth), but for larger separa- 
tions any true coincidence could not be differentiated 
from an accidental coincidence. The decoherence curve 
for mesons as calculated from (7) is shown in Fig. 6. 

The concept of shower density and density spectrum 
is useful in explaining experimental results. It is cus- 
tomary to express the differential density spectrum in 
the form 


H(A)dA= BA~*dA hr“, (8) 


where A is the average particle density. From ordinary 
statistical considerations the coincidence rate of m 
counters, each of effective area A, can be shown to be 


cu(4)=B f (1—e—44)*A-(rt gd. (9) 
0 


Substituting AA =x this becomes 


C,(A)=BA? f (1—e=)"-(r+Ydy, (10) 
0 


This integral can be done formally.'* With C.= 506 hr“, 
A=0.117m’, and y=1.4 the value of B was computed 
to be 5150 (A expressed in m=). 

In this experiment twofold and fourfold coincidences 
were measured (see Sec. II) having respective counter 
tray areas of 0.117m? and 0.0585m*. The ratio of the 
twofold and fourfold counting rates may be shown 
from (10) to be 


C,(A) 27(27—2) 
C(A/2) 47—4X37+627—4 





=R. (11) 


 Cocconi, Tongiorgi, and Greisen (see reference 3) report 
from absorption data a mean energy of mesons in extensive 
showers of at least 2 Bev. 
( 4G. Cocconi and V. Cocconi Tongiorgi, Phys. Rev. 75, 1058 
1949). 
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Fic. 6. Comparison of experimental and theoretical under- 
water decoherence curves. The calculated contribution of mesons 
to the coincidence rate is shown. 


The average value of R for d=1.5, 3, and 5 meters 
from the surface data at Lake Sabrina is R=7.3+.0.3, 
which yields from (11) y=1.30+0.02. This value is less 
than the value y=1.4 which is obtained from experi- 
ments designed for the accurate determination of y." 
Equation (11) indicates that an increase in the effective 
y will yield a larger value of R, i.e., relatively fewer 
large showers. 

The conditions upon which Eq. (9) was derived 
are not satisfied for values of d<2 meters, as showers 
very poor in particles (generated by knock-on electrons 
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46 Broadbent, Kellermann, and Hakeem, Proc. Phys. Soc. 


(London) A63, 864 (1950). 
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‘1G. 8. Twofold decoherence curves at different depths of water 
(50 meters elevation). 
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of the mesons, or locally generated penetrating showers) 
can be recorded in large percentage besides extensive 
showers. This is borne out by the experiment as the two- 
fold to fourfold ratio (R) becomes ten for the two 
trays when contiguous (d=0.38 meter) indicating 
narrow, low density showers. 

The meaning of R for the underwater measurements 
is still about the same, i.e., an indication of the density 
spectrum; however, the spreading out of the cascade 
showers produced in the water will increase the four- 
fold rate relative to the twofold and thus decrease R. 
The cascade shower produced in the water by an elec- 
tron or photon incident on the surface reaches its maxi- 
mum in about 5 radiation units (2.1 meters) and keeps 
a constant diameter (though decreasing in density) 
of about 17 cm (6.7 in.). The result of this can be seen 
in the plot of R vs / (depth of water) for the different 
values of d (counter separation) in Fig. 7. When several 
values agreed within their statistical uncertainty, their 
average value was plotted. The decrease in R down to 
5 radiation units is shown. The curve associated with 
d=0.38 meter is seen to increase after its initial de- 
crease. This can be interpreted as a nearly constant 
twofold coincidence rate owing to mesons and their 
knock-on electrons being superimposed upon the coin- 
cidence rates caused by particles associated with ex- 
tensive showers. 

Experiments similar to those at Lake Sabrina were 
carried on near sea level at Berkeley, California (about 
50 meters elevation). The results corrected for acci- 
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Fic. 9 Fourfold decoherence curves at different depths of water 
(50 meters elevation). 


dentals are shown in Figs. 8 and 9. There is more un- 
certainty in the twofold 2.6-meter depth curve beyond 
d=2 meters than the statistical uncertainty shown 
because of the large correction made for the accidental 
coincidence rate. These measurements were made to 
determine if the leveling off of the underwater deco- 
herence curves beyond 3 meters which was observed at 
2765 meters elevation exists also at sea level. This 
leveling off effect does not seem to be characteristic of 
the underwater decoherence curves at sea level. 

From the unshielded coincidence rates at Berkeley 
the density spectrum and the spectrum of shower sizes 
were calculated to be 


H(A)dA=710A~4dA hr“, 
f(N)dN =4.4X 10!N4dN hr-'m~ 
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A relativistically covariant formalism describing the behavior of a continuous medium is presented. A 
method is developed for resolving covariant expressions into space and time components. One obtains by 
this method from a symmetric energy-momentum tensor, a scalar invariant energy density, a vector heat 
flux, and the stress tensor. The laws of thermodynamics appear as time components and the laws of dynamics 
as space components of the same relativistic equations. If the divergence of the energy-momentum tensor 
vanishes, then the first law of thermodynamics and Newton’s second law of dynamics (including thermal 
effects) follow. Reversible processes are considered, and the second law of thermodynamics is formulated with 


the use of scalar invariant temperature and entropy. 





HE equations of motion of a continuous medium in special relativity theory can, as is well known,' be ex- 
pressed as the vanishing of the divergence of a symmetric, second-order, four-dimensional tensor, called 
the energy-momentum tensor. We consider here some dynamical and thermodynamic consequences of such a 


formulation. 


A. MATHEMATICAL BASIS 


Following Abraham and Becker? we take as transformation matrix for a Lorentz transformation the 


hermitian matrix 


1+@;/(1 a itt), 

fi;ft,/(1—its), 

&yh;/(1— itts), 
itt, 


der = 


The determinant of this matrix equals unity. If we 
represent the four coordinates by 21, %2, %3, x«=ict, 
then the quantities @, in the matrix are components of 
the unit time vector 


&.=(1/c)(dx./dr), &42=—1, (2) 


where c is the speed of light and 7 is the proper time. 
(Throughout this paper Greek indices run from 1 to 4; 
Latin indices from 1 to 3; all repeated indices are to be 
summed.) With this transformation matrix 


FP = tak x and Wer = dayde tn”, (3) 


where P, and Wer are tensor components measured in 
coordinate system x,, and P,° and y,,° are measured 
in coordinate system x,°, which moves relatively to x, 
with velocity u,: 


Ue=Ch,=dx,/dr, ueg=—c. (4) 


In describing the motion of an element of a continuum, 
we shall take the coordinate system x,° as attached to 
the element at a given point in its trajectory, so that x,° 
is the momentary rest frame (at that given point) for 
which u,°=(0, 0,0, ic). The coordinate system x, is 


1M. Abraham and R. Becker, Theorie der Elektrizitat (B. G. 
Teubner, Berlin, 1933), sixth edition, Vol. II, p. 356. R. Tolman, 
Relativity, Thermodynamics and Cosmology (Oxford University 
Press, New York, 1934), p. 115. G. Y. Rainich, Mathematics of 
Relativity, (John Wiley and Sons, Inc., New York, 1950), p. 64. 

* See reference 1, p, 286. 


&y,/(1—it,), 

1+87/(1—im,), 

fixts/(1— its), 
ithe, 


tiyt;/(1—it,), — tt, 

fott;/(1—it,), — thy 

1+4/(1—it,), —its| 
its, —ith, 


(1) 





thus one relative to which the element momentarily 
moves with velocity u,. 
Define ‘ 

Ser= Sart att, (5) 
where 6,, is the Kronecker delta. In the rest frame all 
components of 6,,° vanish except 

511°= 522°= 5 (6) 
so that 6,, is a unit space tensor. A scalar product of 
two unit space tensors is a unit space tensor. Also, we 
have : 

feber=0. (7) 

We may use the unit time vector @, and unit space 

tensor 6,, to produce new covariant quantities by re- 

solving known covariant tensors into space and time 

components. Any vector P, can be resolved into two 
components, A, and B,, 


P,=Agt B,, A,=berP, B,= —t,t,P,, (8) 
where, in the rest frame, A,°=(P,°, P2°, P;°, 0) and 
B,°= (0, 0, 0, P4°). Clearly, it is also the case that 

A,B,=0, 
=A,, 5,,B,=0, (9) 
=(), 4,B,=2,P,=iP,. 


erA r 
{ 


‘ 
Ae 


A, is a space vector and B,, a time vector. P,°, we see, 
equals a scalar invariant. 
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Any second-order tensor ¥,, can also be resolved into 


components, 
(10) 


dor= Sender ur, (11) 
cae (QA Wurt a, tlWort Att, t,t yr) ° (12) 


In the rest frame ¢,,° gives the pure space components 
of Wer’, and xe," gives the other components: 
Vu", V12°, V13°, 0 
¥21°, 22°, Y23°, 0 
Va", Ws2%, Was", O}’ 
0, 0, 0 


Wer = bert Xery 


where 


0 
Por = 


vue 
vo" 
vu" 
va® 


Var", Was’, 


var’, 


Clearly, we have 
oorB,= ¢0rB,-=0, (14) 
Vert, = Xorlts, Wertle (15) 


The component ¢., is a pure space tensor, but Xer is 
a mixed space-time tensor which we may resolve fur- 
ther. Let 


=Xerh o 


Qo = Cb 4 Wprllr= COepXorkbr, 
OQ. = Ch oWrplhe = ChepXepthr. 
In the rest frame, we have 
Q.= (ichu®, icy", 0), 
Q,°= (icWar®, icyas°, 0). 
Q. and Q, are thus space vectors, so that 


0.8,=0,4,=0. 


(16) 


y 0 
wisiad (17) 


icps 2°, 


(18) 
If we also write 
htheWor ead ltlsXer end (19) 


which shows that Wa" is equal to the scalar invariant 
trace Xp» of the tensor xr, then we may write Eq. (12) as 


» eae [(@,0./c)+ (A.0,/c) ]—tethexpp- (20) 
Here xe, appears resolved into the pure time tensor, 
- Fe: ofl, Xen and the mixed space-time tensor, —[(4@,0,/c) 


(2.0,/c)]. 
"' e shall be interested only in the case for which the 
original tensor Ws; is symmetric. For this case ¢,, and 
Xer are symmetric and 


Xer™=— (1/2) (teQo+UcQr+ UctleX pp); 
where we have written 
2-=0,0=0,9. (22) 


The explicit expression for any covariant tensor in 
terms of its components in the rest frame is obtained 


—Wul= — Xopy 


(21) 
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from Eq. (3). For the symmetric case, we have 
Or: = towns’ + iMiUtmbma?/c(1 ~~ ius/c), 
Os 7 Umma’, 


(23) 
and 
bmk= Wm + (temPen’ + UeWmn)tn/c*(1 —ing/c) ] 
+ Um U nth ni°/c(1—ius/c)*, 
Oi4= (ittmWmn®/C)+ ittetimtenWmn®/c(1—ius/c), 


ous woiers UntenVmn?/ Cc 


(24) 


It will be noted that although the various covariant 
quantities ¢,,, ., etc., were obtained by operation with 
a, and 6,, on a single tensor ¥,,, nevertheless, each 
quantity transforms independently of the others in 
the Lorentz transformation and thus preserves what- 
ever physical meaning is attached to it, unalloyed by 
contributions from the other quantities, regardless of 
the state of motion of the observer measuring them. 

Identifying the symmetric tensor ¥,, with the 
energy-momentum tensor associated with an element 
of continuum (as measured by an observer relative to 
whom the element moves with velocity u,), we write 
the equations of motion 


OeVer= 0, (25) 


the symbol 9, indicating partial differentiation with 
respect to coordinate x,. From Eqs. (10) and (21) we 
find 

(1/c*)Oe(Xpptettrt+UcQr+U10e)=Deber. (26) 


The vectors on the two sides of this equation can be 
resolved into space and time components by the 
method of Eq. (8), and Eq. (26) will hold for the space 
components and the time components separately. The 
equation on the space components will appear as a 
basic equation in dynamics; the equation on the time 
components, as the first law of thermodynamics. 


B. THERMODYNAMICS 


Multiplying Eq. (26) by u, and using Eqs. (4), (14), 
and (18), we obtain 


IeXppttat I0e+ (Q./c*) (du,/dr) -— PerIotte, 


where 


(27) 
d/dr=u,0, (28) 
Since, according to Eq. (21), 
XerD ete = — (Q/c*)(du,/dr), 
we may also write Eq. (27) as 
IeXpptte+ O0e= (30) 


If we interpret x,, as the scalar invariant energy density, 
Q, as the vector heat flux, and ¢,, as the stress tensor, 
then Eq. (27) becomes the statement of the first law of 
thermodynamics. Note that Eqs. (17) and (13) for the 
symmetric case show that Q, and ¢,, have properties 


(29) 


Vor Dolly. 





CONTINUUM IN SPECIAL RELATIVITY 


which make them acceptable to a rest observer as the 
heat flux and stress, respectively. The rate at which the 
surroundings do thermodynamic work on the element 
(per unit volume) is defined as the scalar invariant term 
er9ou,. We may write 


berI ols = berXer, (31) 


where is 
Lor= Beuder(4)(O,t>+ Oty) (32) 


is the symmetric rate of strain tensor encountered in 
hydrodynamics. In the rest frame, as a pure space 
tensor, Zim has precisely the classical form and 
2.4°=0. In our definition, thermodynamic work is done 
on an element only if distortion (strain) occurs, The 
rate of thermodynamic work should not, however, be 
confused with the rate of dynamic work, 549,¢,, 
which contributes to the rate of increase of kinetic 
energy [see Eq. (73) subsequently ]. For a rest observer 
Eq. (27) becomes 


(9X»p/00°)+ Dn°X pptn’ + O.°O%° 
+2(Q4°/c*)(dun°/ dt) = mz°Omur®. (33) 


Apart from a term of order 1/c* which disappears if 
the element is unaccelerated, this is just the required 
statement of conservation of energy in the rest frame. 
The term —0,°Q,° is the rate at which heat is trans- 
ferred to the element in the rest frame, which justi- 
fies our designation of Q, as the heat flux,; 0,°Q,° 
is not invariant, however, requiring the addition of 
(Qx°/c?)(du,°/dt°) for invariancy. The subject of the 
scalar invariant nature of the energy density we re- 
serve for discussion at the end of this section on thermo- 
dynamics. 
We now write 
Xee= p(U+c’), (34) 


where p is the scalar invariant mass density which must 
satisfy the equation of continuity, 


0,pu,=0. (35) 


Thus, we may define pu, as that portion of xp.%./c 
for which the divergence vanishes in the absence of 
chemical reaction. Equation (35) expresses the chem- 
ical fact that a portion of the energy is inert to trans- 
formation into other forms.* Equations (27) and (33) 
now become 


p(dU/dr)+0.0.+(Q./c*)(du./dr) = ber ettr, (36) 


p(dU/dt°)+ 34°04°+ 2(04°/c*) (du"/ dP) 


= him: tm’. 


(37) 


The tensor ¢,, we have taken to represent the stress 
on the element exerted by its surroundings. In order to 
formulate the second law of thermodynamics, it is 
necessary to assume the existence of a stress system 
independent of the surroundings and defined by the 


* See C. Eckart, Phys. Rev. 58, 919 (1940). 
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nature of the element itself. We represent this stress 
by the tensor ¢,,’ and call it the stress in the element, 
as distinguished from ¢¢, the stress in the surroundings. 
(This corresponds to the distinction customarily made 
in a thermodynamic treatment between the “pressure 
in the system” and the “pressure in the surroundings”.) 
We assume a basic relation between the stress in the 
element and the properties of the element 


(1/p)(Aeber')=TIS—9U. (38) 


This equation giving 9,¢.,' should be compared with 
Eq. (26). Just as the space and time component equa- 
tions of Eq. (26) appear as laws of dynamics and 
thermodynamics, respectively, so will the space and 
time component equations of Eq. (38). We discuss the 
time component equations here. Multiplication by pu, 
gives the thermodynamic equation 


pdU /dr= pT (dS/dr)+ der’ Zer- 


The scalar invariant quantities T and S$ introduced 
here have the properties of the Kelvin temperature and 
the specific Clausius entropy, respectively. In fact, 
comparison of Eqs. (36) and (39) gives 


T p(dS/dr)+0Qs+ (Q./c*)(du,/dr) 
by: (Ger— der )Zer, 


so that in a process in which either ¢.-=@er' or 2,,=0 
(corresponding to the two possibilities that either the 
stress in the surroundings equals that in the element, 
in which case whatever work is done by one stress sys- 
tem is done against the other; or there is no rate of 
strain of the element, in which case neither stress 
system does any thermodynamic work), we find 


T pdS/dr= —0,0,.—(Q./c*)(du,/dr). 
In the rest system this becomes 
TpdS/ d= ee. 04°0.°— 2(Qx°/c?) (Ou,°/ 0°) > (42) 


i.e., the heat absorbed by the element (plus a term of 
order 1/c*, which disappears in an unaccelerated ele- 
ment) is equal to the temperature times the entropy 
increase of the element. 

Let the entropy flux vector be defined as 


S.=Q./T. 


(39) 


(40) 


(41) 


(43) 
Then Eq. (40) gives 
T(p(dS/dr)+ 8,S.+ (S./c)(du./dr) ] 

= —S,0.T+(ber—Ger JZ er. (44) 


Define the scalar invariant specific Helmholtz free 


energy 
A=U-TS. 


Then, according to Eqs. (38) and (39), we have 
0,A=—Sd,T— (1/p)(Or@er’), 
pd A/dr= — pS(dT/dr)+ der’ Zor, 


(45) 


(46) 
(47) 
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so that Eq. (44) becomes 
TL p(dS/dr)+9.S,+(S./c*)(du,/dr) } 

= —(S,+ pSu.)0,T — p(dA/dt)+ berZer- 

The entropy quantities S and S, can be collected into 

a single entropy tensor given by 

Sor= — (1/0?) (pSustts+UeSp+UrS 5). 
It is evident, in fact, that by introduction of various 
covariant quantities the tensor xe, of Eqs. (21) and 
(13) can be written 

eg (1/c*)[p(e+A)uou, ]+ I Sees 


S., is thus a tensor with the same transformation 
properties as xer. It is a symmetric tensor whose nine 
space components vanish in the rest frame, the fourth 
row and column consisting of 


Spsg®= —18,°9/c and Su°=pS, 


(48) 


(49) 


(50) 


(51) 
where S,4° equals a scalar invariant, S,,. Also, we have 
UrSor= Sot pSts, (52) 
Ur OoSor= p(dS/dr)+0eSe+(S./c?)(du./dr), (53) 
so that Eq. (48) becomes simply 

TU, DoS o¢ = —UpS ore — p(dA/dr)+er2er- (54) 
The second law of thermodynamics can now be 

written in covariant form as 
U;OoSor—0. (55) 
For the rest observer, according to Eq. (53), this gives 
p(AS/dt°)+ A,°S,°+ 2(S.°/c?)(dux°/dl)>0, (56) 


which states that the local entropy production rate, plus 
a term of order 1/c? which vanishes in an unaccelerated 
element, is nonnegative. Tu,0,S¢r is therefore the energy 
dissipation. We have therefore from Eqs. (44) and (54) 


—S,0, T+ (hor— er’ 2.r>0, (57 

— (pSu,t+S,)0,T —p(dA/dr)+@er2er>0. (58) 

Consider now a continuum which is isotropic even 
when in motion. We may write 


door = p= —Gp»'/3, 


— pdcr, (59) 


where # is the scalar invariant hydrostatic pressure in 
the element. In this case we have 


bor Lor= — pAstte= — ppd(1/p)/dr, (60) 
so that Eq. (57) becomes essentially identical with a 
previously published result in which it is shown that 
(der—Pbor)OoUr, the Rayleigh dissipation function for 
viscous flow of isotropic fluid, must be nonnegative in 
isothermal flow as a consequence of the second law of 
thermodynamics.‘ Equation (60) together with Eqs. 
‘B. Leaf, Phys. Rev. 70, 749 (1946), Eq. (10); and 752 (1946), 
Eq. (40b). 
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(39) and (47) gives, for the isotropic case, 
dU /dr=T(dS/dr)— pd(1/p)/dr, 
dA/dr=—S(dT/dr)— pd(1/p)/dr, 


in agreement with the usual thermodynamic equations 
for this case. It may be noted that two independent 
variables suffice to specify the thermodynamic proper- 
ties of an isotropic, single pure substance. If the pres- 
sure is given as the isotropic part of the total stress 
system of the substance, then all thermodynamic work 
appears as “pressure-volume” work. There is in prin- 
ciple, therefore, no necessity to introduce numerous 
work terms in the usual thermodynamic presentation 
of the isotropic case. 

When the equality holds in Eq. (55) the process 
which occurs is nondissipative or “reversible”. The 
equality will also hold in Eqs. (57) and (58). If we 
require that 


(61) 
(62) 


(der— dor )Xer=0 (63) 


and 

Se0oT = S,°0,°T=0, (64) 
then these conditions are satisfied. It will be noted that 
Eq. (63) was a requirement for Eq. (41), but a process 
in which Eq. (41) is valid is not necessarily reversible 
unless the condition of Eq. (64) holds also. Equation 
(41) describes processes of heat transfer which may be 
dissipative unless Eq. (64) holds. This fact is not usually 
evident in classical thermodynamic discussions in 
which temperature gradients are not allowed in the 
static, homogeneous phases considered to constitute 
a thermodynamic system. 

Equation (63) is satisfied by either $,,=@.,' or 
2.r=0; Eq. (64), by either S,=0 or 5,,0,7=0. There 
is evidence that these conditions are not independent. 
Thus, in Fourier’s law of heat conduction, which may 
be written covariantly as 


TS c= —epdpr9-T, (65) 


where \,, are coefficients of thermal conductivity, and 
in the linear relations assumed in the theory of viscous 


flow, 

(66) 
where or,» are coefficients of viscosity, the vanishing 
of the gradient of temperature and of the components 
of stress, ¢s,—@cr’ implies the vanishing of the heat 
flux and of the components of rate of strain. Because of 
these relationships, we shall specify for reversible 
processes that 


5,20,T=0 and 


Per— ber’ = Returtpe 


her= der. (67) 


From Eq. (46) we have for a reversible process 
56r9,bo= = 5erpdeA ; (68) 


i.e., the gradient of the specific Helmholtz free energy 
balances the force exerted by the external stress; the 
specific Helmholtz free energy acts as potential func- 
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tion for the stress ¢,,’ in the element. In the isotropic 
case Eq. (59) gives 


5 erOphep= — derl Dept (p/c)(due/dr) ], (69) 


so that the pressure gradient in the element (plus a 
term of order 1/c? which disappears in an unaccelerated 
element) balances the force of the external stress. 

It should be noted that reversible or nondissipative 
processes need not be quasi-static, despite the common 
statement to the contrary in the literature. It is well 
known that much of classical dynamics contemplates 
nonquasi-static processes which are thermodynamically 
reversible, dissipative effective not being considered. 
[See Eq. (77) below. ] 

We conclude this section on thermodynamics by 
considering the scalar invariant nature of the densi- 
ties of mass, energy, entropy, etc., which have appeared 
in the preceding discussion. Now 


dV dxy= dxydxdx3dx4 (70) 


is a scalar invariant. But dr is also scalar invariant, 
where 


dr=dx4/ us. (71) 


Therefore, (us/ic)dV is scalar invariant. Hence, the 
volume element in the rest frame, 


dV°= (u4/ic)dV, (72) 


is invariant. The integral of p over the finite rest volume 
of a given region gives therefore an invariant mass 
JS pdV°. Similarly, the internal energy /pUdV®, the 
Helmholtz free energy {pAdV°, the entropy /pSdV°, 
for a region of finite extent are all invariant. Since the 
temperature T and the isotropic pressure p are also 
invariant in our presentation, we have found that all 
the usual thermodynamic variables except volume are 
invariant. That the invariance of temperature is con- 
sistent with that of energy density is illustrated by the 
case of radiation for which the energy density equals 
aT‘, where a is the universal Stefan-Boltzmann con- 
stant. These results may be compared with those of 
Planck® who also finds scalar invariant pressure and 
entropy but who concludes that temperature, as well 
as volume, is diminished by the factor ic/u,4 as com- 
pared with the rest value when measured by an ob- 
server with respect to whom the system moves with 
velocity ue. 
Cc. DYNAMICS 

The dynamical results of our formulation proceed 
from the same equations as did the thermodynamic 
results. The time components of Eq. (25) and Eq. (38) 
[or its equivalent, Eq. (46)] yielded thermodynamic 
relations; the space components give dynamical rela- 


*M. Planck, Ann. Physik 26, 1 (1908). 
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tions. Multiplying Eqs. (26) and (46) by 5,,, we have 

5erPpbor= (1/c2)[xo9(du./dr) 
+0.0,u,+0,0,u.+5,dQ,/dr], (73) 

5519 ,bpr’ = — Serp(9-A+S9,T). (74) 


Equation (73) is the relativistic formulation of New- 
ton’s second law of motion for an element of continuum, 
including thermal effects. In the rest frame it consists 
of only three equations of motion associated with the 
three space coordinates, 


(1/c*) xppdttn/dt°= Om bmi? + (Pm°/C*)(Ittm?/ dE") 
—(1/c2)(Qe°Am tem + Om Om tex? +dQ,°/dt?). (75) 
The fourth equation, both sides of which vanish in the 


rest frame, is the kinetic energy equation, which may 
be written 


— (us/c*)(Xppduts/dr) = UD obeo— (ui?/c*)(borDottr) 
+ (u4/2)(OsAottet+QOeDottat+54,d0,/dr). (76) 
In a reversible process, Eqs. (67), (73), (74), and (65) 
give 
(1/c*)(Xppdue/dr) = —5,p0,A, (77) 


so that the element moves like a particle in a field of 
potential A with a total mass density x,,/c’. If the 
process is not reversible, however, then there must be 
added to the right side of Eq. (77) the terms 


5orDp( Por ap Por ) sri 5o2pS0,T 
—(1/c)(Q0.0,4,+0,0,tte+5ed0,/dr) (78) 


the first of these representing the force produced by 
viscous stress [see Eq. (66)]; the second, the force 
exerted on matter in a temperature gradient as a result 
of the association of entropy with matter. The second 
term must be considered in nonisothermal hydro- 
dynamic processes. 
If we write 
(Xop/c*) (du,/dr) cs ke, (79) 


where k, represents the total force density given by the 
right side of Eq. (77) together with the terms of Eq. 
(78), we have, in view of Eq. (72), 


f (Xpo/¢2)(du,/dr)dV°= f (kett,/ic)dV. (80) 


In the motion of a particle every point of which has the 
same acceleration, if we let the mass be given by the 
invariant quantity 


m= f (xm/e)dv? (81) 


then the equation of motion for the particle becomes 
mdu,/dr=K., (82) 
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where K, is the Minkowski force on the particle 


(83) 


K,= fGaioay. 


The mass m though invariant in a Lorentz transforma- 
tion is not necessarily a constant of the motion, even if 
the density p of the particle is constant, since m in- 
cludes the thermodynamic internal energy [see Eq. 
(34) ]. Included in the Minkowski force is a term which 
predicts a force on a particle when it exists in a tempera- 
ture gradient, a force associated with the entropy the 
particle possesses. If 5,,0,T is constant throughout the 
volume of the particle, then this force is —$6,,0,T, 
where § is the total entropy of the particle. 

Equation (25) may be written in a form which facili- 
tates comparison with the methods of field theory, 
namely, 


O,pUgu,= Oal ev, (84) 
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where 
Tor= —(1/22)[p(A+TS) ucts t+ucQot+usQe]t+er- (85) 


Equation (84) describes motion of a “naked” element, 
ie., an element devoid of thermodynamic structure, 
through a field described by the energy-momentum 
tensor 7,,. If we take T,, to be the electromagnetic 
tensor, 

T= (1/47) (FoF ort 5erF,,*/4), (86) 
where F,,=0,A,—0,A, and A, is the four-vector po- 
tential, then Q,° coincides with the Poynting flux, the 
energy density pl =(E°?+H®?)/8x, where 2° and H° 
are the electric and magnetic intensities in the rest 
frame, and the stress tensor 


Ander=—(FapttottyF up/C?) (Prot url vp/C*) 
: +5F,°/4, (87) 
which reduces in the rest frame to the maxwell stress 


tensor in its nine space components and to zero in its 
fourth row and column. 
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The relativistic two-body equation of Bethe and Salpeter is derived from field theory. It is shown that 
the Feynman two-body kernel may be written as a sum of wave functions over the states of the system. 
These wave functions depend exponentially on the energies of the states to which they correspond and 
therefore provide a means of calculating energy levels of bound states. 


I. INTRODUCTION 


EVERAL attempts have been made to calculate the 
energy levels of bound systems of two particles that 
interact through a quantized field. The standard 
method! has been to calculate an effective potential 
energy function and to insert that function into some 
two-particle Schroedinger or Dirac equation. In a case 
where the major effects of the interaction are obviously 
in the nonrelativistic region (e.g., the hydrogen atom), 
such a procedure seems reasonable (although even here 
higher order effects may not be describable by a poten- 
tial).2 However, in the treatment of nuclear problems, 
one may have to deal with specifically relativistic inter- 
actions and singular forces for which methods successful 
in the atomic domain may fail entirely. 
Recently, Dancoff* has used an approximate method 
based directly on field theory. He has solved the 


1G. Breit, Phys. Rev. 34, 553 (1929); Yukawa, Sakata, Koba- 
yashi, and Taketani, Proc. Phys.-Math. Soc. Japan 20, 720 (1938). 

2 Y. Nambu, Prog. Theor. Phys. 5, 614 (1950). 

3§. M. Dancoff, Phys. Rev. 78, 382 (1950). 


Schroedinger equation for the state vector with the 
requirement that it contain no particle-pairs and only 
one field quantum. The formal extension of his method 
to include higher approximations is difficult on account 
of the necessity of separating divergences in a nonco- 
variant way. Furthermore, it appears impossible in his 
framework to make use of the elegant techniques 
developed by Feynman‘ and Dyson. 

Bethe and Salpeter have proposed an equation® for 
a two-body “wave function”’ ; their equation is covariant 
in form and permits the separation of divergences as in 
the S-matrix theory. Their reasoning, however, is based 
on an analogy to that in Feynman’s “Theory of 
positrons’ and the demonstration of equivalence to 


( *R. P. Feynman, Phys. Rev. 76, 749 (1949) ; Phys. Rev. 76, 769 
1949). 

5F. J. Dyson, Phys. Rev. 75, 486 (1949); Phys. Rev. 75, 1736 
(1949). 

*H. A. Bethe and E. E. Salpeter, Phys. Rev. 82, 309 (1951). 
We are indebted to Drs. Bethe and Salpeter for communicating 
their results to us prior to publication. We understand that this 
equation has been treated by Schwinger in his lectures at Harvard. 





BOUND STATES 


conventional field theory is incomplete. Our purpose is 
to provide such a demonstration. 

The starting point of the argument of Bethe and 
Salpeter is the consideration of the so-called Feynman 
two-body kernel, and the proof that its usual power 
series expansion can be re-expressed as an integral 
equation. We will begin in a similar fashion; however, 
we will exhibit all quantities of which we make use (in 
particular, the wave function) as matrix elements of 
field operators, and derive their properties in the con- 
ventional way. 


Il. GENERAL THEORY 


For simplicity we will consider a proton field y and a 
neutron field ¢ coupled by a neutral scalar meson field, 
A. (The generalization to other cases is direct.) All 
symbols unless otherwise labeled refer to the Heisenberg 
representation. Let us denote by P, the total energy- 
momentum four vector of the interacting fields; P, acts 
as a displacement operator in the sense that for any 
function F of the field-variables at the space-time point 
x the equation 

OF /dx,=iLF, Py] (1) 


holds.? We may choose a complete set V, of state- 
vectors such that 
PV n= Pu" Vn. (2) 


Each Y,, will then describe a stationary state. 

The component P» can be written as the hamiltonian 
function H of the field variables and their conjugate 
momenta. Although H is independent of time, it is 
convenient to separate it into two time-dependent 
parts, Ho(#) and H7(t), where Ho(t) is the sum of the 
free-field hamiltonians. We shall use Ho to define an 
interaction representation that reduces to the Heisen- 
berg representation at a finite time, which we shall take 
to be ‘=0. For any time dependent operator O(#) the 
corresponding operator O(¢) in the interaction repre- 
sentation is given by 


O(t) = exp(iHo(0)#)0(0) exp(—iHo(0)2). (3) 


According to Eq. (1), the time-dependence of the 
Heisenberg operators is of the form, 


O(t)=exp(iHt)O(0) exp(—iH?) (4) 
so that Eq. (3) can be written 


O(4) = Ut, 0OWMU-(E, 0), (5) 
where 
U(t, 0)=exp(iHo(0)t) exp(—iH?), (6) 


and thus satisfies the familiar differential equation, 
idU (t, 0)/dt= H(t)U (t, 0), (7) 
with the boundary condition 
U(0, 0)=1. (8) 


7 We take h=c=1. 


IN QUANTUM 


FIELD THEORY 351 

We shall make extensive use of the true vacuum state 
W, and the vacuum of free particles, yp. The former is 
the eigenstate of H with the lowest energy po°= Eo. The 
latter is the eigenstate of Hy>=H)(0) with the lowest 
eigenvalue é». 

It will be necessary to express Vo in terms of Pp and 
operators of the interaction representation. There are 
two standard methods of handling that problem. The 
first is to introduce the interaction representation at a 
time ‘= — © rather than at t=0 as we have done; it is 
then assumed that at —« the coupling constant 
vanishes, H and Hp are identical, and thus YWo=®p. It 
will become clear that such a procedure does indeed 
yield correct results, but it would be inconsistent to 
base a discussion of stationary states on a physical 
assumption of the variability of charge. The second 
method is that of stationary-state perturbation theory ; 
the interaction representation can be defined as above 
at ‘=0, and Wp expressed in the form, 


cWo= [1+ (Ho—eo)(1— V)(A1(0)— Egt+eo) "Bo, (9) 


where V is the projection operator on the state Dp and 
c is a normalization constant. We are then free to write 
Eq. (9) in terms of integrals over time (as a parameter), 
for example in terms of the U matrix considered as a 
solution of Eq. (7). We shall show in the Appendix that 
Eq. (9) may be replaced by the formal equation, 


CVo= U"' (+ © , 0)Bo/ (Ho, U-"( & , 0) Bp). 


In fact, both the numerator and denominator of Eq. 
(10) are indeterminate on account of the presence of a 
phase factor exp(i); however, the quotient is well 
defined in terms of a suitable limiting process, such as 
we shall exhibit in the Appendix, which does indeed 
involve turning the charge on and off infinitely slowly, 
but only as part of a mathematical prescription for 
solving the stationary state problem. 


Ill. THE INTEGRAL EQUATION FOR THE KERNEL 
We define the Feynman two-body kernel as follows: 
K (ayo; x54) = €(Vo, PLW(x1)6(x2)P(xs)b(x4) Jo), (11) 
where P is Dyson’s time-ordering operator and ¢ is —1 
if the permutation of the times (1234) induced by P 
is even, +1 if it is odd. Introducing the interaction 
representation at time ‘=0, and making use of Eqs. (5) 
and (10), we have, for a typical order of the times 
(4 2>h2Q>t>h), 
K (x1%25 xat4)= — (Bo, U(+ ©, 0)U-"(h, 0) &(a1) 
XxX U(h, 0)U“(t, 0) $(x2) “tay 
X G(x4)U (4, 0)U-(— 2 , 0)Bo)/ 
(Po, U(@, O)U-"(— © , 0)Ho), (12) 
where the ratio is necessary to eliminate the constant c, 
and terms of the form (®p, U-(+ @, 0)®,) have can- 
celed. It is clear that 


U(t, IU", 0)= UU, “), 


(10) 


(13) 
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Xs Xy Xs xq 
Fic. 1. Typical Feynman diagrams. 
where 
i0U (t, ’)/dt= H(t) UV (2, t’) 
and 
U(¢, t')=1. 
U(i, t’) may be expressed as a power series: 


Ut, ’)=> 


n=0 


= A if dry: + +dr,PCHi(71)-- -Hr(72) ]. 
n! Jy a 
Using Eqs. (12), (13), and (15), we find 
K = e(Bo, PLU (2, — 20) a(x) 6 (+02) Glos) 8 (24) H6o)/ 
(Bo, U(~, — 2 )®o), (16) 
where 
PLU(o, —2)ugd¢] 


= (i 
Dyed ates 
n=0 mn! 


—® 


x PLHi(r1)-+-Hr(r.)¢¢t¢). (17) 


From an expansion of Eq. (16) in powers of the 
coupling constant, it is clear that K is equal to the two- 
body kernel as given by Feynman in terms of Feynman 
diagrams :4 


K(1, 2; 3, 4)=SpP(1, 3)Sp*(2, def f dwydug 


x Sr? (1, 5)Sp*(2, 6)Ar(5, 6) 


X Sr? (5, 3)Sp%(6,4)+---, (18) 


Fic. 2. An excluded 
Feynman diagram. (It 
can be decomposed into 
simpler diagrams.) 
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where 

(19) 
(20) 
(21) 


Sp? (x—y)=e(x, y)(®o, PLY(x) G(y) J®o), 
Sp¥(x—y)=e(x, y)(Bo, PL4(x) 8 (y) 0), 
Ar(x—y) = (Bo, PLA (x) A (y) }Po). 

Here, e(x, y) is +1 if ¢,>¢, and —1 if 4.<4,; and dw is 
the four-dimensional volume element. 

Bethe and Salpeter have shown, by summing the 

terms of Eq. (18) in a particular order, that the power 

series can be converted into an integral equation. All 


terms arising from diagrams of the type shown in Fig. 1 
may be combined to give the integral equation 


rs) 


K(1, 2; 3, 4)=¢Sr?(1, 3)Spr% (2, 4) -ef dusdure 


X Spr? (1, 5)Sr* (2, 6)Ar(5, 6)K(5, 6; 3, 4). 
The exact integral equation may be written 


K(1, 2; 3, 4)=S,r’P(1, 3) Sp’ (2, 4) 


-f dw sdwedw7dwyS p’?(1, 5) Sp’ (2, 6) 


f xG(5, 6; 7, 8)K(7, 8; 3, 4), (23) 


where, in contrast with Eq. (19), 
Sp’? (x—y) =e(x, y) (Yo, PL¥(x)W(y) ¥o), 
all symbols now referring to the Heisenberg represen- 


tation. The interaction function G is given in lowest 
order by 


G(5, 6; 7, 8)=g’Ar(5, 6)4(5, 7)5(6, 8) 


(24) 


and in general, in a given order, by the sum of all 
diagrams of that order that cannot be decomposed into 
simpler diagrams connected by one proton and one 
neutron line. For instance, the diagram in Fig. 2 is 
specifically excluded, its effect being already contained 
in Eq. (22). All nucleon self-energy parts may be 
omitted, since their effect is simply to substitute Sp’ 
for Sr in every nucleon line occuring in G. 


It is interesting to compare the power series (18) and the 
integral equation (23) for the kernel from the point of view of 
convergence. The power series is certainly badly divergent, in 
general. Looking at the integral equation, we see that there are 
three possible sources of such divergence of the series: 

(a) Certain terms in the expansion of the interaction function G 
and of Sp’ contain infinite integrals which are known to be can- 
celed by renormalization procedures (see Dyson® and Salam’). 

(b) After renormalization, the expansion of G may not converge. 
We are not prepared to discuss this matter, but will assume that 
G is well defined. 

(c) For sufficiently large g, the power series for K will diverge 
merely on account of the failure of the Born approximation.? In 
such a case, the integral equation will continue to have meaning, 
although the series has none. 


8 A. Salam, Phys. Rev. 82, 217 (1951). 
®R. Jost and A. Pais, Phys. Rev. 82, 840 (1951). 
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IV. THE INTEGRAL EQUATION FOR THE 
WAVE FUNCTION 


The connection of the kernel K with the properties 
of the stationary states of the two-nucleon system may 
be exhibited in the following way: Let hh, t2>¢s, ts. 
Then, using the completeness of the set of stationary 
states Y,, we have from Eq. (11) 

K(1, 2; 3, 4)=D n(Vo, €(12) PL (x1) (x2) Wn) 
X (Wn, PLY (xs) 6(x4) Je(43) Vo), 


K=)>. xn(1, 2)Xn(3, 4), 


Xn(x1, X2)= (Wo, €(1, 2) PLY (x1) (x2) Wn) 


(25) 
or 

(26) 
where 

(27) 
and 


Xn(2*a, 24) = (Wo, e(4, 3)PLY(xs)b(x4) ]¥n)*BwBp. (28) 


Here P orders operators in the reverse sense to P and 
Bw and §p are the usual Dirac matrices. 

Let us observe that x, possesses the symmetry 
properties of the state Y,,. For example, Y, is an eigen- 
state of the displacement operators P,; and, therefore, 
a simultaneous displacement of the coordinates of both 
particles yields 


ts] 0 
(—+—) x= —i(WVo, Pig eP(Wo) ]¥,) 
OX, OX, : 
=i(py"— Pu) Xn; 


where we have made use of Eq. (1) and of the fact that 
the differential operator commutes with ¢ and with P. 
Hence, we may write 


xn= V+ expli(p."— py") Xu lfn(x), 


where X is any center-of-gravity coordinate, x= x,—22, 
and V is the normalizing volume. Similarly, we have 


Xn=V~ exp[—i(p,"—p.)X, f(z). (31) 


It can now be seen that a knowledge of the kernel is 
sufficient to determine the energy-levels of the system. 
However, it will obviously be advantageous to find an 
equation for the simpler quantity x,; for that purpose 
we seek a method of isolating a single wave function 
from the sum that occurs in the kernel. 

In the absence of interaction the wave functions x, 
possess properties of orthogonality and normalization 
which enable one to write, for <4), to, 


(29) 


(30) 


f Rees X3, t, X4, t) Bn Bpxn(X2, t, X4, t)dx3dx, 
(g=0) (32) 


ne Xn(%1, 2), 


(where x stands for the spacelike part of x and dx is 
the three-dimensional volume element) ; but, in general, 
such is not the case. However, we may always make 
use of the fact that wave functions of states of different 
energy are characterized by different exponential time 
dependences, 
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Consider a bound state, W,. Its energy, barring 
accidental degeneracy, will differ from that of every 
other state possessing the same values of momentum, 
internal angular momentum, and other constants of the 
motion. If we set up the left-hand member of Eq. (32) 
for n= a, general g, and !<4;, t2, we have, by Eqs. (26), 
(30), and (31), 


[KG Xe; X3, t, X4, t)ByBpxa(Xs, i, M4, t)dx3dx, 
=n Xn(*1, %2) raf dX exp[i(P.— P,,)X 
~i(Ea- EM) f axfet@x)fu, (33) 


where /,*(x) is the hermitian conjugate of the column 
vector /,(x) (the times ¢; and ¢ both being equal to #). 
We may now eliminate all the x, but xq by performing 
the following operation on (33): We take the limit Z 
of both members as /~— © in the sense that all oscil- 
lating terms are taken to approach zero. As an example 
of a linear operation of this kind, we might take 


1 t 
L = lim — r)dr. 
f= jim — J se) 


to—a 
Then, we have 


L f K (x1, %2; Xs, t, X4, 2) BvBpXa(Xa, t, X4, E)dx3dx4 


t+>—@ 
- Xa(*1, %2)P2(a), (34) 
where 


P2(a) = f exfereo fal. 


The inner product has removed states degenerate with 
a from the sum by symmetry. 

The relation (34) enables us to derive from Eq. (23) 
an integral equation for the bound state wave function 
Xa. We have 


P2(a)xXa(*1, %2)= L f sees 
t>—@ 
X Sp’ (x2, X4, A)dXsdxs8 PB xa(Xs, t, X4, 2) 


— L dwsdwedw7dwgS p’? (1, 5) 


t+—@ 
X Sr’* (2, 6)G(5, 6; 7, 8) { dxanx(7, 8; Xs, t, X4, t) 


(35) 


Let us examine the second term on the right of Eq. (35). 
As t>— ©, the region of integration in which f; or és 
is less than ¢ gives a vanishingly small contribution to 


X BvBpxa(Xs, t, X4, 2). 
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the integral. We may therefore employ Eq. (34) and 
obtain for the second term the value 


—Pr(a) { daovdoodondenSy™(1, 5) Spr’ (2, 6) 
xXG(5, 6; 7, 8)xa(7, 8). 


To evaluate the first term we note that, analogously to 
Eqs. (25) and (26), we can write Sp’?-Sp’* as a sum 
of products of neutron and proton wave functions; for 
a given momentum, these will never contain frequencies 
as low as Eq. Thus, L, applied to the first term, gives 
zero ; and we find as our final result the integral equation, 


(36) 


xa(1, 2)= — [ dortendeordenS'"(1, 5) 
XSr'™(2, O)G(S, 6; 7, 8)xa(7, 8). (37) 


The eigenvalue problem of the mass of the bound system 
appears when we substitute Eq. (30) into Eq. (37). 

The simplest covariant approximation to Eq. (37) is 
the analog of the approximate equation (22) for the 
kernel, 


xd, D=-—9 f duoxdeseSr® (1, 5)Sr™(2, 6) 
XAr(5, 6)xa(5, 6). 


The differential equation of which Eq. (38) is a par- 
ticular integral, 


rs] te) 
(1. +m) (1¥-—+my xa 2) 
OX ip OX» 


=g*Ar(1, 2)xe(1, 2), 


(38) 


(39) 


has also been proposed by Nambu.’ 
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APPENDIX. THE VACUUM STATE 


In order to derive Eq. (10), we must first attach a rigorous 
meaning to the right-hand member. For convenience we will take 
it to mean 

lim Ug“"(+ ©, 0)40/(@o, Va "(+ © , 0)H) =lim Xa, 


a+d 


(Al) 


a0 
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where U,(t, 0) satisfies the differential equation 
idU a(t, 0) /dt= H(t) UV alt, 0) exp(—a|t|) 
instead of Eq. (7). 

It is well known that an expression such as the quotient Xq 
is calculated by the same rules (in terms of Feynman diagrams) 
as the numerator, except that all disconnected closed loops are 
omitted. Moreover, the resulting sum is known to be free of 
factors of the form exp(ia/a) that are introduced by disconnected 
closed loop diagrams; thus in a finite theory the limit in Eq. (A1) 
exists, 

For any finite a we may write 


Wola) =U g"(— ©, 0)Po= Ua(0, — 0) by 
= (—i)" 
== a". dty- + -dty expLa(ti++++tn)] 
< POH s(t) - - -Hr(tn) Jo 


(A2) 


(A3) 
and 
(Ho—€0) Vo(a) = [Ho, Ua(0, — ©) }@o 

iS (a 


=: ae f° ata: expan +++-+t0)] 


- dd 
+ (m=1) 


s a 
xX 2 — PCHi(t)- ++ Hi(tn) 0 
1-1 Olt 


= (—é)*7 


enn =I)! 


> i dt,- + -dt, exp[a(tit+-:-++tn)] 


t] 
—P(Hi(t)- + -Hi(tn) Po 
ot, 


© (—j)a1 
= —H,(0)U.(0, —~)&+a = 
(n=1) (n—1)! 


: a dt, + +dt, expLa(ti+++++tn)] 


X PCH i(ts)-+-Hiltn) Jo (A4) 


or 
(H ~€0) Vo(a) = iagdVo(a)/dg, (AS) 
so that 
(H —e—iagd/dg)Xa=Xa{—iag(d/dg) log(o, Vo(a))}. 
But from (A5) we see that 
(#0, (H —€0) Xa)= iag(d/dg) log(#o, Vo(a)). 
Thus, we have 
(H —e0) limX a= (®o, (H —e0) limXq) limXa. 
Moreover, (#o, Xq) is clearly 1. Hence, limXq is indeed co. 
It may be of interest to note that the expressions (9) and (A1) 
can be compared directly. Performing the integrations in Eq. (A3), 
we have 
Vo(a)= [1 _ (Ho—e9—ta) “1H (0) + (Ho—e9—2ia) Lig 
XH 1(0)(Ho—eo—ia) 1H (0) ++ ++ }o. (A9) 
Substituting Eq. (A9) into Eq. (A1) and taking the limit, one may 
check the agreement with Eq. (9) to any desired order. 
The treatment of U~!(+ 0,0) is exactly analogous to that of 
U-(— ©, 0). 


(A6) 


(A7) 


(A8) 
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A discussion of the results of a study of the stopping properties for moderately energetic (< 1.0-Mev) 
electrons is given, with special emphasis placed on the distribution in energy loss for a finite thickness of 
stopping material. Several theoretical expressions (Bethe-Bloch-Williams, Landau, Blunck-Leisegang) 
are compared with the data on the value of the most probable loss. A correction for polarization effects 
(e.g., in Be) can be made if the dependency of the mean excitation potential on velocity is known. The 
stopping properties of some materials used as, e.g., counter windows, have also been determined. 





A. INTRODUCTION 


LTHOUGH the interaction of particulate radia- 

tion with matter has been one of the most studied 
of “atomic” phenomena, the theory having been de- 
veloped! and fairly reliable measurements made? as 
early as 1912, there has never been a sufficiently ac- 
curate theory, nor precise enough measurements, to 
enable the worker who uses such radiation to apply 
these results to a general case where such interactions 
might obscure other and possibly more interesting 
effects. Although, therefore, the basic mechanism of 
what will be referred to as stopping of electrons is 
essentially understood, there are a number of side 
effects which make the interpretation rather difficult. 
In particular, the energy loss by ionization and excita- 
tion involves collisions whose frequency, with respect 
to the energy lost per collision, is distributed statis- 
tically. Since, however, an electron may lose all of its 
initial kinetic energy in a single collision with another 
electron, the distribution must give relatively more 
electrons emerging from a slab of material, with lower 
energy than would be predicted by a gaussian. An esti- 
mate of the most probable value of the energy loss can 
be obtained from a knowledge of the average value and 
by ignoring the infrequent but violent collisions that 
produce the familiar long “‘tail’’ on the actual distribu- 
tion. For many purposes, as in dosimetry, for example, 


* Based, in part, on a dissertation submitted to the University 
of Southern California by one of us (J. J. L. C.) in partial fulfill- 
ment of the requirements for the degree of Doctor of Philosophy. 

t Supported by the joint program of the ONR and AEC. 

t Present address: P. O. Box 1743, Kowlon, Hong Kong, China. 

1 See, for example, H. Bethe, Handbuch der Physik (1933), sec- 
ond edition, Vol. 24/1, 523, for the theory and a review of earlier 
work, 

2Some of these pertinent to the present work are O. von 
Baeyer, Z. Physik 13, 485 (1912); J. Danysz, Compt. rend. 154, 
1502 (1912) and J. phys. 3, 949 (1913); A. Becker, Ann. 
Physik 78, 209 (1925); E. Madgwick, Proc. Cambridge Phil. Soc. 
23, 970 (1927); P. White and G. Millington, Proc. Roy. Soc. 
(London) A120, 701 (1928). The last reference is the latest sys- 
tematic study of the straggling curves. 


this is not satisfactory. What is needed, as pointed out 
by Wang,’ is not the estimate of the most probable loss, 
but rather a measure of the local energy absorption. 
That is, the shape of the entire distribution function 
should be known. Besides the need for such a study 
felt by radiobiologists, there is further interest in the 
subject because of the recent popularity of the high 
energy accelerator. While much of the energy loss of the 
particles produced by these machines is due to radiative 
effects, still the results of this work, which will deal 
with the losses due to inoization using less than 1-Mev 
electrons, should apply to the nonradiative losses of 
the very energetic particles. 

This article will discuss the results of some measure- 
ments of electron stopping in a number of metals se- 
lected to cover a wide range in atomic number Z, mica, 
and a number of organic compounds whose composition 
is analogous to biological tissue and which have been 
used in physics for, e.g., counter window materials. 
The sources of electrons were 8-line spectra obtained 
from several isotopes with prominent internal conver- 
sion lines and the initial (prior to entering the foil of 
stopping material) and the final (on emerging from the 
foil) momentum spectra of the electrons were deter- 
mined in a double thin lens magnetic spectrometer. A 
preliminary account of this work has already been 
published.‘ 


B. THEORY 


For convenience only a brief listing of some of the 
more pertinent results’ of the theory of energy loss 
effects will be given. The average energy loss of elec- 
trons that have passed through a slab of material of 
thickness x, under the supposition that only a small 
fraction of the initial energy is lost is,' to first order in 


3 T. J. Wang, Nucleonics 7, 55 (1950). 
*S. D. Warshaw and J. J. L. Chen, a 8 Rev. 80, 97 (1950). 


5See N. Bohr, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 18, 8 (1948) for a comprehensive qualitative review. 
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P=v/e, 
x 26? Wm 
AE=— log —_—. 
& (1-6) exp(’—1) P 


Here, for convenience in notation, energy is measured 
in units of mc?=0.51 Mev, and length in units of 
t= (2rro’n)', whererois the classical radius of the electron 
= 2.82 10-" cm and »=LpZ/A is the density of elec- 
trons in the stopping material of atomic number Z, 
atomic weight A, and density p; Z is Avogadro’s num- 
ber. (Note that thus ¢ has the form of a mean free path 
for electron-electron collisions on a gas-kinetic model, 
indicating the origin of the stopping phenomenon.) In 
Eq. (1) W» is the maximum allowed loss in a single 
collision and J is the mean excitation potential for the 
type of atom under consideration. For a correct applica- 
tion of this formula the velocity 8 is to be the instan- 
taneous velocity at each collision. A first approximation 
to the instantaneous value can be obtained, in the case 
where AEEo, the initial energy, by averaging the 
initial and final velocities; in the cases to be discussed 
this procedure produced only a 1 percent change in the 
energy loss. For electron-electron collisions the entire 
kinetic energy Zo=(1—6*)-'—1 may be transferred so 
that W,,= EZ substituted in Eq. (i) gives the usual 
average energy loss formula. 

However, as pointed out in the introduction, the 
average loss is not sufficient to describe the result, since, 
owing to the presence of a small number of violent colli- 
sions, the most probable energy loss will be smaller 
than the average value. Bohr® has discussed this 
qualitatively with the result that the distribution will 
be very nearly gaussian near the peak, and the tail 
will fall off like the inverse square of a linear function 
of 7, the total energy transfer per incident electron. 
Landau’s’ treatment of the problem gives a result 
which bears out Bohr’s discussion ; his solution is given 
as a function f(x, T)=&"@(A), where fdT is the proba- 
bility for a loss between T and 7+dT for an electron 
that has traversed the distance x; §=2/6* and ¢(A) isa 
function, given graphically, of the universal parameter 


i 2x 
log , 
g (1—6*)? exp(6*—0.42) 


The maximum of f occurs at the value A= —0.05, which 
results in the value of the most probable loss 
a 2x 


log 5 
& (1—6*)J? exp(6*—0.37) 


Landau’s theory is to the first order in the energy 
transfer from the distant collisions. A refinement of the 
theory due to Blunck and Leisegang® carries the calcu- 





(1) 








To= 


* See reference 5, p. 53. 

7L. Landau, J. Phys. (U.S.S.R.) 8, 201 (1944). 

*O. Blunck and S. Leisegang, Z. Physik 128, 500 (1950). At 
the time of the original writing the authors were unfortunately 
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lation to second-order terms in the “resonance” energy 
transfer. These authors expand Landau’s ¢(A) in a 
series of gaussian functions; the width of the distribu- 
tion is increased by an amount controlled by the 
parameter b?=26E,*)/x, where (E,*) is the second 
moment of the energy transfer due to the resonance 
collisions. They show that for <3 the effect of such 
collisions is negligible and the distribution reduces to 
Landau’s. The effect on the value of 7» is less than the 
experimental uncertainty, although the spread may be 
much greater. 

A value for the most probable loss has also been 
obtained by Williams,’ who suggested that the appro- 
priate modification to the Bethe-Bloch formula, Eq. 
(1), would be simply to ignore those infrequent violent 
collisions which distort the distribution from a gaussian 
in the region of high loss; thus he first put W,,= 1.2 
and later changed this value, to agree better with ex- 
periment, to 2.8¢. That is, even though some electrons 
may lose a considerable fraction, or all, of their initial 
kinetic energy in a single collision, the frequency of 
such collisions is small enough to ignore those in which 
the transfer is, for example, greater than 6 kev for 
1-Mev electrons passed through about 0.1 mm of 
aluminum. 

The modified Bethe-Bloch expression is, then, 


x 1.4% 
To= - log : ’ 
B (1—6*)P exp(s’ —1) 


which is quite close to the Landau formula, both in 
form and numerically. (The difference, using 624-kev 
electrons, and 30 mg/cm? aluminum, is about 2 percent.) 

The first point of investigation will be the char- 
acteristic nonlinear dependence of the probable loss 
expressions on the thickness of material traversed. 
This dependence would set a lower limit on the thick- 
ness of material to be studied, except that the thinnest 
sections for which multiple collisions may still occur® 
is thinner than the limits set by the region of validity 
of probable loss expressions, which are K£é and ToEp. 
Using aluminum (J=155 ev) and E)=624 kev, this 
means that the probable loss formulas (and the dis- 
tribution functions) are not valid for thickness below 
about 5 mg/cm? nor above a value that would give a 
loss much more than, say, 50 kev, or about 60 mg/cm, 

One point of further interest is the effect of polariza- 
tion of the medium’® on the rate of energy loss. While, 
in the region that is considered here, this effect is 
generally small, in a metal like beryllium, with a rela- 


(1’) 





unaware of this work; their attention was drawn to it by the 
referee’s comment (for which he is thanked) with regard to R. D. 
Birkhofi’s [Phys. Rev. 82, 448 (1951)] attempt to verify this 
theory and Landau’s earlier treatment. 

*E. J. Williams, Proc. Roy. Soc. (London) A125, 470 (1929). 

10 Reference is made to the original work on this effect: E. 
Fermi, Phys. Rev. 57, 485 (1940); O. Halpern and H. Hall, Phys. 
Rev. 73, 477 (1948); and to the discussion given by A. Bohr, 
Kgl. Danske Videnskab. Selskab, Mat.-fys Medd. 24, 19 (1948), 
for details. 
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tively large fraction of conduction electrons, there may 
be a very pronounced difference between the stopping 
power with, and without, an account being taken of 
polarization. In fact, only in beryllium was an un- 
ambiguous interpretation of the polarization effect 
obtained. 


C. EXPERIMENTAL PROCEDURE 


The method used here, for obtaining the initial and 
final energy spectra, has already been mentioned in the 
preliminary report.‘ That is, a thin source made of a 
B-active substance was mounted on a conventional 
source holder (Lucite) and introduced into the spec- 
trometer. After the shape of the conversion line—taken 
to be the transmission curve of the spectrometer—was 
determined, the foil was mounted just in front of the 
source and the same line was studied with the foil in 
place. The effect of a variable foil thickness on the line 
most used in this study (K-conversion in Ba'’) is 
shown in the set of curves referred to.‘ It can be seen 
from this figure that the spread of the “line” with the 
foil in place is no more than two or three times the 
spread in the original transmission curve, the latter 
measured by the resolution of the instrument, which 
was set at 2.1 percent. Therefore, it is necessary to study 
in some detail just what will be the effect of such (rela- 
tively) poor resolution on the interpretation of the 
straggling curve. This section will consider this correc- 
tion, and other possible sources of error. 


1. Sources 


The ideal source for the measurements would be a 
monoergic, well-collimated, intense beam from a high 
voltage accelerator with a variable voltage. In the ab- 
sence of the generator, the ideal source was approxi- 
mated by a series of conversion lines present in several 
radioactive isotopes and by a photoelectric gamma-ray 
converter. The approximation will be a good one 
(1) if the finite thickness of the source does not intro- 
duce a spectrum in the initial beam itself, and if the 
source mounting does not give too much back scatter 
at lower energy; (2) if the lines are isolated from any 
continuous spectrum that may also be present and also 
are distinct from any neighboring lines within the 
limits of resolution of the instrument. The source 
should, moreover, have a conveniently long half-life 
with a high specific activity. These conditions are more 
or less satisfied by all of the sources listed in Table I, 
with Cs'*’ being the best. Several lines from the photo- 
electric conversion in lead of the gamma-rays emitted 
by a radon seed were also used; these were obtained 
superposed on a Compton background, and absorption 
in the lead created a smeared out initial distribution; 
besides this, the gammas produced some secondary 
electrons in the heavier stopping substances, and for 
these reasons the data obtained with the radon source 
were weighted less than the other data. 


TABLE I. Sources used for energy loss measurement. 








Energy (kev) Reference 


623.9 a 


124.6 (K°) b 
85.0 (K‘) 


87.0 


Source Type 


Cs? 





K-conversion 


Se’s K-conversion 


Ta!® K-conversion 


1032 
591 
517 
336 
262 
206 


Rn photoeffect 
Pb radiator 








* L. Langer and R. D. Moffat, Phys. Rev. 78, 74 (1950). 
( b Aw Rutledge, Branyan, Stoddard, and LeBlanc, Phys. Rev. 79, 889 
1950). 
¢ G. Wilkinson, Phys. Rev. 80, 495 (1950). 
4G. Gamow and E. Critchfield, Atomic Nuclei and Nuclear Transforma- 
tions (Oxford University Press, London, 1949), third edition. 


2. Scattering Effect 


While the tentative limits on foil thickness have been 
set in Sec. B above, it will be seen that the maximum 
thickness is limited further by scattering due to the 
presence of the foil itself. Thus electrons, emitted by 
the source but not in a direction, or with an energy, 
that would enable them to be collected could, in the 
presence of the foil, be scattered into the beam, and 
some electrons in the beam could be removed by scat- 
tering. A full discussion of this shows that the net 
effect of scattering is to cause more electrons of larger 
energy loss to appear, thereby both distorting the loss 
spectrum and shifting the most probable loss to a 
greater value. For thin enough foils this effect should be 
negligible. A check was made on the scattered-in elec- 
trons by first running with about 20 mg/cm? of Al, and 
then repeating the run with the outer part of the foil 
(i.e., leaving an opening the size of the source) thickened 
to 450 mg/cm’. Only a negligible effect (of the scattered- 
in electrons) was found on the peak shift, although the 
tail of the distribution was somewhat raised. Generally, 
unexpectedly high loss values were explainable by the 
scattering effects. 


3. Resolution Correction 


Besides a small correction for the obliquity of the 
foil to the beam" which has been applied to the data, 
the remaining source of ambiguity in the interpretation 
of the scattering curves is in the fact that the width of 
the transmission curve of the spectrometer is, for the 
loss distributions that could be studied under the 
limitations due to scattering and the requirement of 
small total loss, not more than a few times smaller 

1 P, White and G. Millington, see reference 2. 

2 For example S. Slawsky and H. Crane (Phys. Rev. 56, 1203 
(1939)) find that 68 mg/cm? of Al produced excessive scatterin 
of 0.9-Mev electrons, while the scattering was negligible for 30 
mg/cm?. 

"% The extremes of the electron trajectories in the instrument 
used made angles of 7° and 11° to the normal to the foil; the effect 
was an average increase in foil thickness of 1.3 percent. 
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than the width of the observed straggling curve itself. 
Since the transmission curve of the instrument" is 
symmetrical in shape, the peak position of a symmetric 
emergent electron distribution will not be disturbed; 
however the loss distribution is known to be asym- 
metrical, and the effect of finite resolution will, in fact, 
make the most probable final position’ of the “line” 
appear at lower energies. Hence a correction must be 
applied, not only to the measured loss distribution, 
but, therefore, to the most probable loss. 

The observed number of counts at any momentum p 
is given by 


ae f na(p’)W(p—p')dp', 


where W(p— >’) is the transmission curve of the instru- 
ment" and mm is the theoretical distribution, which is 
to be verified. If a theoretical distribution is assumed, 
the effect of finite resolution can be determined by per- 
forming the integration (numerically) and comparing 
the appropriately normalized result with the actually 
observed curve. A procedure that has been used by 
some workers! is to calculate the expected mops, and 
then to use the ratio expected n/observed n as a correc- 
tion factor to the empirical data, taking each measured 
point in turn. This procedure, of a post hoc nature, 
evidently weights the result rather strongly in favor 
of whatever theory has been assumed. Therefore, it 
was used only to apply a small correction to the peak 
shift, and small credence is placed in the fact that good 
agreement with the shape of the theoretical distribu- 
tion can be obtained in this way. In Fig. 1 is shown a 
representative case: the passage of 624-kev electrons 





RESOLUTION CORRECTION 
© OBSERVED PONTS 
© CORRECTED, L assuwen 
® CORRECTED, B-L assumco 


t a7 





source O.\Smg/em® cs’ 
to.7mg/cm® Al m promt of source 











Hp (eaves -cm) 


Fic. 1. Representative observed straggling curve compared 
with the Landau (L) and Blunck-Leisegang (B-L) theories. The 
open circles are the directly observed points while the half-filled- 
left circles are these points corrected by assuming the Landau 
theory, and the half-filled-right circles are the same points cor- 
rected by assuming the B-L theory. 


4 Van Atta, Warshaw, Chen, and Taimuty, Rev. Sci. Instr. 
21, 985 (1950). 
18 Hughes, Eggler, and Alburger, Phys. Rev. 77, 726 (1950). 
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through 20.7 mg/cm? of Al. The experimental points 
lie on a curve which bears only a superficial resemblance 
to either the Landau distribution, or the Blunck- 
Leisegang* distribution, although the observed peak is 
within 1.5 percent of either theory, that is, within the 
experimental error. The resolution correction procedure, 
applied in turn to each of the two distributions, results 
in the experimental data agreeing well with both the 
Landau distribution and the Blunck-Leisegang, al- 
though agreement with the latter seems better. Evi- 
dently, there is no point in attempting to decide which 
distribution is correct with the use of such poor resolu- 
tion. The parameter &*, defined above for the Blunck- 
Leisegang theory, has the value 4.1 for the case shown 
in the figure, so that there is not as great a difference 
between the two theories as one might wish. For 
larger 5? (smaller x), however, the theoretical curve is 
much narrower than the transmission curve, so that no 
conclusion, based on the correction procedure described, 
can be safely obtained. If, however, Birkhoff’s* pub- 
lished data, for which b?= 6.6, is corrected, rather good 
agreement with the Blunck-Leisegang theory is ob- 
tained. (His resolution was 0.6 percent, still a consider- 
able fraction of the observed width.) In any event, the 
correction to the observed most probable loss was small 
in every case, and nearly independent of which theory 
was used. Therefore, it seemed justifiable to use simply 
the more easily calculable Landau function for the -. 
correction purposé: It should be stressed that when the 
source itself was made very thick (1 mg/cm? of CsCl), 
there were significant deviations of the corrected curve 
from the theoretical in the tail region, although the 
peak position was not appreciably affected. As can be 
seen from Fig. 1, the correction to the peak shift is 
small. Other discrepancies between theory and observa- 
tion were of a random nature, e.g., due to errors in 
measuring the foil thickness, and in the measurement 
of the spectrometer coil current. These are the basis 
for the size of the vertical dashed lines through the 
experimental points shown in the graphs in the next 
section. 

It should also be pointed out that a correction for 
bremsstrahlung need not be applied for this work. 
While, in the case of the heavy elements, the radiative 
process may account for several percent of the observed 
average loss, since in bremsstrahlung the loss per elec- 
tron occurs in a few large transfers, the actual con- 
tribution to the energy spread curve will come only in 
the tail region. Hence, while the average loss will be 
affected, the most probable loss, as observed, will not. 
Since, in fact, a good study of the tail region is not pos- 
sible with the sources that were used here, because of 
the presence of the continuous spectrum, no contribu- 
tion from bremsstrahlung has been observed at all. 


D. RESULTS 


Two forms of presentation of the experimental re- 
sults are given; each consists of a comparison of the 
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TABLE II. Loss in heavy elements. Incident energy 624 kev. 








Discrepancy 
T \heory/me? ° 0 


0.0380 + 08 
—21.3 
+ 1.2 
—- 18 


I(ev)® x(mg/cm*) ~— Toba/me?® 


27.1 0.0377 


Material 





Pt 718 
54.3 0.0963 0 0818 


7.23 0.0085 0.0086 


16.88 0.0229 0.0225 


23.6 0.0353 0.0337 — 64 


—27.9 


47.0 0.0937 0.0708 








* Bakker and Segré, see reference 17. * Equation (2). 


>» Measurement error is about +0.001. 


line peak shifts (corrected for resolution) with the 
energy loss predicted by the formulas given in Sec. B, 
above. The first form is a verification of the thickness 
dependence of the probable loss. This, in turn, will 
serve two purposes: first it serves to verify Eq. (1’) 
or (2) directly. The validity of the two theoretical dis- 
tributions (used to obtain the resolution correction) 
has already been mentioned in C above. Second, this 
presentation makes it possible to fix the properties 
with respect to energy loss of certain compound ma- 
terials of “practical” interest, and, at least in the case 
of beryllium, makes it easy to determine the effect of 
polarization. 

Figure 2 shows a graph of the probable energy loss 
in a number of metals as a function of the thickness of 
metal used, at the energy of the Ba'*’ conversion line 
(624 kev). The experimental points have been cor- 
rected according to the discussion in C; on the same 
graph is included, for reference, a straight line that 
corresponds to the Bethe-Bloch formula for aluminum 
(Eq. (1)) with W,, arbitrarily set at 10 kev. While this 
choice of W,, has no theoretical significance, other than 
being of the correct order of magnitude for experi- 
ments in which the thickness of the aluminum is not 
too small, it is a procedure that has found some popu- 
larity’® in the past. 

From the graph it can be seen that the theoretical 
expression [Eq. (2)] fits the data quite well, both in 
regard to magnitude, and to the predicted curvature. 
Several points measured on mica are also included on 
this figure (crosses). Evidently, while there is a small 
difference, for most practical purposes the stopping 
properties of mica are close enough to those of aluminum 
to ignore the difference. Table II shows the same type 
of data for some heavier metals (platinum, gold, lead) 
and attention is called to the rather large deviations 
from the theory when the thickness of these metals 
becomes large. This discrepancy is not surprising in 
view of the scattering effect mentioned in C above, 


'6 See, for example, the footnote on p. 702 in F. K. Richtmyer 
and E. H. Kennard, Introduction to Modern Physics (McGraw- 
Hill Book Company, New York, 1947), fourth edition; and also L. 
Voybodic, Can. J. Research A28, 315 (1950). 
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and also in view of the near failure of the condition 
€>1 for all of these foils: However, the scattering would 
seem to cause most of the deviation, since the dis- 
crepancy becomes worse even when (as for the thick 
foils) the condition is better fulfilled. The condition 
T.KE» is always met. The values of 7, the mean ex- 
citation potential, for the heavy elements are taken 
from the data of Bakker and Segré.!” Although these 
values are considerably lower than Mano’s,'* the values 
that are customarily used, and also brought the experi- 
mental points in closer agreement with the theory, the 
difference was so small, inasmuch as the loss is not 
sensitive to changes in J, that it was not considered 
worthwhile to press the point. 

For the two elements, carbon and beryllium, there is 
(e.g., Fig. 3 gives the data on beryllium) a relatively 
large discrepancy between the prediction and the ob- 
servation, and in a direction opposite to what might 
be described as instrumental errors. This can only be 
interpreted as an indication of the phenomenon of 
polarization of the medium. Both Eqs. (1’) and (2) 
with J=91 ev fit the data for beryllium rather well, 
while the same expressions with J=64 ev'® or J=60.4 
ev"? give a poor fit. The choice, 7=91 ev was made as 
the result of a calculation by Christy and Thomas” 
that gives the variation of the excitation potential in 
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Fic. 2. Thickness dependence of the most probable energy loss 
in four metals. The units of thickness are 3.94-cm (Al), 8.14-cm 
(Cu), 7.22-cm (Ag), 10.71-cm (Sn). Solid curves are theoretical 
(Eq. (2)). The two points for mica are based on Z/A =0.522 for 
H.(K or Na)Al;SigOj2. 

17 C, J. Bakker and E. Segré, Phys. Rev. 81, 489 (1951). 

18M. G. Mano, Compt. rend. 197, 319 (1933). 

19 C, Madsen and P. Venkateswarlu, Phys. Rev. 74, 648 (1948). 

*© R. F. Christy and R. Thomas, unpublished, 
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Fic. 3. Thickness dependence of the most probable energy loss 
in Be. The value J=91 ev is a theoretical result that is designed 
to account for polarization. 


beryllium as a function of the particle velocity with an 
account taken of polarization. (The same phenomenon 
was not observed by Bakker and Segré, of course, 
since they used protons, and the excitation potential 
depends only on the incident particle velocity.) Meas- 
urements of the thickness dependence were also made in 
carbon, with, however, not as satisfactory results as 
those for Be. The straggling curves gave relatively 
more electrons with small loss than in the curves for 
the same total average loss in, say, Al, making the 
resolution correction procedure unjustified. There was 
also a large discrepancy (the data is not shown here) 
between the measured most probable loss and the theo- 
retical value, with = 76 ev.!” 

In the case of the compound materials, there are 
several difficulties in the way of an accurate calculation 
of their stopping properties. First, while their composi- 
tion is known, so that an estimate of the mean excita- 
tion potential might be made, their densities fluctuate 
considerably from one sample to another, depending 
on the manner of preparation. Thus, only the mass of 
material presented to the beam is of significance. Be- 
cause of the uncertainty attached to the excitation 
potential only an approximate primary loss distribution 
could be calculated; since the correction for resolution 
obtained by use of such a distribution was small, the 
procedure seemed justified. Since the purpose of this 
measurement is for purely practical application, the 
result is given in the form of a table of values for a 
hypothetical element with J=60 ev and an appropriate 
Z/A for each compound. The close agreement between 


CHEN AND S. D. 


WARSHAW 


the true Z/A and the Z/A given in Table III, as effective 
for stopping purposes indicates that the stopping effects 
for.the individual atomic species in the compound ma- 
terials are additive. For the calculation of radiological 
dose in biological material, it is suggested that = 60 ev 
and Z/A=0.56 be used. 

For the energy dependence of the probable loss, a 
study was made using a variety of 8-line spectra in the 
region from 0.08 to 1.03 Mev with aluminum foil of 
several thicknesses as the stopping material. It is con- 
venient now to define a “reduced stopping power,” 
since the actual loss rate depends on the thickness and, 
since it is desirable to keep the measured total loss at 
various energies a fairly constant value, the thickness 
must be varied. This quantity which should, according 
to theory, be independent of thickness, is denoted S, 
and is defined by 


S,=(To/x)— (1/ &)logx, 


where 7» is the observed most probable loss. To con- 
vert S, to the more usual units Mev/g/cm’, multiply 
by mc*/pt=0.154Z/A. The results are given in Fig. 4 
together with the results of earlier workers. (Each 
measured point is an average value taken on two sepa- 
rate foils; the two numbers so obtained differed by less 
than experimental uncertainty in every case.) Note 
that the points corresponding to sources composed of 
y-line-plus-Pb-radiator are less precise than those taken 
with internal conversion lines because of the unavoid- 
able Compton background and high source scattering. 
No resolution correction was applied to these points, 
since both the primary and displaced lines were quite 
unsymmetrical. The points that are due to the other 
workers agree fairly well with the theoretical loss 
[solid curve, Eq. (2)] in spite of the fact that the 
appropriate corrections to the data were apparently 
ignored. White and Millington’s data for mica, if 
plotted on the same graph, would show a scatter about 
the theoretical curve for aluminum, although with a 
tendency toward greater loss at all energies. It is evi- 
dent that the experimental points (this work) lie very 
close to the predicted curve [Eq. (2) ]. 


SUMMARY 


A study has been made of the characteristics of the 
energy loss distribution for electrons passing through a 


Taste III. Effective Z/A for organic compounds. 








22Z/ZA 


0.550 
0.531 
0.531 


(Z/A) effective 


0.54+0.01 
0.53+0.01 
0.53+0.01 
0.52+0.01 
0.49+0.01 
(0.56) 


Composition*® 


Ci2H260.N2 
CeHwO; 
ee 
CoH s20i¢ 0.527 
C,H,02 0.534 
CH OisN 0.5 


Material 


Nylon 
Cellophane 
Paper 
Tenite 
Vinylite 
Biol. tissue 











* J. B. Conant and A. H. Blatt, The Chemisiry of Organic Com: 
(Macmillan Company, New York, 1947), third edition; P. Karrar, 
Chemistry (Elsevier, Amsterdam, 1947), third English edition. 

> Suggested for use. 
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number of substances, with particular attention paid 
to the dependency of the loss on the energy of the in- 
cident electrons and the thickness of the material. The 
finding is that the most probable loss differs consider- 
ably from the average value (given by Eq. (1) with 
W,,.= Eo) and is given accurately—within the experi- 
mental uncertainty of the order of 1-2 percent—by the 
Landau theory, Eq. (2) or by a modification of this due 
to Blunck and Leisegang;* for all comparisons with 
theory, the values of the excitation potential used were 
those determined by Bakker and Segré for protons; 
while these values differ from those given by Mano, 
the difference has a small effect on the energy loss. The 
Williams modification of the Bethe-Bloch formula, 
Eq. (1’), gives values of 7) about 2 percent or more 
greater than the value from Eq. (2); this is just barely 
outside the experimental error, but the observed curves 
were, when scattering did not affect the result, con- 
sistently below those calculated from Eq. (1’). 

In the case of beryllium, the value of J used to bring 
the data into agreement with the theory was that 
calculated*® to account for polarization effects. It 
should be pointed out that the tacit assumption that 
the only effect of polarization appears in an effective 
(velocity dependent) excitation potential may be in- 
correct and that the shape of the distribution function 
itself should possibly be changed. 


For dosimetry, the most accurate calculation would be actually 
to use the distribution function. for a finite thickness of stopping 
material, to obtain the total energy absorbed by the material. It 
is easy to show that this is proportional to 


Eo 
s=f. 1 at ONT, 847 /Ak, 


where, in the dimensionless notation, S is analogous to the loga- 
rithmic factor in the usual rate of energy loss expression: SB 
=dE/dx, with B=mc/if*=2re'n/mv*, and Tmin is the least 
energy' that may be transferred in a single collision. The Bethe- 
Bloch formula can be obtained from this in the limit as x0, and 
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Fic. 4. Energy dependence of the “reduced stopping power,” S,, 
in aluminum. 


thus appears as the initial rate of loss. However, numerical in- 
tegration of the above expression shows that, using either the 
Landau function, or the Blunck-Leisegang, and 1-Mev electrons 
in Al, S changes by less than 1.5 percent as x is varied from zero 
to a value near the limit of validity of the theory. It would there- 
fore appear that the Bethe-Bloch formula for the initial rate of 
loss is sufficiently accurate for most purposes. 


While, because of poor resolution, it was not possible 
to actually verify the theoretical loss distributions in 
this work, but only to use them to furnish a correction 
to the peak position, the indication is that the principal 
result of the Landau-Blunck-Leisegang theory, namely 
the value of the most probable loss, has been verified 
quite well. It would be interesting to study the two 
distributions with an instrument of high resolving power. 

The authors would like to thank C. M. Van Atta 
for his help throughout this work, and H. Hall and 
R. F. Christy for several informative discussions. They 
also wish to thank G. L. Appleton for aiding in the 
tedious taking of data. 
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X-Ray Spectroscopy of the Solid State* 
L. G. PARRATT AND E. L. JossEM 
Cornell University, Ithaca, New: York 
(Received August 21, 1951) 


MM: work in x-ray spectroscopy of the solid state has been 
concerned with interpretations of observed spectra in terms 
of crystal lattice energy bands. These interpretations have in a 
few outstanding instances been remarkably fruitful, but many 
have been fraught with frustration. It is suggested that a signifi- 
cant reason for our difficulties is that we have lost sight of an 
important group of energy levels in the solid. 

X-ray spectroscopists are well aware that x-ray energy levels 
arise in an atom when there exists an inner electronic vacancy, and 
that these levels are essentially atomic in character even for a 
solid. On the other hand, solid-state experts are well aware that, 
when atoms (or ions) come together to form a stable solid, the 
mutual interactions with neighboring atoms greatly modify the 
normal atomic levels into a system of energy bands characterized 
essentially by the solid state. By virtue of the inner vacancy, 
atomic levels are set up below the occupied and unoccupied mother 
bands of the solid just as they are set up below the normally 
occupied inner levels a little deeper in the atom. The atomic levels 
below the occupied bands are themselves occupied, and radiative 
transitions can and do occur from them. 

Each of the outer atomic levels is split into several discrete levels 
by the interactions between the vacancy and a few near neighbor- 
ing atoms. This makes otherwise singlet x-ray emission lines 
appear as a series of lines. The actual separations and relative 
intensities of the components in the series are difficult to calculate 
from theory, but the separations are expected to decrease from 
perhaps a few electron volts for the strongest lines to zero for the 
weakest lines at the series limit. This limit may itself be contained 
within the broad mother band." 

Whether or not the radiative transitions from the occupied 
atomic levels will be observed depends upon the resolving power 
used (both instrumental and the width of the inner vacancy state) 
and upon the relative transition probability. In some preliminary 
work which we are doing in the K@ region of potassium and of 
chlorine in KCl, the radiative transition from the lowest atomic 
level (first in the series) below the occupied 3p band is about five 
times as intense as the transition from the 3p band itself, and is 
markedly less for each succeeding line in the series. In these two 
cases, the lowest atomic level is about 2.75 ev below the bottom 
of the 3p mother band for potassium and about 3.8 ev for the 
chlorine case. Emission lines from such atomic levels are very 
narrow and are not expected to have a shape or width comparable 
with the shape or width of the mother band. 

Studies of the energy positions, shapes, and widths of the band 
emissions are under way. It appears tentatively that the 3p band 
for potassium, at least, has an intensity maximum near the low 
energy side, indicating perhaps that the transition probability 
from the band is not uniform but favors electrons from the low 
energy region, as though here too the 1s vacancy has added an 
atomic flavor to the band in addition to extracting from it the 
discrete atomic levels. 
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The atomic levels below the unoccupied ionization continuum 
in insulating solids have already been recognized and used in 
ultraviolet absorption,? where the mobile exciton is produced, and 
also in x-ray absorption.’ In practically all work showing these 
unoccupied atomic levels, the effective resolving power has been 
inadequate to reveal more than the lowest level of the series. 
However, attention is called to K-edge absorption measurements‘ 
on potassium and chlorine in KCl, in which it is likely that at 
least two of these levels appear. Here, one observes an interesting 
reversal of transition probability to the two lowest atomic levels 
for potassium as compared with chlorine. The electrostatic field 
in which the electron finds itself bound in the lowest level in this 
ionic crystal depends sensitively upon the type of near neighbors. 
The observed intensity relation indicates that, for potassium, the 
electron in the lowest bound level must be pushed by the nearest 
Cl neighbors to a position farther removed from the vacancy site 
than is the case for chlorine. 

It is suggested that our case of KCI is not unusual and that 
many observations in x-ray spectroscopy of solids (both emission 
and absorption) may be similarly interpreted in terms of discrete 
atomic levels with consequent improvement in fit with expected 
energy position and line width, and with better understanding of 
the forces in the solid state. 

* Supported in part by the ONR. 

!For the unoccupied levels below the ionization continuum band, the 
series limit must be at the bottom of the band, as shown by G. H. Wannier, 
Phys. Rev. 52, 191 (1937). 

2 E.g., see F. Seitz, The Modern Theory of Solids (McGraw-Hill Book 
Company, Inc., New York, 1940) 


*Y. Cauchois and N. F. Mott, Phil. Mag. 40, 1260 (1949). 
4J. W. Trischka, Phys. Rev. 67, 318 (1945). 


Nuclear Matrix Elements of $-Decay 
Henry Brysk 
Department of Physics, Duke University, Durham, North Carolina 
(Received August 20, 1951) 


HE nuclear matrix elements have been evaluated using a 

single-particle model, in the Dirac representation, for first- 
forbidden and /-forbidden (AJ = 1, Al=2) 8-transitions in all forms 
of interaction.’ Using term assignments from the Mayer nuclear 
shell scheme,? values of log(|M|*/t) have been calculated (the 
expression | M|* is the sum of the squares of the matrix elements 
appearing in a given interaction, each multiplied by its appropriate 
spectral correction factor). The study included all nuclei for which 
there is sufficient information up to neutron number 100, both for 
odd-A and for those even-A for which Nordheim’s empirical rule® 
predicts coupling of the odd nucleons to minimum spin. A full 
listing of the matrix elements, together with subsidiary calcula- 
tions and a tabulation of log(| M|#/t) values, will be published, but 
some of the more salient results are enumerated here: 

1. The Dirac representation is necessary for the evaluation of 
the following matrix elements: (a) those involving operators con- 
taining @ or ys (for instance, among these, the usual neglect of a 
factor 8 can introduce very large errors), (b) those involving the 
small components of the Dirac wave functions (see 3). 

2. In agreement with the experimental ft values, the matrix 
elements, contrary to previous qualitative estimates, do not fall 
into sharply distinct orders of magnitude. Thus, roughly: 

|M|?~1 for 1, 8, ¢, Bo(Al=0); 
| M\?~107 for @, Ba, ys; 
M |*=~10~ for Bys, f, BY, o-¥, Bo-¥, oXF, Box’; 
| M|?=10~ for B;;’s (Al=1), @ and Bo(Al=2); 
for high/, the matrix element of @ decreases into the third category. 

3. The matrix elements for the /-forbidden transitions are 
chiefly the result not of the second-forbidden operators (@xXr, 
etc.) but of the small-component contribution of @ or 8@; this is 


362 





ETTERS TO 


made possible by the fact that in the Dirac representation K, and 
not /, is the good quantum number, and K here changes by one 
while / changes by two. Thus the shape of the /-forbidden spectra 
is allowed while the ft value is high (see P®). The transitions 
which the shell model predicts as /-forbidden appear to be really 
mixtures of the /-forbidden and the competing allowed configura- 
tions from the same shell. 

4. The | M|*ft values obtained for forbidden decays in the axial 
vector and tensor interactions are throughout consistent with 
allowed values; the other three interactions sometimes agree, but 
usually give much too low values. Precise angular correlation work 
can discriminate between the tensor and axial vector interactions. 
The only sufficiently clear result published to date (electron- 
neutrino angular correlation of P® by Sherwin)‘ is consistent with 
tensor and not with axial vector. 

The guidance and assistance of Professor E. Greuling in the 
research reported here is gratefully acknowledged. 

' H. Brysk and E. Greuling, Phys. Rev. 83, 240 (1951); 
Duke University (1951). 

G. Mayer, Phys. ct 75, 1969 (1949); Haxel, Jensen, and Suess, 
Zz. ‘Physik 128, 295 (1950 


*L. W. Nordheim, Phys. Rev. 78, 294 (1950). 
*C. W. Sherwin, Phys. Rev. 82, 52 (1951). 


H. Brysk, thesis, 


Erratum: The Theory of Pressure Broadening 
and Its Application to Microwave Spectra 
[Phys. Rev. 83, 94 (1951)] 

MASATAKA MIzUSHIMA 
Physics Department, Faculty of Science, Tokyo University, 

Tokyo, Japan 
HERE is an error on page 102 of this paper. The left half of 

this page should read as follows. 

We obtain an approximate eigenvalue of the matrix (66) by 
solving the problem with a finite matrix, neglecting the lower 
right-hand part of (66). Obtaining approximate solutions in this 
way for matrices of rank 3, 5, 7, and 9, we obtain a final approxi- 
mate solution (69) by extrapolation. The second and higher eigen- 
values cannot be obtained at the same time because of converg- 
ence difficulties. However, if we neglect the first row and column 
of (66) and repeat the same procedure as above, we obtain the 
second solution. Successively following the same procedure, we 
obtain the approximate eigenvalues (70). 


Thermal Destruction of V,; Centers 
in Potassium Chloride* 
Davin Dutton, WILLIAM HELLER, AND ROBERT MAURER 


Physics Department, University of Illinois, Urbana, Illinois 
(Received August 29, 1951) 


EITZ' has suggested that the V; absorption band*? is due to 

centers formed by the trapping of a positive hole by a positive 
ion vacancy. The following experiments support this model and 
indicate that the thermal activation energy for release of a hole 
from a positive ion vacancy is approximately one-tenth of the 
optical activation energy. 

Potassium chloride crystals were irradiated, at liquid nitrogen 
temperature, with x-rays. An electric field of 500 volts per centi- 
meter was then applied to a crystal and its temperature raised. 
The current peak shown occurring at — 132°C in Fig. 1 indicates 
the thermal release of trapped charge within the crystal and 
coincides with the disappearance of the V; band. At the same time 
the F band decreases in height. Our optical measurements indi- 
cate, assuming the oscillator strengths of the two bands to be the 
same, that approximately one V, center disappears for each F 
center destroyed. 
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Fic. 1. Release of trapped charge in KCl. 


The current peak observed in Fig. 1 at —70°C is the result of 
the thermal release of electrons from F’ centers. 

Crystals which have been irradiated at liquid helium tempera- 
ture exhibit, on warming, a current peak near liquid nitrogen 
temperature due to release of charge from unidentified traps. The 
release of charge from V; centers at a higher temperature is also 
observed. F’ centers do not appear to be formed on irradiation at 
liquid helium temperature. 

A crystal irradiated at liquid nitrogen temperature exhibits 
phosphorescence and on warming a burst of luminescence ac- 
companies the disappearance of the V; centers. A second much 
broader glow peak is observed with a maximum near 0°C and 
appears to correlate with the slow disappearance of F centers in 
the vicinity of this temperature. 

Assuming Seitz’s model of the V; center, its small thermal 
activation energy results from the following considerations. The 
effective mass of the hole is probably three to ten times the electron 
mass, making its bound orbit smaller than that of the F-center 
electron. The effective Mott-Littleton radius,‘ for the positive ion 
vacancy, is undoubtedly smaller than for the negative ion vacancy, 
tending to give weaker binding by a factor of } or more than for 
an electron in a negative ion vacancy. It should be recognized that 
Simpson’s® calculations of polarization energy of F centers show 
that the continuum approximation gives the expected increase 
with 1/R, but underestimates it appreciably. The above two fac- 
tors affect the optical excitation energy in opposite directions but 
combine to give a large lattice polarization, which leads to a small 
thermal activation energy. 

* Partially supported by the ONR. 

1 F. Seitz, Phys. Rev. 79, 903 (1950). 

? Casler, Pringsheim, and Yuster, J. Chem. Phys. 18, 887, 

+H. Dorendorf, Z. Physik 129, 317 (1951). 


4N. F. Mott and M. J. Littleton, Trans. Faraday Soc. 34, 485 (1938). 
5 J. H. Simpson, Proc. Roy. Soc. (London) 197, 269 (1949). 


1564 (1950). 


A Comment on the Validity of the Bloch Formu- 
lation for the Interpretation of Nuclear 
Magnetic Resonance Phenomena* 

E. Strick, R. Braprorp, C. CLay, AND A. Crarrt 


Physics Staff, University of Wyoming, Laramie, Wyoming 
(Received August 13, 1951) 


INCE Bloch’s early formulation' of the nuclear magnetic 

resonance radiation in terms of parametric relaxation times, 
many workers*~* have successfully accounted for anomalous ob- 
served resonance shapes by referring to Bloch’s equations of 
motion. In the “steady-state,” sinusoidal field-sweep technique, 
“wiggles” which were observed at the higher sweep frequencies 
were shown by Jacobsohn and Wangsness* to be compatible with 
the proper solution of the Bloch equations. Torrey’ and Hahn‘ 
have applied the external resonating field H, in the form of a single- 
shot pulse, Torrey observing the transient effects which occur at 
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the top of the pulse and Hahn in the interim thereafter. Both 
these authors showed that one can obtain the relaxation times 
from measurements on the transient signal shape and Hahn 
showed the experimental values to be compatible with and extend- 
ing the range of measurement of the earlier sinusoidal technique. 

Recently, Uehling and Bradford’ have developed a technique 
using periodically repeated pulses for the determination of the 
relaxation times of a system. Here, the pulse width 7’ is taken to 
be much less than the relaxation times, so that a rather violent 
test of the validity of the Bloch formulation is to be expected. In 
our laboratory, utilizing this technique, we have observed four 
distinct transient effects: (1) an exponential decay of the form 
e~*/T2(4 cosAt+B sinAf), (2) the decay in (1) modified by mag- 
netic field inhomogeneities,* (3) the existence of a mirror signal® 
and (4) the existence of signals on each side of the resonance signal 
(side bands). The first effect would be expected of almost any 
transient decay, and thus does not constitute as strong a test of 
the theory as do (2), (3), and (4). The second effect was initially 
observed in our laboratory, while the third was first described by 
Bradford® and Uehling? using the Bloch formulation. 

The fourth effect, that of the existence of side bands, was ob- 
served recently in our laboratory. In order to describe these side 
bands, we have carried out the solution of the Bloch equations of 
motion without making severe limitations on the size of the off- 
resonance frequency A=yHo—w. Neglecting the effect of magnet 
inhomogeneities which were made purposely small, we have ar- 
rived at the following expression for the y-component of the 
magnetization in the rotating system: 

V(t, A)=C(1—e77!/ Me */ 72, /B)[ {sinBr’(1—e—*/ 7? cosAr) 
+(A/8)(1—cos8r’)e~*!/ 7? sinAr} cosAt— {sin8r’e—*! 7? sinAr 
+(A/8)(1—cosBr’)(1+-e~*/7)} sinat], (1) 


where r’ and + are the pulse width and repetition period, respec- 
tively, 6°=(~H,)*+ 4*, and C is a constant very weakly dependent 
upon A and the relaxation times. Our experimental conditions will 
be such that 7:<r; therefore, the time-free dependence of v on A 
is given by 

V(4)~(7H,/8)[sin®*8r’+ (4/8)2(1—cosBr’)*]}, (2) 
or, rewriting, 


V(A)~yAi1' (sinx/x)[1— (4-yHir’)*(sinx/x)*?}!~sinx/x, (3a) 


where 


2 4Br' =}r'[(yHs)*+4*}}. (3b) 
Thus, the extrema of the side bands correspond to those of 
(4a) 


sinx/x 
and the nulls occur for sinx=0 or for 


n>0. (4b) 


Equation (3) may be written in the form 

V(A)~[1+(4/yH1)?F4 sin { 4yAir’[1+(4/yH1)*}}. (5) 
The factor [1+(A/7H;)*]* is just the sin(arctanA/yH;) which 
one finds in Eq. (20) of the original Bloch paper.' There the signal 
amplitude is calculated under the assumption that 7;=7,=, 
(i.e., that H; is large enough so that lattice fields may be ignored). 
The side bands we have observed demonstrate this same independ- 
ence of “line width” upon the time constants when H, is sufficiently 
large. The sinusoidal factor in Eq. (5) provides a structure to the 
simple resonance curve. It is this structure which we have desig- 
nated as the side bands. 

Within the limitations in accuracy imposed by those commer- 
cially calibrated components in our equipment, we have been able 
to obtain experimental confirmation of Eq. (4). For example, 
0.03 molar MnSO, yielded an average of 6.8 kc between nulls 
(r’=140 psec, r=0.01 sec, sinyH;r’~1, and the magnet field 
control calibrated as in Thomas, Driscoll, and Hipple*). Calcula- 
tions using Eq. (4b) resulted in nulls spaced at 7.1 ke intervals; 
thus we have agreement in this case well within 5 percent. 

Although Torrey® has stated that he felt the Bloch macroscopic 


x=48r'=nr, 
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theory to be only semiquantitative, transient solutions of the Bloch 
equations have described the signals observed by other investi- 
gators as well as ourselves. In particular, our investigations of the 
mirror signal, effect of magnetic field inhomogeneity, and side 
bands have shown these effects can be described by appropriate 
solutions of the Bloch equations. These results should add support 
to use of the Bloch formulation in describing transient nuclear 
resonance phenomena. 


* This work was supported in past by the AEC. 
(1946). 


1F. Bloch, Phys. Rev. 70, 460 

2 B. Jacobsohn and R. Wangsness, tier ae 73, 942 (1948). 

Hg C. Torrey, Phys. Rev. 56, 1059 

. L. Hahn, Phys. Rev. 80, 580 198) 

a ak Bradford, thesis, University of Washington, Seattle, Washington 

* Badford, Clay, and Strick, Phys. Rev. 84, 157 (1951). 

TE. pony private communication. 

* Thomas, Driscoll, and Hipple, J. Research Natl. Bur. Standards 44, 
Research Paper RP2104 (1950). 


Erratum: High Altitude Measurements of the 
Penetrating Component Intensity of Cosmic 
Radiation near the Geomagnetic Equator 
(Phys. Rev. 83, 173 (1951)] 


A. S. Rao, V. K. BALASUBRAHMANYAM, G. § 
AND A. W. PEREIRA 


Tata Institute of Fundamental Research, Bombay, India 


S. GOKHALE, 


HE ordinate of Fig. 1 should be labeled “Quadruple coinci- 
dences per minute.” 


The Specific Fluorescence of Anthracene and 
Other Organic Materials 
J. B. Brrxs 


Department of Physics, Rhodes University, Grahamstown, South Africa 
(Received August 23, 1951) 


HE scintillation response S of anthracene to an ionizing 
particle of energy E, range r, depends on the nature of the 
particle, and it is not in general proportional to Z. The author 
previously! showed that this behavior was due to the nonlinear 
variation of the specific fluorescence dS/dr (expressed in arbitrary 
units per cm air equivalent) with the specific energy loss dE/dr. 
It was also suggested that dS/dr depended only on dE/dr, and 
was otherwise independent of the nature of the particle. From the 
limited measurements then available, for a-particles' of E<5.3 
Mev and electrons? of E<1 Mev, a graph was drawn of the varia- 
tion of dS/dr with dE/dr, predicting the behavior for particles of 
intermediate dE/dr. 

Further experimental data are now available for a-particles? of 
E<21 Mev, deuterons’ of E<11 Mev, protons*-* of E<17 Mev, 
and for electrons*’ of E from 1 kev to 3 Mev. Jentschke ef al.6 
have correlated these observations, and they have plotted the 
(dS/dr, dE/dr) curve. It is found that, with the exception of their 
own measurements on electrons of E< 10 kev, the results for each 
of the different particles lie on a single smooth curve, similar to 
that predicted by the author.' 

The variation of dS/dr with dE/dr may be explained, using the 
exciton theory. On this theory, the electronic energy excited by 
the ionizing particle is transferred from molecule to molecule 
within the crystal, until it is captured by a single molecule, which 
then either fluoresces or quenches the exciton, depending on the 
nature of the molecule. The theory has been successfully applied to 
mixed naphthalene-anthracene crystals, where both molecular 
components fluoresce, and also to the deterioration of the fluores- 
cent efficiency of anthracene under prolonged a-particle irradia- 
tion,® where the molecules damaged by the preceding irradiation 





LETTERS TO THE EDITOR 














re a Tee rrr Tern rrr T 


dE fa. (Mev kem air eq) 


Fic. 1. Specific fluorescence vs specific energy loss for anthracene. 


act as quenching agents. A similar effect may be assumed to occur 
with individual ionizing particles. The passage of the particle 
through the crystal produces a local concentration of damaged 
molecules along its path, which act as quenching agents for the 
excitons produced by it. If the number of excitons produced per 
unit path length is A dE/dr, the local concentration of damaged 
molecules is B dE/dr molecules per undamaged molecule, and the 
exciton capture probability of a damaged molecule relative to an 
undamaged molecule is &, then the specific fluorescence 


aS/dr=(A dE/dr)/(1+-kB dE/dr). (1) 


The values for anthracene of A=82.5, kB=7.15 have been 
calculated from the observations' on a-particles and electrons. 
The variation of dS/dr with dE/dr from (i), plotted in Fig. 1, is in 
excellent agreement with the experimental curve of Jentschke 
et al.* Their anomalous results for electrons of E<10 kev must be 
due to errors in either the observational or range-energy data, or 
to some other effect. 

The relative scintillation response of anthracene to an ionizing 
particle of any energy can be computed from (1) and the range- 
energy relation for the particle. (dS/dr, r) curves have been plotted 
for different particles, and the variation of S with r (and hence 
with £) obtained by integration. The response curves calculated 
in this manner are plotted in Fig. 2, and they are in excellent 
agreement with those obtained experimentally. 
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Fic, 2. Calculated scintillation response of anthracene to electrons, 
protons, deuterons, and a-partic 
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Measurements of the relative response of other organic crystals, 
naphthalene,' stilbene,* terphenyl,"® etc., and of organic solutions," 
to different particles show that their behavior is similar to that of 
anthracene. Complete response curves for these materials, similar 
to Fig. 2, can therefore be obtained by the experimental determina- 
tion of A and &B, and the subsequent computation described above 
for anthracene. It is also probable that the nonlinear response of 
inorganic crystals, like sodium iodide,? to heavy particles is due 
to a similar quenching effect, which is less marked because of the 
reduced radiation damage. A fuller account of this work is being 
published. 

1 J. B. Birks, Proc. Phys. Soc. Lenten) A63, 1294 (1950). 

2 J. I. Hopkins, Phys. Rev. 77, 406 (1950). 

* Taylor, Ramin’. Jentschke, and Kruger, Phys. per. A ae 169 (1951). 

‘Franzen, Peelle, and Sherr, Phys. Rev. 79, 742 (19 

‘ Frey, Grim, Preston, and Gray, Phys. Rev. 82, 372 > (1951). 

( * Jentschke, Eby, Taylor, Remley, and Kruger, Phys. Rev. 82, 170 
1951). 
7J. : Hopkins, Rev. Sci. Instr. 22, 29 (1951). 

* J. B. Birks, Proc. Phys. Soc. (London) — 1044 (1950) 

9j. B Birks and F. A. Black, Proc. Phys. Soc. (London) AG4, S11 (1951). 

1° R. Hofstadter, Nucleonics 6, 72 (19: 


50). 
! Reynolds, Harrison, and Hill, Phys. Rev. 82, 317 (1951). 
2 J. B. Birks, Proc. Phys. Soc. (London) (to be published). 


Some New Isotopes of Antimony and Tin* 
Joun W. BARNES 
Los Alamos Scientific Laboratory, Los Alamos, New Mexico 
AND * 
Artuur J. FREEDMAN 
University of New Mexico, Albuquerque, New Mexico 
(Received August 21, 1951) 


N the course of an investigation of Sn and Sb isotopes occurring 

in U™* fission, several new activities have been found. 

A 1.5-hr Sn activity has been identified as Sn’, the parent of 
known 93-hr Sb”’. Sb milked from fission product Sn was shown 
to be Sb”? by its decay and absorption curves and by the half-life 
of its daughter, 9.3-hr Te’. From the amount of Sb activity ob- 
tained from the Sn as a function of time, the half-life of Sn®’ was 
calculated; three experiments gave 83 min, 86 min, and 94 min, 
respectively. 

A 9-hr Sb was discovered by 8—y and y— 7 coincidence count- 
ing of fission product Sb. Subsequently, the same activity was 
observed in the decay of Sb grown from fission product Sn. Timed 
separations of Sb from fission product Sn gave, in two experi- 
ments, 49 min and 52 min for the half-life of the Sn parent of the 
9-hr Sb activity. Observation of the 9-hr Sb is difficult in decay 
curves of Sb obtained from thermal fission because the 9-hr Sb is 
partially masked by 4.2-hr Sb”. However, the ratio of 9-hr Sb to 
4.2-hr Sb" is much greater when fission is caused by 14-Mev 
neutrons. This fact suggested a means of determining the mass 
assignment for the 9-hr Sb and its 50-min Sn parent. It has been 
established that fission of U™* becomes more symmetrical as the 
energy of the neutron causing fission is increased.' Fission products 
in the valley of the familiar yield-vs-mass number curve are 
affected most; the change in fission yield with neutron energy be- 
comes smaller as one climbs from the valley to the peaks. A con- 
venient way to measure the change in yield for a fission product, 
X, is to compare the ratio of X activity to Mo” activity as ob- 
served in fast fission to the same activity ratio as observed in 
thermal fission. Thus, the Cd"*/Mo* activity ratio increases by a 
factor 101 in going from thermal fission to fission with 14-Mev 
neutrons. Similarly the increases in the Sn™/Mo*, Sn"5/Mo", 
Sb”’/Mo”, and I'*/Mo” activity ratios are 100, 75, 20.5, and 
1.65, respectively.? The increase in the 9-hr Sb/Mo™ activity ratio 
in going from thermal to 14-Mev fission was 38. Since this increase 
lies between that observed for Sn™* and that observed for Sb”’, 
we conclude that the 9-hr Sb should be assigned to mass 126. 

Coincidence counting experiments have snown that 9-hr Sb”* 
has at least one beta- and two gamma-rays all in coincidence (the 
resolving time of the coincidence counter used in this work was 
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3X 1077 sec). The maximum beta-energy is estimated from alu- 
minum absorption curves to be at 1 Mev. From scintillation 
counter spectrometer studies, the gamma-energies are estimated 
at 0.90+0.05 and approximately 0.4 Mev; these figures have been 
checked by lead absorption curves. 

A 10-min activity also appears in the decay of Sb grown from 
fission product Sn. The half-life of the Sn parent of this activity 
is estimated at less than 1 hr. Since the only periods found in Sb 
that has been grown from fission product Sn are 10 min, 9 hr, and 
93 hr, it is probable that the reported genetic relationship of a 
60-min Sb to a 70-min Sn is in error.*~§ It is possible that the 
“70-min Sn” was a mixture which consisted, at least in part, of 
the 50-min Sn" and 1.5-hr Sn" described herein. In one y—+y 
coincidence decay curve run on Sb directly from fission a 40-min 
period was observed, but it has not been further investigated. 

A period of ~30 days occurs in the decay of fission product Sb. 
The fission yield of this activity relative to 93-hr Sb'”’ is higher for 
14-Mev fission than for thermal fission, and, hence, this activity 
probably belongs to a mass chain lower than 127. Grummitt and 
Wilkinson once reported a 28-day Sb,* but it has not been reported 
on the Plutonium Project. 

We are indebted to Dr. R. W. Spence and Dr. J. D. Knight for 
valuable advice and encouragement, to Mr. B. M. Sorensen for 
help with the coincidence counting setup, and to Mr. C. O. 
Minkkinen for the Mo” analyses. 


*This document is based on work performed under the auspices of 
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3 Nishina, Kimura, Yasaki, and Ikawa, Z. Physik not me (1942). 

*O. Hahn and F. Strassman, Naturwiss. 31, 499 (19 

* J. A. Seiler, Paper 129, Radiochemscal Studies: The Fission Products, 
National sagt td Series, Vol. IV, 9 (McGraw-Hill Book Company, 


Inc., New York, 
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Tantalum Activities Produced by Photonuclear 
Reactions on Tungsten* 


ALFRED J. Moses AND Down S. Martin, Jr. 
Institute for Atomic Research and Department of Chemistry, 
Iowa State College, Ames, lowa 
(Received August 27, 1951) 
HE irradiation of tungsten in a synchrotron-produced beam 
of x-rays with a maximum energy of 68 Mev yielded the 
three tantalum activities with appreciable intensities listed in 
Table I. 
In this work spectroscopically examined samples of 


Na.WO, z 2H:0 


were irradiated at maximum energies of 30 and 68 Mev for periods 
from one to four hours. The activities were identified as tantalum 
by a chemical procedure based on that of Meinke,' which separates 
the rare earths, zirconium (hafnium), and tungsten from tantalum. 
To decrease the chemical separation time and to get a sample 
containing much less carrier, a fraction of the tantalum activity 
was adsorbed from a basic solution of Na:WO, on insoluble 
sodium tantalate.2 Duffield ef al.’ identified the 48-min activity 
as Ta'®* from its preparation by a (y, p) reaction on separated 
W'* isotope, confirming Butement’s tentative assignment.‘ 

Coincidence counting experiments showed that the soft and 
hard electron components of approximately equal intensity were 
not emitted within a delay period of less than 10 ysec. The soft 
electrons may be associated with a 1.85-min isomeric transition in 
W"*5 as proposed by Duffield et al.; however branching beta-decay 
is not excluded. 

Characteristics of the 8.0-hr activity were similar to those 
given for Ta!® by Wilkinson.® Identification was confirmed by the 
high yield of 8.0-hr activity from x-rays on enriched W'® obtained 
on loan from the Isotopes Division of the AEC. 

The 6.0-day period apparently corresponded to Butement’s‘ 
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TaBce I. Tantalum activities produced by x-rays on tungsten. 








Relative yield 
at 68 Mev 
atoms Ta“ Yield 
(se) (arbitrary units) 
Electron ——. 
energy (by ( 
absorption) 


atoms Na) 68 30 
atoms N'* Mev Mev 


Half-life Radiation 


1.6, 0.15 0.41" 1 
0.6 1.4 3.3 
8~, x-rays 0.7 1.8» 4.3 





8~ and e~? 
2 





* Based only on 1.6-Mev betas. © Based on decay scheme of reference 5. 


4.8-day activity. A longer decay period was probably associated 
with Ta!® and W'*; intensities were too low for identification. 

Yields of activities were compared to the yield of C" induced 
simultaneously in an organic compound. Absorption, self-scatter- 
ing, and back-scattering corrections were applied. Results in 
Table I were in terms of the N"(y, )N® yield, for comparison 
with the results of Perlman and Friedlander.** Ta!** could form 
only by W'8%(y, p). Ta'®® could form by W'*(y, pm) or by a 
heavier isotope losing more neutrons. The variation in the yield 
with energy of Ta'®® compared to Ta'** would result from the 
higher binding energy of two particles. The yield ratio of the 6.0- 
day activity to Ta'*® did not change appreciably with energy 
suggesting that both are produced primarily by similar processes, 
(y, p), and supports Butement’s tentative assignment to Ta!®™. 

(y, p) yields were similar in magnitude to those reported by 
Perlman and Friedlander. The approximate equality of the (y, pn) 
and (y, p) yields resembled their Ge"(y, pn)Ga® result. 

The authors are indebted to Drs. L. J. Laslett and D. J. 
Zaffarano for providing the synchrotron irradiations. 

Experimental details of this work are described more fully in 
the AEC report ISC-158. 

* Work performed in the Ames Laboratory of the AEC. 

1W. W. Meinke, AECD-2738 (1949). 

? Powell, Schoeller, and John, Analyst 60, 506 (1935). 

3 Duffield, Hsiao, and Sloth, Phys. Rev. 79, 1011 (1950). 

4F. D. S. Butement, Proc. Roy. Soc. (London) A64, 395 (1951). 

§G. Wilkinson, Phys. Rev. 80, 495 (1950). 

6 Engelkemeir, Seiler, Steinberg, and Winsberg, National Nuclear Energy 
Series 9, Paper 4 (1950). 

74, 442 (1948). 


7M. L. Perlman and G. 
8M. L. Perlman, Phys. 


Friedlander, Phys. Rev. 
Rev. 75, 988 (1949). 


New Isotopes of Berkelium and Californium 
E. K. Hutet, S. G. THompson, A. GHIORSO, AND K. STREET, Jr. 


Radiation Laboratory and Department of Chemistry, 
University of California, Berkeley, California 


(Received September 5, 1951) 


N the course of work on transplutonium isotopes at Berkeley, 
it has been possible to prepare mixtures of Cm*®, Cm**, and 
Cm by intensive neutron irradiation of samples? originally con- 
sisting of the isotope Am*!. The heaviest curium isotopes are use- 
ful sources for the preparation of berkelium and californium 
isotopes heavier than have been previously observed from helium 
ion and deuteron bombardments of the isotopes Am*! and Cm*®, 
The properties of such new isotopes are of intrinsic interest and 
also contribute to the extension of the systematics of radioactivity. 
This letter outlines some of the experimental work which has been 
done in this connection. 

A target containing approximately 100 ug of Cm*®, ~5 ug Cm, 
and ~2 ug of Cm™*, was bombarded with 35-Mev helium ions and 
16-Mev deuterons using the same target technique mentioned 
previously.* The resulting californium and berkelium isotopes were 
chemically separated from each other, from the target materials, 
and from fission products using the same combinations of precipi- 
tation and ion exchange methods as have been reported previ- 
ously.? The final chemical separations were completed approxi- 
mately 9 hours after the end of the bombardment. 

Examination of the radiations associated with the decay of the 
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berkelium isotopes in a windowless gas proportional counter 
showed the 4.6-hour Bk** previously reported* and a considerably 
longer-lived decay period corresponding to a 4.95+0.1-day half- 
life. Some of this same radioactivity was examined in a differential 
alpha-pulse analyzer,‘ which revealed alpha-particles of the follow- 
ing energies and abundances: 6.33+0.05 Mev (18 percent), 
6.15+0.05 Mev (48 percent), and 5.90+0.05 Mev (34 percent). 
All three alpha-particle groups were observed to decay with a 
4.95-day half-life. Initially the three alpha-particle groups belong- 
ing to the 4.6-hour Bk** were also present. Consideration of the 
systematics of alpha-radioactivity® suggests that the new 4.95-day 
isotope is most likely Bk™*. The new berkelium isotope must be 
of mass greater than 244 or it would have been observed in 
bombardments of Am*! with alpha-particles. Furthermore, much 
longer half-lives than 4.95 days were predicted for Bk™* and Bk*” 
using methods of estimation which have been described previ- 
ously.* Comparison of the counting rate of the 4.95-day radio- 
activity in the windowless counter to that in the alpha-pulse 
analyzer allows calculation of ~0.1 percent alpha-branching, 
which corresponds to a 15-year partial alpha-half-life. The alpha- 
particle decay of this isotope appears to be hindered by a factor 
of ~100 (using the conventions of reference 5) and resembles the 
decay of the isotope Bk in this respect. 

Following the decay of the berkelium isotopes, the curium 
daughters resulting from electron capture decay were examined 
in the alpha-pulse analyzer and the characteristic alpha-particles 
of Cm** produced by the decay of 4.6-hour Bk were observed. 
The amount of alpha-activity of energies expected for Cm™, 
namely, that in the range 5.4-5.8 Mev, was such that the half-life 
of the latter isotope must be at least 500 years if the energy is as 
indicated by the alpha-decay systematics.® This tentative conclu- 
sion is, of course, also based on the assumption that the mass 
assignment of the 4.95-day berkelium isotope is correct. 

Examination of the californium fraction in the alpha-pulse 
analyzer soon after irradiation showed only 6.75-Mev alpha- 
particles decaying with a 35-hour half-life (tentatively assigned 
previously to Cf**).? The growth of alpha-particles of 6.08-Mev 
energy was observed and the amount corresponded to a half-life 
of approximately 160 days. This daughter is undoubtedly Cm?” 
produced by the decay of Cf*, and the assignment to Cf** is now 
regarded as certain. The decay of the Cf™*, followed through a 
decay factor of approximately 50, gave a half-life of 35.7+0.5 
hours in agreement with previous measurements. The ratio of the 
counting rate in the windowless proportional counter to the alpha- 
counting rate corresponded closely to that observed for a number 
of “pure” alpha-emitters previously examined under similar condi- 
tions, so that Cf appears to be beta-stable as expected. No radio- 
activity other than Cf** and its daughter Cm* was observed in 
the californium fraction. This result is somewhat surprising since 
it might have been expected that Cf*’ and possibly Cf would 
have half-lives long enough to allow their observation. 

We would like to acknowledge the use of the pile facilities and 
the aid of the personnel of the Atomic Energy Project, National 
Research Council of Canada, Chalk River, Ontario, Canada, in 
the irradiation of the americium sample. We also wish to express 
our appreciation to Profess»r J. G. Hamilton, T. M. Putnam, Jr., 
G. B. Rossi, and the operating crew of the 60-inch cyclotron of the 
Crocker Laboratory for their help in the bombardment of curium. 
We would also like to thank Nelson Garden and the Health Chem- 
istry group for the protective equipment provided for handling 
the curium radioactivity. 

! Seaborg, James, and Morgan, National Nuclear Energy Series, Plu- 
tonium Project Record, Vol. 14B, ‘The transuranium elements: research 
papers,"’ Paper No. 22.1 (McGraw-Hill Book Company, Inc., New York, 
1° Reynolds, Hulet, and Street, Phys. Rev. 80, 467 (1950). 

*? Thompson, Ghiorso, and Seaborg, Phys. Rev. 80, 781 (1950). 

‘ Ghiorso, Jaffey, Robinson, and Weissbourd, National Nuclear Energy 
Series, Plutonium Project Record, Vol. 14B, ‘The transuranium elements: 
—— a Paper No. 16.7 (McGraw-Hill Book Company, Inc., New 
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The Magnetic Moment of As”* 


S. S. DHarmatti AND H. E. Weaver, Jr. 
Stanford University, Stanford, California 
(Received August 20, 1951) 


UCLEAR magnetic resonances of As’ with a natural line 

width at half-maxima of about eight gauss have been ob- 
served in a solution of 2 molar Na:HAsQ, in 3 molar NaOH in 
which the compound Na;AsQ, is presumably formed. The resonant 
frequency was compared to that of Na™ present in the above 
solution with the result 


v(As") /»(Na*) =0.64745+0.00015. (1) 


Using the fact that the spin of As’ is 3,’ and calculating the 
moment of Na*™ by taking u(H’) = 2.79268+0.00006 nuclear mag- 
netons,? and »(Na™) /»(H’) = 0.26450+0.00003,' the sign and value 
of the magnetic moment was found to be 


u(As"5) = + 1.4347+0.0003. (2) 


The earlier determination of u(As’*)=1.5+0.3 nm by Schiiler 
and Marketu‘ is in agreement with the more precise value of 
Eq. (2). 

In order to avoid excessive line broadening due to the large 
quadrupole moment (+0.3X 10~™* cm?) of arsenic, it is necessary 
to place the nucleus in a symmetrical molecular configuration. The 
solutions of the above proportions were chosen on the assumption 
that AsO," ions of tetrahedral symmetry are formed. 

Arsenic signals were detected in both liquid and solid phases of 
the above sample with a shift of about 1/10* towards higher fields 
for the solid state. Nuclear resonances of As’* were not observed 
in other arsenic compounds (e.g., NasHAsO,). This was probably 
due to the fact that the line widths, resulting from quadrupole 
effects, were too large. 

We would like to express here our gratitude to Professor Bloch 
for helpful participation in many consultations during the course 
of this work. 

* Assisted by the joint program of the AEC and ONR. 
os” Kyhl, Strandberg, Van Vieck, and Wilson, Phys. Rev. 70, 984 

? Hipple, Sommer, and Thomas, tS Rev. 80, 487 (1950). 


3 F. Bitter, Phys. Rev. 75, 1326 (19 
4H. Schiller and M. Marketu, Z. Physik 102, 703 (1936). 


The Electrical Conductivity of Liquid Germanium* 
Ropert W. Keyes 
Department of Physics, University of Chicago, Chicago, Illinois 
(Received August 30, 1951) 


BSERVATIONS of the melting of germanium have shown 

that the fusion process for this metal is very unusual. The 
entropy of fusion is 5.9 cal/deg,? about three times the value for 
most metals, and there is a considerable volume contraction on 
melting.’ Solid germanium crystallizes in the diamond lattice, 
while the x-ray experiments of Hendus‘ show that the atomic 
arrangement in liquid germanium corresponds to a more nearly 
close-packed structure. These facts indicate that the binding forces 
of liquid germanium are of more metallic character than those of 
the solid, and lend interest to a measurement of the electrical 
conductivity of the liquid. 

The difficulty of finding electrodes suitable for use with ger- 
manium at the high temperature required for this experiment 
necessitated measuring the effect of currents induced in a ger- 
manium core on the impedance of a surrounding coil. Unfortu- 
nately, the effects of temperature on the coil severely limit the 
accuracy of this technique. 

The germanium was obtained from the Eagle-Picher Company 
and was stated to be of purity in excess of 99.9 percent. The 
sample container was made of quartz, and the experiment was 
performed in an argon atmosphere. Measurements were made at 
frequencies around 20 kilocycles and around 2 megacycles. 
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Fic. 1. Resistivity of germanium at high temperatures. The values for 


the resistivity of the solid are in good agreement with values obtained by 
extrapolating the direct current resistivity measured at lower temperatures. 











The resistivity of the liquid germanium near the melting point 
was found to be 60X 10~-* ohm-cm and the temperature coefficient 
of resistivity was found to be positive and about 1 or 2<10~‘ 
(deg C)“. A synthesis of data from several runs is shown in 
Fig. 1. 

The melting of germanium thus shows a certain analogy to the 
transition from gray, semiconducting tin to white, metallic tin 
at 13°C. In the case of tin there is a 20 percent increase in density 
and an increase of the coordination number from four to six as the 
temperature is raised through the transition, and recent work® has 
shown that the resistivity decreases by a factor of 16. Estimates of 
the density of liquid germanium by the author based on Hendus’ 
data give a density increase of about 20 percent in germanium 
upon melting, and the conductivity measurement shows that the 
resistivity of the solid germanium at the melting point is fifteen 
times that of the liquid. 

The author is indebted to Dr. A. W. Lawson for encouragement 
and advice. Since the start of these experiments it has come to his 
attention that independent work on the same subject is being 
carried on by A. Epstein and Dr. K. Lark-Horovitz at Purdue 
University. 

* The investigations described were actually carried out in the labo- 
ratories of the Institute for the Study of Metals. 

. Kubaschewski, Z. Elektrochem. 54, 275 (1950). 

2D. Turnbull, J. Appl. Phys. 21, 1022 (1950). 

+0. Kubaschewski, Trans. Faraday Soc. s, 931 (1949). 


4H. Hendus, Z. Naturforsch. 2a, S05 (19. 
*G. Busch, Helv. Phys. Acta 24, 49 981). 


Local Fields in Ionic Crystals* 
M. H. CoHEN 
Department of Physics, University of California, Berkeley, California 
(Received August 21, 1951) 


HE polarization of ionic crystals can consist of two parts. 

One part, the electronic polarization, arises from the polar- 
ization of the electronic distributions of the individual ions. The 
other part, the ionic polarization, arises from the displacement of 
the entire ions from their original positions in the lattice. When 
only electronic polarization is present, the local fields are found 
by replacing the electronic polarization with point dipoles at the 
lattice points. It has been customary in cases in which ionic polar- 


ization is also present to adopt a similar procedure. In this pro- 
cedure the electronic and ionic polarizations are replaced with 
point dipoles at the original lattice points and the local fields at 
the original lattice points are found. However, the use of the local 
fields at the original lattice points is inconsistent with ionic crystal 
theory and can lead to large errors. In ionic crystal theory the 
local fields at the nuclei of the ions must always be taken as the 
effective polarizing fields for both electronic and ionic polarization. 
Consequently the local fields at the displaced positions of the ions 
must be used when ionic polarization is present. 

The difference between the local field at the original and that at 
the actual position of an ion may be of the same order of magni- 
tude as either local field. To understand this qualitatively, con- 
sider a crystal AB in which the lattice A has undergone a small 
homogeneous displacement. The usual procedure for finding the 
local field for an A ion includes contributions at the original lattice 
point from “equivalent dipoles” on A. Actually, since A has only 
suffered a uniform translation, it will give no contribution to the 
local field at an A ion. The field on A results from the displacement 
of B relative to A. In calculating this field the equivalent dipoles 
should be put on B rather than on A. Thus, putting the dipoles 
on A may lead to significant errors in the local field. 

For simplicity we omit explicit consideration of the contribution 
of the electronic polarization to the local field. The ionic contribu- 
tion to the local field at the actual position of the ith ion is given by 


E;=2,(z;er;;)rij7, (1) 


where 2;¢ is the charge of the jth ion and 2; its valence, and where 
the summation extends over all ions except the ith. E; vanishes for 
a crystal in which each lattice point is a center of charge, that is, 
in which there is no ionic polarization. Suppose that each sublattice 
of such a crystal experiences.a small homogeneous displacement 
from its original position in the lattice relative to some one of the 
sublattices. The ionic polarization of the /th sublattice produced 
by its displacement d; is P;=mzied;, where m; is the number of 
ions per unit volume on the /th sublattice. The separation between 
ions is now rij=i;—(dj—d,) where @;; is their separation in the 
original lattice. The right side of (1) can now be expanded to first 
order in the displacements, yielding 


E;=2;' (3s;e[ (dj—d;) -r4j }rig—2je(dj— divi} 745. (2) 
The right side of (2) can be converted into a sum over sublattices: 


E,=2y' fuPit-giPi, (3) 
where 
ge= — Lr’ fer(mizr/nize). (4) 
Only those crystal structures will be considered for which the 
Sm are simply constants, the dipole field constants of the original 
lattice. Equation (3) gives the local field at the actual position of 
the ion when ionic polarization is present. The first term in (3) is 
the contribution of the ionic polarization of all sublattices except 
the kth. It can be represented as due to equivalent dipoles at the 
original positions of these sublattices. The second term in (3) is 
the contribution of the ionic polarization of the kth sublattice 
itself. As shown by (4) this contribution can be interpreted as due 
to appropriate equivalent dipoles at the original lattice points of 
the other sublattices. 

Taking the local field at the original position of the ion is 
equivalent to neglecting d; in (2). One would then have ob- 
tained E,= 2ifiP:. The difference between the two local fields is 
(ge—fex)Py. For sublattices for which gz= fix, they are the same. 
The simplest crystals for which this is so are those with the NaCl 
structure and those with the CsCl structure. For many crystal 
structures, however, gi—fxx is of the same order of magnitude or 
greater than fx for one or more ions. The usual treatment of 
situations in which ionic polarization occurs must then be replaced 
by one in which the ionic polarization is dealt with explicitly. In 
particular, if only one sublattice has appreciable ionic polarization, 
a polarization equation for this ionic polarization must also be 
included in the treatment of the dielectric properties of the crystal. 
Calculations of this nature for BaTiO; are discussed in the follow- 
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ing letter. In general, when more than one sublattice has appreci- 
able ionic polarization, considerations similar to those used to 
obtain the local field must be used to obtain the elastic restoring 
forces on an ion. The ionic polarization equations should be 


E.=2:6uPi, (5S) 


where the local field Ex includes the electronic contribution and 
where the 8, are related to the noncoulomb forces within the 
crystal. 


* This research has been assisted in part by the ONR. 


Ferroelectricity versus Antiferroelectricity 
in Barium Titanate* 
M. H. Cowen 
Department of Physics, University of California, Berkeley, California 
(Received August 21, 1951) 


LATER’S recent treatment of BaTiO;' has shown that the 
probable origin of the ferroelectricity of BaTiO; and similar 
substances of perovskite structure is the strong dipole-dipole inter- 
action within lines of O and Ti ions parallel to the spontaneous 
polarization. Slater found that the value of the ionic polarizability 
necessary for spontaneous polarization of the Ti ion alone is 
0.947 x 10°-** cc. This value was checked here (see row 1, Table I). 
Qualitative considerations suggest that the dipole-dipole inter- 
actions in BaTiO; might be stronger in an antiferroelectric state? 
than in the observed ferroelectric state, just as in the simple cubic 
structure. Consequently a treatment of BaTiO; similar to that of 
Slater was carried out for an antiferroelectric state to determine 
the ionic polarizability necessary for spontaneous antiparallel 
polarization. 

The O ion on the y-z face of the unit cell will be designated as 
O, and similarly for O, and O, as shown in Fig. 1(A). The anti- 
ferroelectric state considered is one with polarization in a Zs array 
(in the notation of Luttinger and Tisza*), Fig. 1(B), on the Ti and 
O, sublattices, and with no polarization on the O,, O,, and Ba 
sublattices. For convenience, the Ti and O, ions will be referred 
to as 1 and 2, respectively. The only nonzero field constants for 
this arrangement are fi:= fe2=5.351 and f:2=33.118. The value 
of fiz was calculated by the Ewald method. The electronic polar- 
izabilities used were those given by Slater.! The edge of the unit 
cell was taken as 4.00A. 

Calculations were made assuming that Ti or O, alone contributes 
ionic polarization. The local fields at the original lattice points 
were used, as has been customary. However, as pointed out else- 
where in this issue,‘ the local fields at the displaced lattice points 
should have been used. The calculations were repeated using the 
local fields given by Eqs. (4) and (5) of reference 4. For the ferro- 
electric arrangement g.= 47.013, enhancing the local field at the 
O, ion considerably. On the other hand, g: = f1:=42/3. Hence the 
calculated polarizability is the same for Ti with both methods. For 
the antiferroelectric arrangements g2= 66.236 and g:= 16.559, en- 
hancing the local field at both ions. The results of the calculations 
are given in Table I. 

In general, the greater the local field and the greater the elec- 
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Fic. 1. (A) Unit cell of BaTiOs. (B) Zs array. 
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tronic polarizability of the ion contributing most to the local field, 
the smaller the ionic polarizability required for spontaneous 
polarization. When the local fields at the original lattice points are 
used, the results for ferro- and antiferroelectricity are the same 
for Ti. For O, less ionic polarizability is required for antiferro- 
electricity and hence antiferroelectricity is favored. In the actual 
crystal, however, both ions may contribute ionic polarization.* 
Since Ti requires less polarizability than O, in both arrangements, 
one would expect the Ti ion to contribute most of the ionic 
polarization. Hence, one cannot interpret decisively the favoring 
of ferroelectricity in BaTiO; with simple dipole-dipole interactions 
alone if the local fields are taken at the original lattice points. 
When the local fields at the actual lattice points of the ions are 
used, antiferroelectricity is favored for the Ti and the O, ions both. 
Thus even if one uses local fields at the actual lattice points, one 
still cannot explain the favoring of ferroelectricity in BaTiO; with 
the simple dipole-dipole interaction model. 

I wish to thank Professor Charles Kittel for having suggested 
this problem and for many informative and stimulating discussions. 

* This research has been assisted in part by the ONR. 

!J. C. Slater, Phys. Rev. 78, 748 (1950). 

rc. Kittel, Phys. Rev. 82, 729 (1951). 

. M. Luttinger and L. Tisza, Phys. Rev. 70, 954 (1946). 
‘ H. Cohen, Phys. Rev. 84, 373 (1951). 


‘Ww. Kaenzig. Phys. Rev. 80, 94 (1950); Helv. Phys. Acta. 24, 175 (1951); 
H. T. Evans and R. A. Hutner, Phys. Rev. 83, 879 (1951). 


Angular Correlation in Magnetic Fields 
Kurt ALDER 
Swiss Federal Institute of Technology, Ziirich, Switzerland 
(Received September 4, 1951) 


HE angular correlation of two successively emitted nuclear 
particles can be influenced by magnetic fields (e.g., from the 
electron shell, from neighboring atoms, or from an external source). 
In order to calculate a general expression, we start with the formula 
of Goertzel' for the emission probability W of two particles with 
directional vectors k, and ke. 


W(ki, kz) = SiS: 2 (Az|Hi|Bn)(Bu|H2|Cp)* 
lmm’ p 


X(Ai| Hi | Bn (Bue |Ha| Cy) —— (1) 
— wept 

A1, Bm, Cp are the wave functions of the atom (nucleus+shell) for 
the 3 states of the cascade. H,, H2 designate the hamiltonians 
responsible for the emission of the first and second particles, re- 
spectively. was is the energy splitting of the two levels B,, Bn, 
divided by h. r is the mean life of the intermediate state. We can 
now modify Goertzel’s expression (1) by choosing an arbitrary 
z-axis. Introducing solid harmonics Y4"(k) we get instead of (1) 


k+ “Ye (hx) Ve"(kes)*. (2) 
As is seen later, the coefficients a, are independent of the magnetic 
field. The whole influence of the magnetic field is in fact contained 
in the attenuation factor G,’. This attenuation factor can be 
calculated for the two special cases of a weak and strong field. 


W (ki, k2)= 2 GirAx 
rk 
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(a) “Weak field” (7—J coupling unbroken) 
Giyt=(2k+1) ZT (2F+1)|WpIkF| FI) |? J | Cremee®™|? 
P,F* m,m’ 


so See 
1—twrm, F'm'T 

Ip and J stand for the angular momentum of the intermediate 
state and the electronic shell, respectively; F is the total angular 
momentum of the atom; W and C are Racah and Clebsch-Gordon 
coefficients, respectively.? For the case of vanishing external mag- 
netic field (3) reduces to 


Gyv= = (2F+1)(2F’+1)|W(eJkF| F’Ts) |? (3a) 


FF’ 1+(wrrt)® 
We have discussed this expression in a previous letter.* 
(b) “Strong field” (J—J coupling broken) 


Gy’ = (2k+1) 2 Cram: ke! B™ |2(1 —iedmm’T). 


If the magnetic moment J of the shell is zero, we obtain 
@mm =ro=rpH /T gh=rgurH /h (5) 


(u, g= magnetic moment and g factor of the intermediate nuclear 
level; «x=nuclear magneton). Then the sum in (4) can be 
evaluated: 

Gif =1/(1—trer). (6) 
If we take the external magnetic field H perpendicular to the plane 
of the two quanta, Eq. (2) becomes particularly simple and useful 
for application: 


W(8, H)=2, [b,/(1—irwr) Je"? (7) 


where #@ is the angle between the two quanta. The magnetic field 
induces an attenuation and a phase shift. For wr<1, this results 
essentially in a rotation of the symmetry axes through the classical 
precession angle ¢=wr. If the two counters cannot distinguish 
between the two particles, the attenuation factor becomes real: 


s 1 J 1 1 1 
Gf = + \. . (8) 


2| l—irwr 1+ irwr 1+ (rwr)? 


Therefore a measurement of G,’ with equally sensitive counters 
gives only the magnitude, but not the sign, of the nuclear g factor. 
For wr>>1, for both strong and weak fields, the relationship is 
simplified to a minimum correlation: 
Gi? = dor. (9) 
In this case the angular correlation is symmetric about the axis of 
the magnetic field. If then the direction of one particle coincides 
with that of the magnetic field, the angular correlation remains 
uninfluenced. 





W = 2, aiPi(cosd). (10) 
Thus the a, of Eq. (2) are seen to be the coefficients of Legendre 


polynomials in the case of an unperturbed correlation. 
I wish to thank Professor W. Pauli, Professor V. prices 


for many helpful ‘discussions. 


1G. Goertzel, Phys. Rev. 70, 897 (1946). 
2 J. W. Gardner, Proc. Phys. Soc. (London) 62, 763 (1949). 
+ K. Alder, Phys. Rev. 83, 1266 (1951). 


The Determination of the Magnetic Moment of 
an Excited Nuclear Level (Cd!"', 247 kev) 
ALBERS-SC wer A. . BisHop,* H. FRAVUENFELDER, 

AND 
Swiss Federai Institute of Tachaslogy. Ziirich, Switzerland 
(Received September 4, 1951) 


H. AeEpptt, H. 


HE possibility of determining the g factor of the intermediate 
nuclear state on a y— y-cascade by measuring the influence 
of a magnetic field on the angular correlation has recently been 
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discussed by several authors.'? Using an external magnetic field 
on a source of In"'—+Cd", we have now established experimentally 
the existence of this effect, and have determined the magnitude 
and sign of the magnetic moment of the intermediate nuclear level. 

The y—-cascade of Cd"! is well known;? the measured angular 
correlation in sources of maximum anisotropy*® follows closely 
the function® 


W(6)=1+A:2cos’@ with A,=—0.20+0.01. (1) 


The intermediate level is assumed to be a dg state’ and has a half- 
life of about 8.5 1078 sec 

The general relationships for the influence of an external mag- 
netic field upon the angular correlation of two successive nuclear 
radiations has been calculated by Alder.’ For the case in which a 
magnetic field H is perpendicular to the plane of the two successive 
y-rays, and each counter is sensitive to only one y-ray, Alder 
finds the correlation function to be given by 


W (0, H)=2, [b,/(1—irwr) Je, (2) 


where @ is the angle between the two y-rays, r is the mean life of 
the intermediate state, and w=gHy;/h is the classical precessional 
velocity of the nucleus in the magnetic field H. 

In the case of Cd", the correlation function in the absence of a 
magnetic field can be well fitted by the function (1); the highest 
term in the development (2) thus is r=2. Equation (2) then 
becomes 


W (0, H)=1+— ops Coser der sin26}, (3) 


b, 
1+ (2wr 
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Fic. 2. Anisotropy 67 as a function of the magnetic field strength H. 
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where the sign of the sin26-term refers to the direction of the 
magnetic field. If, in addition, both counters are equally sensitive 
for both y-rays, the term sin2@ vanishes, leaving 


W (0, H)=1+be' cos20, where by’=b2/[1+(2wr)*]. (4) 


The experimental arrangement consisted of two scintillation 
counters and a small magnet, with the field perpendicular to the 
plane of the equally sensitive counters. The measured values of 
the angular correlation for two different values of the field strength 
are shown in Fig. 1. 

Each measurement was corrected for the finite resolving time 
of the coincidence circuit and for the finite solid angle subtended 
by the counters. The corrected anisotropy 52’ is shown in Fig. 2 as 
a function of the field strength H. The solid line, fitted by the 
method of least squares, represents the function (4) with | g| = 0.34. 

The sign of the magnetic moment has also been determined by 
measuring the coincidence rate with @= 135° for positive and for 
negative external magnetic field, the two y-rays being differenti- 
ated by means of different absorbers in front of the two counters. 
A number of measurements conclusively showed that g<0. 
Measurements with fixed direction of the magnetic field, but with 
change of the absorbers, gave the same result and exclude the 
effect of possible differences between the two channels. 

As a final result, we have therefore 


g (247 kev-level) = — (0.34+0.09). 


The negative sign confirms the assignment? of dj for the 247-kev 
level and excludes dy. Together with the measurement of the con- 
version coefficients and the angular correlation, it gives the unique 
spin assignment 7/2, 5/2, $ for the three nuclear states involved 
in this cascade.® 

With this assignment, the magnetic moment becomes 


u(dg) = — (0.850.22) ue. 


This value for the dy excited state fits well in the group of the odd 
neutron nuclei with dg ground state (Mg®, Mo®, Mo”, Yb"). 

Further measurements are in progress and the detailed report 
will appear in Helvetica Physica Acta. 

We thank Professor P. Scherrer, Professor V. Weisskopf, Dr. 
M. R. Schafroth, and Mr. K. Alder for their interest and for many 
stimulating discussions, and Drs. P. Marmier and J. P. Blaser for 
the frequent irradiations with the cyclotron. 

* Postdoctoral Research Fellow, Institute of International Education. 

1Sunyar, Alburger, Friedlander, Goldhaber, and Scharff-Goldhaber, 
Phys. Rev. 79, 181 (1950). 

2S. P. Lloyd, Phys. Rev. 82, 277 (1951). 

*C. L. McGinnis, Phys. Rev. 81, 734 (1951). 


4H. Frauenfelder, Phys. Rev. 82, 549 (1951). 
8 Aeootl, Bishop, Fraunefelder, Walter, and Ziinti, Phys. Rev. 82, 
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P—N Transition of an Oxide-Coated Cathode 


Y. Isurkawa, T. Sato, K. OkumMuRA, AND T. SASAKI 
Nippon Electric Company, Limited, Tokyo, Japan 
(Received July 17, 1951) 


-TYPE conduction was found for a (BaSr)O cathode in an 

oxygen atmosphere, in opposition to N-type conduction in 
high vacuum. Figures 1 and 2 show the results of conductivity and 
Hall-coefficient measurements for a wide range of oxygen pressure 
(from 10-* to 10° mm Hg). These two types of conduction are 
almost symmetrical, and the conductivity curves contain definite 
minima. It can be easily understood from these two figures that 
the “P—N” transition occurs at these minima.! 

The “F-center” model is applicable to this case as well as to the 
case of alkali halides; the equilibrium between the (BaSr)O and 
oxygen atmosphere determines the number of lattice vacancies of 
oxygen ions and barium ions, which supply the conduction elec- 
trons and positive holes, respectively. Coexistence of a considerable 
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Fic. 1. Electrical conductivity versus oxygen pressure at five values of the 
temperature. The mixture of BaCO; and SrCOs held between the platinum 
electrodes was decomposed to (BaSr)O in high vacuum, and the purified 
oxygen was introduced to the tube, the conductivity being measured at 
each equilibrium point. 


number of these two kinds of vacancies may occur at intermediate 
oxygen pressures. This causes the recombination of electrons and 
positive holes, so that the conductivity decreases rapidly in this 
region. At the P—WN transition points the numbers of these 
two kinds of vacancies are nearly equal, and the (BaSr)O shows 
the characteristics of an insulator or at least an_ intrinsic 
semiconductor. 

The activation energies of the conductivity are 16 cal in high 
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RECIPROCAL OF TEMPERATURE (ABSOLUTE) 
Fic. 2. Logarithm of | R| versus reciprocal of temperature at seven values 


of the oxygen pressure. The solid lines show negative Hall coefficients, and 
the dotted lines show positive ones. 


vacuum? and 10 cal in oxygen at high pressure. In the region 
between these two cases, the loge vs 1/T curves are fairly compli- 
cated and there are one or more kink points on them,' as is con- 
ceivable from the shape of the three-dimensional structure of the 
relation connecting loge, logP, and 1/T. 

It must be taken into consideration, however, that the magnetic 
properties of (BaSr)O are peculiar. As is shown in Fig. 2, the Hall- 
effect is extraordinarily large for this kind of ionic crystal. Also 
the variation of conductivity with magnetic field has, as is shown 
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Fic. 3. Variation of conductivity with magnetic field. 
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in Fig. 3, a saturation tendency at very weak fields, that is, at 
about 300 gauss or so. This peculiarity is perhaps the cause of the 
abnormally large value of the electron or hole mobility, which 
may be calculated when we adopt the usual relation R~1/nec for 
the Hall-coefficient formula. When we use this formula, we obtain 
the electron density 1.1X10%/cm* and its mobility 1.910 
cm?/volt sec at a temperature of 1200°K and an oxygen pressure of 
1X 10-§ mm Hg; and we find the hole density to be 7.5 10"/cm? 
and its mobility 6.1 10 cm*/volt sec at a temperature of 1200°K 
and an oxygen pressure of 3 mm Hg. 

In the region of comparatively high oxygen pressure and low 
temperature, the hole mobility is not so large as in the other 
regions, and its value is often nearly equal to the ordinary value 
for metals. Even the electron mobility, although it is not shown in 
Fig. 2, is reduced to a value less than 10 cm?/volt sec or so, at 
temperatures below 550°K. 

We hope to continue this work and shall later report more details 
of these phenomena. 

1D. A. Wright, Brit. J. Appl. Phys. 1, = (1950); R. Loosjes and H. J. 
Vink, Philips Research Reports 4, 449 (1949 


? Hannay, MacNair, and White, J. Appl. Phys. 20, 669 (1949). 


7D. A. Wright, Nature 22, 715 (1949); Phys. Rev. 82, 574 (1951). 


Ferromagnetic Resonance in Cobalt Ferrite 
at High Temperature 
Tosim1ko OKAMURA, YOSIHARU TORIZUKA, AND YuzO KojIMa 


Research Institute for Scientific Measurement, Sendai, Japan 
(Received July 25, 1951) 


HE ferromagnetic resonance experiment in cobalt ferrite had 

not been successful at room temperatures and low tempera- 

tures because of the extremely broad absorption line’ associated 
with the very high magnetic crystalline anisotropy. 

We have performed a resonance experiment on a disk-formed 
polycrystalline specimen of cobalt ferrite, 3 mm in diameter and 
0.22 mm in thickness, at 3.2 cm wavelength and at high tempera- 
ture. As was expected, the resonance of cobalt ferrite could be 
observed in the temperature range above 40°C. The resonance 
curves were observed at various high temperatures up to the Curie 
point (495°C). From these curves the resonance field, the amount 
of absorption at the maximum, and the apparent half-linewidth, 
disregarding the so called “size effect”! were obtained as functions 
of temperature, and they are given in Fig. 1. From 78°C to 260°C, 
the resonance field decreased gradually with rising temperature 
because of the decrease in crystalline magnetic anisotropy K. With 
a further rise in temperature, the resonance field increased rapidly 
up to the Curie temperature, because of a rapid decrease of the 
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Fic. 1. The resonance field at the absorption maximum, the amount of 
the absorption at the maximum, and the half-width of the absorption line 
as functions of temperature; the circles represent the resonance field, the 
crosses represent the amount of absorption and the squares represent the 
half-width of the absorption line 
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saturation magnetization M? in this temperature range. A maxi- 
mum found on the curve of amount of absorption versus tempera- 
ture may also be explained qualitatively as being a combined 
effect of a gradual decrease in the crystalline anisotropy and a 
rapid change of the saturation magnetization with temperature 
near the Curie point. The apparent half-linewidth decreased 
linearly with rising temperature up to the Curie point, above 
which the resonance suddenly disappeared.* It may be due to a 
monotonic decrease in the value of K/M, in which the sudden 
decrease of magnetization near the Curie temperature is discon- 
tinuous and does not cover a range of temperatures. 

The results were quite contrary to those found by Bloembergen‘ 
for the case of ferromagnetic metals near the Curie point, for 
nickel and super-permalloy. 

Moreover, the apparent g-factors at various high temperatures 
were determined from the resonance fields H corresponding to the 
maximum absorption and M,? and are given in Table I. From this 
table, it is seen that the g-factor shows a broad maximum! in the 
temperature-range from 200°C to 300°C, and afterwards decreases 
with temperature. Considering the observational errors for tem- 
perature and magnetic field strength, the value of the resonance 
field just at the Curie point is found to be within 3300+ 100 oe, for 
which the g-factor is determined to be 2.02+0.06 by using the 
paramagnetic resonance condition. 

Details of the experiment will be published in Sci. 
Research Inst. Tohoku University. 

According to a recent letter from Dr. Daniel W. Healy at 
Harvard University, he has also found that the absorption line 
shape of a single crystal of nickel ferrite becomes narrower with 
increase of temperature up to the Curie point. The result for the 
change of line shape seems to coincide with the case of polycrystal- 
line cobalt ferrite and other single ferrites.* 

We wish to thank Dr. Healy for informing us of his unpublished 
result. 
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3 The same results were obtained in CuOFe0s, LigOFeOn, and MnOFe®;. 
Details will be published in Sci. Repts. RITU 
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Further Evidence Concerning the Reaction 
p+pod+xt 
V. Peterson,* E. ILorr, AnD D. SHERMAN 


Radiation Laboratory, Department of Physics, University of California, 
Berkeley, California 


(Received September 4, 1951) 


HE energy spectrum of x*+ mesons produced in collisions of 
340-Mev protons with stationary protons has been shown"? 
to be strongly peaked near the upper energy limit. The strong 
suspicion on energetic grounds that this peak was due to the 
reaction ~+p—d+-* has been confirmed recently by counter 
experiments.’ This letter is primarily concerned with further 
absolute meson production cross-section measurements at labora- 
tory angles of 18°, 30°, and 64°. 
Figure 1 shows the meson spectrum observed at 18.0+0.9°, 
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Fic. 1. Energy spectrum of x* mesons at 18.0+0.9°. The peak occurs at 
63.5 +0.3 Mev. The dotted curve includes a correction for nuclear absorp- 
tion of mesons in slowing down. Based on 885 mesons. 


using a “point” source of liquid hydrogen bombarded with nearly 
monoenergetic protons. Meson energies and the incident proton 
beam energy were determined by range in absorbers, using the 
tables of Aaron, ef al.‘ with slight corrections required by the 
absolute proton range-energy measurements of Segré and Mather.* 
The width of the observed peak (3.6 Mev) corresponds very nearly 
to that expected from a “line” broadened by the 0.5 percent*® 
inhomogeneity in the incident proton beam. 

The peak meson energy of 63.5+0.3 Mev and incident proton 
energy (342+-1 Mev) may be used to calculate a mass value for 
the x* meson of 279.0-+1.5m,. The integrated spectrum corrected 
for absorption is (1. Sa 2)x 10-** cm*-steradian™, based on 885 
mesons. The partial yields of the p+-n+-2* and d+2* reactions 
may be estimated by resolving the spectrum of Fig. 1 into a con- 
tinuous distribution up to 60.0 Mev plus a line separated by 3.5 
Mev. Since the energy resolution half-width is 1.8 Mev the position 
of the peak and the higher energy side of the curve are only slightly 
affected by the presence of the continuous spectrum. Good agree- 
ment with the experimental curve is obtained if the “line’’ con- 
tains 55+.10 percent of the mesons observed. 

The preliminary measurement made at 30° using a line source 
geometry” has been repeated with the point source and better 
statistics (482 mesons). The integrated cross section at this angle, 


+1. 06x 10° cm*-steradian™. 


corrected for absorption, is (sat 


However, the energy resolution of this spectrum, taken previous 

to the 18° run, is not sufficient to separate the partial reactions. 
The cross section at 64°+8° has also been determined, although 

the low yield and poor angular resolution make it difficult to 
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Fic. 2. Angular distribution of «* mesons in the laborator: 
curves are calculated for the reaction p +p +d +#* for 340- 
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obtain a significant energy spectrum. A value of (7*3)x10* 


cm*-steradian™, based on 22 mesons, is calculated from the 
emulsion-target geometry and proton flux. An independent check 
of this value may be obtained by determining the yield of elas- 
tically scattered protons in the same emulsion. Using the known 
p—p scattering cross section of 5.541 mb/sterad’ (c.m. system) 
the meson/proton yield ratio gives a meson cross section of 
6 

117 9x10" * cm?-steradian™. 

These data, normalized to the 0° cross section measured by 
Cartwright, e¢ al.,5 can be used to plot the angular distribution. 
The relative cross sections as a function of laboratory angle are 
plotted in Fig. 2. The angular distributions to be expected from 
pure isotropic or cos*@ production are also shown, for the case 
p+p—d+-x*. A direct comparison of these curves to the experi- 
mental data assumes that most of the mesons are emitted with 
maximum energy at all angles. This assumption is supported by 
the energy spectra at 0° and 18°. Comparison of curves in Fig. 2 
shows a strong preference for cos*@ emission. 

If the angular distribution were strictly cos*#, the total cross 

, ’ : 0.4 
section for ** production may be estimated to be (239 ) 
X10 cm’. 

This work was sponsored by the Atomic Energy Commission. 

* Now at the California Institute of Technology, Pasadena, California. 
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Note on the Compound Dirac Equation* 


D. C, Peasceet 
Washington University, St. Louis, Missouri 


(Received August 13, 1951) 
OME systematic remarks are made on a recent proposal! for 
combining Dirac equations with positive and negative times. 
The indices 7, k=1 to 3; u, v=1 to 4; A, B=1 to 6. 
Consider a Dirac equation and its time reverse: 
(Ovi+ Oey) Y=0 
(0j;¥i— Oeste) =0, Y =iniasy. 
These two 4-rowed equations can be simply superposed to give an 
8-rowed equation 


(1) 


(Ounut+«) e=0, (2) 
where, if oz, oy, ¢, are 2X2 Pauli matrices and 1 the corresponding 
unit matrix, 

m=l1yi, 14 25, 168= Or 4, Cys, T2'Ve- (3) 
The 74 are all hermitian and satisfy the equation 
naptnpa= 25,8. (4) 


The invariance of (2) to a Lorentz transformation x,’ =a,y,x, 
depends in the usual way on the existence of a transformation 
matrix S$ such that 

Nyt = S ‘nS. (5) 
In terms of the na, there are four quantities that commute with 
all n, and hence transform as scalars under (5); namely, 


1, inss, 12345, Mi2a06= 1, 97, 08, inrs={Y}. (6) 


Thus any transformation operator can be generalized from the 
4-rowed to the 8-rowed representation by S(y)->S(n) ¥. This type 
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of generalization also holds for operators Q of which the expecta- 
tion value is to be taken, ¥O(y)¥—>@O(n) ¥’y, where Q is one of 
the five covariant forms familiar in 8-decay. It will be seen below 
that the set Y’ includes only half the members of Y. 
The equation adjoint to (2) is 
OuPnu—KG=0, P= Gn. (7) 
where the superscript T denotes the transpose. The above general- 
ization also applies here, and ¢Y is a perfectly good adjoint solu- 
tion. But since ¢@ is of interest only in bilinear forms GQY’ gy, and 
YY’-+Y’, it is sufficient to select a unique adjoint function as in 
(7), provided that Y’ ranges over all possible values. 
The possible operators Y’ are seen by characterizing them in 


where 


AAS id 


terms of the representation eV): then v'e=(2 


for n7, y= —y'=1, and for ns, y=y’=—1. Consider the bilinear 
form OY’ y= yWOW+y' WOW’, where the + is as Q does or does 
not contain the index 4 and comes from the +1 eigenvalues of o, 
in m=ovys. Then by (1) WQy/=+W0y according as Q does or 
does not contain y, on account of the commutation properties with 

vis. Thus, OY’ g=(y+y')WOW=0 if Y’ contains 7, and hence 


{¥’}=1, ns. (6a) 


Note that the set (6a) depends on the choice (7) for the adjoint 
function ¢; if the adjoint were taken as @Y«, the general condition 
would be that { ¥’Y,} =1, ng. 

Judicious combination of Y and Y’ permits some flexibility in 
the transformation properties of bilinear forms. Let GQY’¢ be 
transformed under SY; then since 7, 73 anticommute, the alge- 
braic sign under transformation is the same as for the 4-rowed 
case if Y’=1 or if Y’=ns, Y=1, ns, but is reversed if Y’=7, 
Y =n7, inzs. This applies, for instance, to the behavior of (¢¢) 
under time reversal. It also applies to the five 8-decay invariants 
under charge and complex conjugation, so that the groupings 
(SAP) and (TV) found in the 4-rowed representation? may be 
arbitrarily altered. This arbitrariness fails only in the case of the 
energy and charge densities, which are presumably derivable from 
a single lagrangian and hence must transform with opposite sign 
under time reversal in any case. 

It is curious but of little apparent use that the n4 are the 
matrices of a six-dimensional Dirac equation. The four choices of 
Y correspond to the four combinations of reversal and non-reversal 
of the unphysical coordinates x; and xs. This aspect also provides 
a direct proof that the a4 are irreducible, for they build the 
components of antisymmetric tensors in six dimensions of the 
0, 1, 2, 3, 4, 5, 6th rank with (1+6+15+20+15+6+1)=8x8 
independent elements. All representations are thus equiva- 
lent to (3). 


* Assisted by the joint program of the ONR and AEC. 
t+ Now at Columbia University, New —_ 

1L. Biedenharn, Phys. Rev. 82, 100 (19 51). 

2S. R. de Groot and H. A. Tolhoek, Physica 16, 456 (1950). 


Low Frequency Dispersion in Ni- and Co-Ferrites 
Kan-ICHI KAMIYOSHI 
The Research Institute for Scientific Measurements, Sendai, Japan 
(Received August 31, 1951) 


ALT, Matthias, and Remeika! observed the low frequency 

dispersion of the magnetic permeability in Ni-ferrite, and 
recently Koops* found the low frequency dispersion of the dielec- 
tric constant in NiZn-ferrite. The present paper describes the 
electric low frequency dispersion in Ni- and Co-ferrites. 

Real and imaginary dielectric constants, «’ and ¢’, and the 
dielectric loss factor, tané, were measured in vacuum by a Schering 
bridge with a sample which is 17 mm in diameter and 5 mm in 
thickness. The sample was prepared by sintering at 1200°C for 3 
hours and was rapidly cooled in air from 1200°C. Figure 1 shows 
the curves of tané versus temperature for different frequencies. 
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Fic. 1. Curves of tané with varying temperature for Ni-ferrite. 


Breckenridge* considered the relaxation process for the low 
frequency dispersion in ionic crystals and gave the following 


equation: 
r= reeBlk?, (1) 


where 79 and 7 are the time constants for the natural vibration 
and the orientation process, respectively, and E the activation 
energy. Assuming this equation to hold for the ferrite and taking 
7=[(€o+2)/(e:+2) ](e1/e0)#(1/w), where €, and eo are the static 
and very high frequency dielectric constants,‘ respectively, we 
obtain a linear relation of log(1/w) against 1/7 for each peak 
point of tané for various frequencies; this is shown in Fig. 2. 
From the linear relation in this figure, we obtain E=0.23 ev. It is 
noticeable that this activation energy is equal to the energy, 
Econa=0.23 ev, obtained from the electrical conductivity meas- 
urements which were made on the same sample. Therefore, it is 
expected that the origin of the anomalous dispersion in ferrites 
may be a similar mechanism to that of the electrical conductivity. 


-55 








Fic. 2. Relation between log(1/w) and 1/T for Ni-ferrite. 
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Measurements were also carried out for Ni-ferrite which was 
slowly cooled from 1200°C. In this case the anomaly was found to 
shift to higher temperatures; for instance, the peak of tané at 
3 kc/sec was at 124°C, and the peak height was smaller than the 
previous value. Using Eq. (1) as before, the activation energy was 
determined to be E=0.48 ev, and Eeona=0.51 ev for the same 
sample. The same correspondence of activation energies was also 
found in rapidly cooled Co-ferrite, namely, E=0.27 ev, and 
Econa=0.27 ev. 

Details will be reported in Sci. Repts. Research Inst. Tohoku 
University. 

This work was carried out under the direction and kind guidance 
of Professor T. Okamura, to whom my sincere thanks are due. 

son Matthias, and Remeika, Phys. ops 79, 391 (1950). 

. G. Koops, Phys. Rev. 83, 121 (195 
) i G. Breckenridge, J. Chem. Phys. is. ‘913 (1950). 


4P. Debye, Polar Molecules (Chemical Catalog Company, 
York, 1929), p. 94. 
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Size Effects in the Luminescence of 
ZnS Phosphors* 


G. C. WALLICKT 
Physics Department, University of Michigan, Ann Arbor, Michigan 
(Received August 20, 1951) 


EASUREMENTS of the thermoluminescence and phos- 
phorescence of sized samples of hex.-9ZnS-CdS:Cu 
(RCA 33-Z-21A) and hex.-ZnS:Ag (RCA 33-Z-20A) have been 
made in an attempt to determine whether or not surface effects 
play a role in the luminescence of these phosphors. Effects of this 
type have been reported by Antonow-Romanowsky' and have 
been given a theoretical explanation by Gurney and Mott.? 
Experiments by Garlick* indicate similar effects but in each case 
the data presented are inconclusive. Through measurements of 
the phosphorescence of single crystals of several unspecified 
Zn-phosphors, Antonow-Romanowsky found that the decay ex- 
ponent increased with increasing crystal size. Garlick has con- 
cluded, from measurements of the thermoluminescence of samples 
of large and small crystals of a ZnS-CdS:Cu phosphor, that small 
crystals contain many more shallow electron traps than do the 
larger crystals. However, a comparison of the curve presented for 
the standard distribution with the curves for large and small 
crystals indicates that the trap depth distribution was altered by 
the crystal size separation process. 
Size Separation Method.—To eliminate such extraneous effects, 
a method of crystal size separation was devised which insured that 
the luminescence properties of the phosphor crystals were not 
changed by the separation process. By placing a small amount of 
the phosphor powder at the lower end of an inclined glass plate 
and tapping the lower edge of the plate gently, it was found that 
the largest crystals moved the greatest distance up the incline. 
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microns. (C) Standard distribution. 


Thermoluminescence of hex.-9ZnS-CdS:Cu as a function of 
crystal size. (A) Average diameter 5.5 microns. (B) Average diameter 14.0 
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In this way size separations were achieved with a minimum chance 
for perturbing the crystals. 

Thermoluminescence Measurements.—Thermoluminescence 
curves for two samples of hex.-9ZnS-CdS:Cu with average diam- 
eters of 5.5 and 14.0 microns are shown in Fig. 1 together with the 
curve for the unseparated mixture. These curves have been ad- 
justed so that the area under each of the curves is approximately 
the same. In each case, the phosphor was excited to saturation at 
a temperature of approximately —160°C and was held at that 
temperature until the phosphorescence intensity approached a 
constant value. The phosphor temperature was then increased to 
+ 100°C at a very nearly uniform rate of 2 degrees per minute. 
The heating curves were accurately identical for all measurements 
from — 160°C to — 60°C. The curve for the standard distribution 
was found to be practically the same as the curve for the larger 
crystals. This was to be expected, since in both cases the major 
fraction of the thermoluminescence intensity is due to the larger 
crystals. It is evident from the curves shown that there are many 
more shallow traps in the smaller crystals than in the larger 
crystals. Thus, these shallow traps must be associated in some way 
with the crystal surfaces. A quantitative analysis shows that a 
group of shallow surface traps and a group of deep volume traps 
can be distinguished in all crystals. The surface traps appear to be 
less shallow in the larger crystals. This apparent deepening of the 
surface traps may possibly be a retrapping effect. 

Similar evidence for the existence of surface traps was found 
in measurements of the thermoluminescence of sized samples of 
hex.-ZnS: Ag. 

Phos phorescence M easurements.—The phosphorescence following 
excitation to equilibrium with 3650A radiation was measured for 
both phosphors as a function of crystal size. Observations were 
made at 2.5 second intervals starting 2.5 seconds after the cessa- 
tion of excitation. The decay was followed until the phosphores- 
cence intensity had fallen to approximately 0.0001 of the intensity 
at 2.5 seconds. 

The shape of the decay curves (log/ vs logt) was found to be 
essentially independent of crystal size. The slopes of representa- 
tive straight line portions of the decay curves differed by less than 
2 percent. However, there was a small but consistent indication 
that the rate of decay for the first few seconds was greater for the 
smaller crystals. This type of size dependence does not agree with 
that reported by Antonow-Romanowsky but is consistent with the 
variation in trap depth distribution with crystal size shown in 
Fig. 1. 

The thermoluminescence measurements show that surface traps 
do exist in ZnS phosphors and that they are not as deep as those 
traps in the crystal interior. The phosphorescence measurements 
show no grain size influence after a short initial decay period. 

It is a pleasure to thank Professor Ernst Katz for his guidance 
and criticism during this research. 

* Doctoral thesis research 

+ Now at the Magnolia Petroleum Company Field Research Laboratories, 
Dallas, Texas. 
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2N. F. Mott and R. W. Gurney, Electronic Processes in Ionic Crystals 
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Statistical Thermodynamics of the Super- 
conducting State 


Hrrosui ICHIMURA 
Tokyo Institute of Technology, Oh-Okayama, Meguro, Tokyo, Japan 
(Received August 6, 1951) 


HE second-order effect of the interaction between lattice 
vibrations and conduction electrons in a metal has been 
used by Fréhlich' to explain the superconducting state. Although 
there will be many discussions concerning the validity of the per- 
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Tasiez I. Observed and calculated data. The values of y are taken from reference 3. 
ACobs are calculated from the formula VaTiou, /8T)*/4e. 
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turbation procedure, we have treated the problem at arbitrary 
temperatures from the same viewpoint. It is found that this inter- 
action can be approximately cast in a form which the author® had 
assumed previously from a formal point of view. 
Using the usual Fermi-Dirac statistics, we get for the distribu- 
tion function f(k,) in the one-electron picture as 
kj) =1/{1+exp[(#*/2m)+Wj—-sV/kT}, (1) 
where W; is the above-mentioned interaction energy, which de- 
pends on /(k,;) and the other f(k;)’s as in Fréhlich’s paper; ¢ is 
the free energy (Gibbs) per electron; and m, h, k, have their usual 
meanings. We assume that the ordinary Fermi distribution suffers 
a modification in the narrow shell-like region near the Fermi sur- 
face, owing to the special character of the interaction. Then the 
free energy of our system takes the form, 


m (kT)? | :) [ce 


G =n ae 
Mo 55 a 
where N is the number of the conduction electron in unit volume, 
wo is the Fermi energy and ¢ is determined by the following 
equation. 


(2) 


= po( kT ws)tat{ xtdx/(1+exp[x— (t+ (7—- 1)&)/kT]) 


-{ xtdx/(1+exp[x— «-eary} 


where {y= wo— #°(RT)?/12y0, a is the ratio of the effective mass of 
the electrons in our special state to that which appears in wo, and 
c is the parameter which shows the width of the shell region. 
Further, 7 is given by 


r= 16-2-InviC?/3MS*, (4) 


in which » is the number of electrons per atom, M is the mass 
of the atom, s is the sound velocity in the metal, C is a quantity 
which appears in the conductivity formula at high temperatures, 
and » is a numerical constant of the order of unity introduced in 
the course of the simplifying assumptions. Equation (3) always has 
the solution £=0, and the nonzero §(>0) solution appears from 
a certain critical temperature. So it can be said that a phase 
transition occurs in our system at that temperature. We consider 
this nonzero £-state as the superconducting state. Unfortunately, 
we cannot calculate the transition temperature theoretically, due 
to the ambiguities in ». However, imposing the condition of the 
second-order phase change, (d¢/8T)r-=0, we can derive the 
formula for the discontinuity of the specific heat at the transition 
temperature 7, 


AC=C,—Cna= VaNT(#E/8T?) T= VaNwPPT./[3(7—2) uo]. (5) 


If we take arbitrarily the value of r—2 to lie between 1 and 2, 
we can calculate the observed values, and it is found that these 
values for r do not contradict those which are estimated from 
Eq. (4). 

For the effect of the magnetic field H, we assume semiphe- 
nomenologically that the ¢ of the superconducting state has an 
additional term +H?/8xN owing to the perfect diamagnetic 
susceptibility, and the electronic energy is not influenced by the 
field because of its perfect cancelation. We obtain the threshold 
field relation 

H=[(x*k®/12y0)8"N ](T-—T). (6) 
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This will represent the experimental situation in a weak field. 
From Eq. (6), we can say further that there should be the following 
relation between the observed (0H/8T)r,, the electronic specific 
heat coefficient y, and the atomic volume V4: 


V4(0H/8T)*/4ry=1. (7) 


This is approximately fulfilled as is shown in Table I. In our 
opinion, the problem of the criterion for the superconducting 
metals and the isotopic mass dependency of the transition tem- 
perature is too difficult to be treated in the present stage of our 
knowledge concerning the theory of the metal. 

1H. Fréhlich, Phys. any 79, 845 (1951). 


2H. Ichimura, J. Phys. Soc. Japan 4, 265 (1949). 
3J. G. Daunt, Phys. Rev. 80, 911 (1950). 


Ferromagnetism in Heusler’s Alloys 
Rosert R. Herkes* 
Institute for the Study of Metals, University of Chicago, Chicago, Illinois 
(Received August 21, 1951) 


HE ferromagnetism of the Heusler alloys is usually attributed 

to the positive exchange interaction of the Mn atoms 

(Heisenberg’s theory). However, the magnetic properties of these 

alloys can also be explained by Zener’s theory of ferromagnetism.! 

Using known data on the Heusler alloys, it is possible to make 

some semiquantitative calculations on the basis of the two models. 
We note the following data? 


Cu:MnAl 


4.04 
603 
4.17 


Cu2MnlIn 
4.04 
506 
4.38 


Bohr magneton/ Mn atom 

Curie point (°K 

Internuclear separation of 
Mn atoms (A) 

Let us assume that the change in Curie point is due solely to the 
change in separation of the Mn atoms (the fact that the Bohr 
magneton number does not change makes this seem reasonable). 
On the Heisenberg theory the interaction energy is due to direct 
exchange. Since this energy is proportional to the product of the 
two overlapping charge distributions, we may say that the coupling 
is proportional to |y|* evaluated at the midpoint of the two 
interacting atoms. If we assume that the Hartree calculation 
for iron can be reasonably well applied to Mn, we find that 
y~exp(—3.5r/ro) where ro is half the equilibrium lattice constant 
of the Mn superlattice in the alloy and r is the distance as meas- 
ured from the center of the Mn atom. (This expression is not valid 
for rro.) Therefore, the coupling varies as exp(— 14r/ro). Since 
the Curie point varies directly as the interaction energy we may 
calculate the theoretical ratio of the Curie points from the above 
data. We note that there is a 5 percent change in Mn separation: 


T-(Al)/T-(In) =exp[— 14(ray ro) J exp[—14(rio ro) ]=2; 


where 2r4;=lattice constant of Mn superlattice in CusMnAl, and 
2rin= lattice constant of Mn superlattice in CueMnIn. 

The exponents in the above expression may be slightly under- 
estimated because the wave functions used did not consider ex- 
change interaction. However, any increase in the exponent would 
only tend to make agreement with experiment worse. It is to be 
noted that 7.(Al)/T-(In) is not overly sensitive to the numerical 
coefficient in the exponent. (A 10 percent change causes only a 7 
percent change in the value of the final expression.) 

On Zener’s model we assume that direct interaction is negligible 
and that the coupling is due to the interaction between the con- 
duction electrons and the incomplete d shells. Zener shows 
that the Curie point is proportional to 6*/y (8 and y are defined 
by Evoupting= 4a52—BS-Sat+4yS2); 8 varies as 1/V while y is 
made up of the kinetic energy of the electrons plus the exchange 
energy. Zener® shows that 


y= (10/9) (21.82/mo) (n/V)§—(4/9)10.81/no(n/V)! 


where mp is the number of conduction electrons per atom and n/V 
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is the number of conduction electrons/A.* For the Heusler alloys 
n/V =0.088. (The final result is very insensitive to the value #/V 
in this region.) Using the fact that there is a 16 percent change in 
volume we find 

T.(Al) /T.(In) = 1.2. 


We see that the experimental value is also 1.2. The exact correla- 
tion is, of course, fortuitous, but it does indicate that the Zener 
model is more appropriate than Heisenberg’s in this case. 





* At present, Summer Student with Westingh Research Lab ies, 


East yy Pennsylvania. 
1C. Zener, Phys. Rev. 81, 440 (1951). 
125098). Rothery, and Myers, Proc. Roy. Soc. (London) A196, 
. Zener, Phys. Rev. 83, 299 (1951). 


Use of the Scattering-Matrix Method in the 
Determination of the Electronic Properties 
of a Three-Dimensional Crystal 
Racpu J. HARRISON 


Battelle Memorial Institute, Columbus, Ohio 
(Received August 24, 1951) 


AXON and Hutner' in their extensive discussion of the elec- 
tronic properties of the Kronig-Penney model of a one- 
dimensional crystal utilized the scattering-matrix concept in 
deducing both the energy-band structure of the fully periodic 
lattice, and also the effect of imperfections in that lattice. It is the 
purpose of the present note to point out that the natural general- 
ization of this scattering-matrix method to the three-dimensional 
case is essentially contained in the paper by Korringa* on the 
application of the dynamical theory of lattice interferences to 
electron waves. 

In the scattering-matrix method, the wave function y is charac- 
terized by the amplitudes of the waves incident upon and emerging 
from a given lattice point. Y= Yin+wWout. The potential within the 
unit cell containing the lattice point determines one relationship 
between these amplitudes, This is described by the scattering- 
matrix Sy(Z), whose elements are functions of the energy £, as 
well as the potential V. We have 


SvVin= Vout (1) 


A second relationship arises from the fact that the amplitudes 
of the waves incident upon one lattice point are determined by 
the amplitudes of the waves emerging from the other lattice 
points. The expression of this relationship for the perfectly 
periodic lattice is equivalent to a statement of Bloch’s theorem. It 
can also be described by a matrix Sa(k, Z) where k is the wave 
vector of the Bloch wave ¥,=exp(ik-r)ux(r). 


SsYin= Your (2) 
In order that (1) and (2) be consistent, we must have 
Sa(k, E)vin= Sv(E) yin. (3) 


Equation (3) determines E(k), the energy as a function of wave 
vector. 

The above formalism holds in both the one- and the three- 
dimensional cases. In the one-dimensional crystal model Sz and 
Sy are 2-by-2 matrices and Yin has two components corresponding 
to the two possible directions in the lattice. In the corresponding 
three-dimensional case yin has infinitely many components, corre- 
sponding to the different /, m indices of the spherical harmonic 
expansion. 

The Bloch matrix Sg, may be computed as a function of k and 
E for any given lattice geometry. For the one-dimensional lattice 
the computation is trivial, k entering only in the constant factor 
exp(ik-r). In the general three-dimensional case the elements of 
Sz are expressible in terms of derivatives of the function S(xyz) 
as described by Korringa.* 
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In making use of this formalism, one of course has to find ap- 
proximations suitable to each particular case. One will generally 
work with finite matrices, for example, by neglecting terms with 
1>l. Simplifications in the form of Sy will also be possible for 
special problems. 

One additional point may be mentioned relating to approximate 
calculations. In general, different methods for calculating E(k) 
involve two steps: one step consists in satisfying the wave equation 
for the potential with each cell, the other is satisfying the perio- 
dicity conditions for the lattice. In the above presentation of the 
formalism, both steps appear on equal footing, and one can more 
easily judge the consistency of approximations involved in the 
separate parts of the problem. 

The formalism may also be extended to discuss impurity scatter- 
ing if one defines an appropriate scattering matrix for the impurity. 

In conclusion, it seems likely that if the elements of Sg can be 
tabulated for the various crystalline types, a large number of 
problems involving the motion of electrons within crystalline 
lattices will become amenable to numerical treatment by the above 
method. We hope to discuss this later in a more detailed paper. 

The author wishes to express his appreciation to Professor 
Korringa for many valuable discussions. 


! D, S. Saxon and R. A. Hutner, a Res. Rep. 4, 81 (1949). 
2 J. Korringa, Physica 13, 392 (194 


Capture and Collision Processes for Excitons 
in Alkali Halides* 
D. L. Dexter anp W. R. HELLER 
University of Illinois, Urbana, Illinois 
(Received August 20, 1951) 


HE recent elegant experiments of Apker and Taft' on the 
external photoelectric effect in evaporated layers of KI and 

RbI have given new evidence regarding the properties of excitons 
and their interactions with vacancies and F-centers. As discussed 
in reference 1, it seems conclusive that excitons, produced by 
absorption of light in the first fundamental band, can both create 
and destroy F-centers. The primary purpose of the present note 
is to investigate semi-quantitatively some specific mechanisms for 
these processes, and thus to give a plausible explanation of their 
high degrees of efficiency as indicated by the experimental results. 

For the discussion of these processes we shall have to know the 
density of F-centers, which can be obtained in two ways from the 
experimental data, as Apker and Taft! have shown. First, the 
initial slope of the yield versus time curve indicates that effective 
saturation is reached after the production of about 3x10” 
F-centers/cm® in the surface layers. Second, the ordinate of the 
plateau in the curve of yield versus incident photon energy is 10~ 
electron/photon; this plateau is interpreted as arising largely 
from direct photoelectric ejection of the electrons from F-centers 
near the surface, and depends on the density of F-centers, the 
absorption cross section, and the probability that an electron, 
once released, will escape the crystal.Taking this probability to 
be ys, we obtain a density of 10”/cm*. In view of their crudeness, 
these two estimates are in satisfactory agreement. 

There are two reasons why such high densities should be pos- 
sible. First, one might expect that in an evaporated layer the 
number of vacancies initially present should be higher than in an 
annealed single crystal. Second, as Seitz has pointed out,? an 
incipient negative ion vacancy at a jog in a dislocation line has an 
effective charge of +¢/2 and hence may trap an electron. The 
electron and incipient vacancy may then diffuse away as an 
F-center and the jog move over, ready to act again. (This process 
of lengthening the dislocation line of course can result in a decrease 
in crystal density as observed by Estermann, Leivo, and Stern.*) 
It is interesting to note that Hilsch* has measured F-center densi- 
ties even higher than the above estimate in similar evaporated 
films by optical absorption measurements. 
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Let us now investigate some of the specific processes by which 
the excitons can give up their energy. The transition probability 
for spontaneous emission can be estimated from previously calcu- 
lated matrix elements® to be 1.6X 10 sec“ for the case of an ex- 
citon in NaCl. If there is a Stokes’ shift of 1 ev between absorption 
and emission, B is still of the order of 10® sec™, and in the absence 
of more probable processes strong luminescence should be 
observed. 

In considering the process of F-center creation one can easily 
show that the electric field of the vacancy, e/Kr*, where K is the 
static dielectric constant (5.62 for NaCl), is so strong when the 
exciton is in a site adjacent to it that it is incorrect to speak of the 
exciton as being localized in a pure exciton wave function; that is, 
there does not exist a bound state about the positive hole alone, 
but the wave function must surround both negative ion sites. 
Even when the vacancy is a third nearest like neighbor, the excited 
electron will be pulled away in ~10™ sec; beyond this distance 
tunneling will occur. The mechanism for forming F-centers is 
clearly an exceedingly powerful one, and is effective even though 
the vacancies be only incipient. Thus the lifetime of an exciton 
against F-center creation depends primarily on the time required 
to get within 3 or 4 negative ion sites of the vacancy, after which 
the transition will occur within 10 sec. Since the effective mass 
of the exciton® is of the order of the electronic mass, its time of 
travel from one ion to the next directly after creation is about 
2X10- sec in NaCl; after the exciton has become thermalized 
by collisions with lattice vibrations, the time required is less than 
this by one or two orders of magnitude. If N,, the density of 
vacancies, is as large as 10”/cm* the transition probability is 
~10" sec; if N, is 10%/cm* the transition probability is still 
greater than 10” sec. 

When the exciton first begins to be trapped in the field of the 
vacancy, at a few atomic distances, the positive hole may diffuse 
away, eventually to be trapped by, say, an incipient positive ion 
vacancy, leaving its electron in the F-center. If the hole does not 
get away, it will be drawn up to a negative ion site adjacent to 
the F-center and form a composite center which one would expect 
to be stable during optical lifetimes at ordinary temperatures. We 
shall continue to group these composite centers with the F-centers, 
however, and the calculations we present on F-center annihilation 
will be applicable in order of magnitude to the composite centers 
as well. 

The probability for F-center destruction can be calculated from 
the point of view that an exciton adjacent to an F-center can 
undergo a two-center Auger transition; one electron is ejected 
into the conduction band and the other recombines with the hole. 
While the exciton and F-center form a composite center within 
~10~ sec, we can calculate an approximate value for the prob- 
ability per second for the transition from (2%/h)|M |?, where 


M=(m 10) f Ye" vr) Yar" 2Were(2 dren 
12 


The largest part of the integral comes from the dipole-dipole part, 
found by expanding 1/ri2. Exchange and other overlap effects are 
smaller, as was observed for the analogous matrix element which 
leads to the propagation of the exciton in a perfect lattice.® 
Evaluating M, we find 

P,=(24/h)(m/hPx)4y??/R®. 


Here yu is the dipole matrix element of the exciton, and y* is a mean 
square dipole matrix element per unit x (wave number) for the 
transition from yr to the continuum, chosen so as to give the cor- 
rect oscillator strength. R is the nearest like neighbor distance. 
Numerically this becomes, using the matrix elements of reference 
5, Py~10" sec. Since the probability per second that the exciton 
reach a negative ion site adjacent to an F-center has this same 
magnitude, the total probability that an exciton annihilates an 
F-center is still ~10" sec™. 

It can now be pointed out why these calculations, though per- 
formed for NaCl, should apply quite generally to the alkali 
halides. That this is so is clear from the similarity of lattice 
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spacings, and oscillator strengths for the exciton band and for the 
F-center continuum transitions in all these salts. 

It is also clear from the value of the lifetime for emission (of 
order 10-* sec) that luminescence will be overshadowed in the 
evaporated layers by these other processes, which occur within 
10-" sec. In addition to these effects, one might be tempted to 
consider “self-trapping,””’ but this should not be important for the 
alkali halides in the time available. This may be seen from the 
estimate given for the time taken for the exciton to travel from 
one ion to another (=10~ sec), which is so rapid that the nuclear 
readjustment required for self-trapping is improbable.*® These quali- 
tative conclusions may not be applicable to annealed single crys- 
tals where the density of incipient vacancies may be as low as 10" 
cm™, and the density of isolated vacancies even more negligible 
in number.’ 

The authors wish to thank Professor F. Seitz and Drs. Apker, 
Taft, Hebb, and Krumhans! for illuminating discussions of the 
experiments. 

* Research supported by the ONR. 
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O.* and H in the Auroral Spectrum* 


C. E. DAHLSTROM AND D. M. HuNTEN 
University of Saskatchewan, Saskatoon, Saskatchewan, Canada 
(Received August 21, 1951) 


A TWO-PRISM Littrow spectrometer using a 1P21 photo 
multiplier tube as detector has recently been built. The 
spectrum from 3800 to 7000A is scanned in about five minutes 
by a synchronous motor drive which slowly rotates the Littrow 
mirror. Resolution is about 10A in the blue and 40 in the red. 
Incident light is chopped at 90 cycles and the spectrum presented 
on a recording meter. Wavelength measurements can be made to 
about 10A except at the red end. 

An excellent spectrum of a red type B aurora was secured on 
June 20, 1951, at LaRorge, Saskatchewan. Three strong bands 
were prominent: a double-peaked band in the range 5900 to 
6000A, arid two others at 5560 and 5250 angstroms. These are at- 
tributed to the first negative system of O,*: (0, 0)6026, (1, 1)5973, 
(1, 0)5632, and (2, 0)5296 angstroms. Our wavelength values are 
low because measurements were made to the blue side of the 
bands, while the heads are to the red. The (0, 1) band (6418A) is 
seen at 6420, though the instrument is not very sensitive in this 
region. 

It is suggested that some of these bands are responsible for the 
red color of the type B aurora. This is supported by the fact that 
conventional spectrograms show them only weakly. Only a small 
fraction of the long exposure required would ordinarily be to red 
aurora. Our instrument covered the region from 5577 to 6500 
angstroms in about two minutes, and we were lucky enough to 
encounter a brilliant red aurora for all of this period. The red 
first positive bands of N: found by Vegard! in type B aurora would 
not be recorded by our instrument unless they were very strong, 
since their wavelength is too long. However, they would also have 
to be very strong to have much effect on the eye, which loses 
sensitivity even faster than our spectrometer. 

This observation suggests that the red lower border occurs when 
an aurora penetrates from the region of atomic to the region of 
molecular oxygen. For the light to appear red or purple, the in- 
tensity of the green line would have to be rather small. Unfortu- 
nately, this line goes off scale on our spectrogram; however, since 
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our field of view is 2° in the vertical direction and hence will 
include more than the lower red border, and also since we may 
have been looking up through the red aurora to green aurora 
behind it, this is not surprising. 

The night of July 1, 1951, there was considerable aurora at 
Saskatoon. A very steady homogeneous arc appeared about 15° 
above the southern horizon from 10.15 to 1.00 Mountain Standard 
Time. A line at 4860A was prominent in its spectrum the whole 
time. This is presumably H8 (4861). Many spectra were taken 
during this same period of very bright active forms with ray 
structure in the rest of the sky, none of which showed any sign 
of this line. The results of Meinel are similar; he reports? that 
hydrogen emissions are seen only in homogeneous arcs, though his 
conclusions are less definite because of the longer exposure times 
of around 15 minutes required with his conventional spectrograph. 

We wish to acknowledge the encouragement and interest of 
Dr. W. Petrie. One of us (C.E.D.) was aided by a studentship 
from the National Research Council of Canada. 

* This research has been supported by the Geophysics Research Division 
of the Air Force Cambridge Research Center 

Vegard and E. Tonsberg, Geofys. Publik. 11, No. 16 (1937). 


? A. B. Meinel, Conference on Auroral Physics, London, Ontario (July, 
1951). 


Interatomic Distances and Ferromagnetism 
in Spinels 
R. S, Weisz 


RCA Laboratories Division, Radio Corporation of America, 
Princeton, New Jersey 


(Received August 24, 1951) 


XCELLENT agreement exists between the experimental 

saturation moments of ferromagnetic spinels determined by 
Gorter! and the values predicted by Néel.? The essence of Néel’s 
theory was to assume that strong negative (antiferromagnetic) 
interactions exist between the unpaired spins of cations occupying 
the tetrahedral voids amidst close-packed oxygens in the spinel 
lattice and the unpaired spins of cations occupying octahedral 
voids. Thus, in the series of inverse spinels’ Fe++*MeFe***0, 
(where the metal Me= Mn, Fe**, Co, LijFe;***, Ni, Cu‘, or Mg*), 
since one Fe*** occupies tetrahedral interstices and (Me plus the 
other Fe*+**) share octahedral interstices, the saturation moment 
is simply that corresponding to the unpaired spins of Me. Néel 
also showed that spin interactions operate throwzh the oxygens 
separating the metal ions (“superexchange”’), and Anderson® has 
shown that the antiferromagnetism of MnO is to be explained 
similarly. 

The author wishes to point out a new hypothesis by means of 
which the following may be accomplished: (1) the ad hoc assump- 
tion of Néel that the strongest spin interaction in inverse spinels 
is between tetrahedrally situated cations (Me,) and octahedrally 
situated cations (Meo) rather than between Me; and Me; or 
between Meo and Meo may be rationalized; (2) the nonoccurrence 
of ferromagnetism in normal spinels such as NiCr2O, may be 
explained; and (3) a quantitative relationship may be shown to 
exist between Curie temperature and interatomic distance in the 
ferromagnetic spinels and in the rock-salt structure antiferro- 
magnetics. The hypothesis is simply that spin interaction is in- 
versely proportional to the distance from a metal ion to a nearest 
neighbor, i.e., an oxygen, and thence to another metal ion. This 
is similar to the assumption of Zener® that direct spin interaction 
decreases continuously with increasing distance between adjacent 
atoms in metals. 

Geometrical calculations show that in spinels the distance 
Me,-O-Mep is smaller than the distance Me;-O-Me, or the distance 
Mey-O-Meo, provided that the lattice parameter u is less than 
31/80 (0.388). Verwey and Heilman* have found u to be about 
0.380 for inverse spinels. If « is greater than 0.388, however, 
Mev-O-Mep is now the closest cation-oxygen-cation distance. 
Verwey and Heilman* found « to be greater for most normal spinels 
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TABLE I. Exchange energy for ferromagnetic spinels. 
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* T experimental, extrapolated. See Michel and Chaudron, Compt. rend. 
201, 1191 (1935). 

> seso computed from experimental data of reference 1. 

¢ From reference 3, wherever possible. 


than for inverse ones. For example, NiCr2O, (in which Ni occupies 
tetrahedral voids and 2 Cr’s occupy octahedral voids) had 
u=0.388+0.003. For this substance our hypothesis correctly 
predicts the absence of ferromagnetism, while if strong tetra- 
hedral-octahedral spin interactions were present, ferromagnetism 
with a saturation magnetic moment of 4 Bohr magnetons would 
be expected. 

The following semi-empirical equation was developed to corre- 
late spin exchange energy as measured by kT with the supposed 
variables: 

kT =c\5,5e~*4, (1) 
where k= Boltzmann’s constant, T is the Curie temperature in 
°K, s; and So are respectively the number of unpaired spins on 
Me; and Meo, d is the distance Me;-O-Meg in A (=0.470ao, where 
dq is the lattice constant of a spinel with w=0.388). With c:= 5.04 
10-* erg and c.=7, the data of Table I were obtained. The 
agreement (+16 percent) between observed and calculated ex- 
change energies is reasonable, since (1) an error of 0.01A in ao 
(which is less than the disagreement between published values for 
a given spinel) would cause an error of 5 percent in kT, (2) « values 
may vary slightly from 0.380 for certain of the spinels,’ and (3) 
the value of 550 is not precisely known for CuFe,O, and MgFe,O,. 

An equation similar to (1) but with c,=6.5X 10’ ergs and c,=12 
holds for the antiferromagnetic oxides MeO (Me= Mn, Fe, Co, Ni) 
to +27 percent. The difference in cz for the 2 structures shows that 
(1) does not account for all the factors ifvolved. Indeed, Anderson 
has shown that as a consequence of superexchange a strong direc- 
tionality exists such that the strongest interaction is between 
magnetic ions on opposite sides of an oxygen. The angle Me-O-Me 
is 180° for the rock salt structure and 126° for Me:-O-Meo in 
inverse spinels with 4=0.380. 

i W. Gorter, Compt. rend. _ _ (1950). 

. Néel, Ann. Physik 3, 137 ( 

3 E J. Verwey and E. L. fe Neem J. Chem. Phys. 15, 174 (1947). 

4 CuFe2x04 and MgFe20. are intermediate between normal and inverse 
spinels. See reference 1. 

79, 30 (1950). 


5 P. W. Anderson, Phys. Rev. 
*C. Zener, Phys. Rev. 83, 299 (19 


Evidence for Non-Additivity of 
Nucleon Moments* 
R. G. Sacus anp M. Ross 
University of Wisconsin, Madison, Wisconsin 
(Received August 24, 1951) 


HE existence of a change in the nucleon intrinsic moments 

due to the interaction with other nucleons has for some 
time been rather well established by the H?, He? moment anomaly. 
It has been pointed out' that this change will lead both to a 
modification of the magnetic moments of most nuclei and to 
marked changes in the lifetimes for nuclear magnetic dipole 
transitions. A possible connection between the deviations of mag- 
netic moments from the Schmidt lines and non-additivity of the 


nucleon moments has recently been emphasized by Miyazawa,? 


de-Shalit,? and Bloch.‘ 
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TABLE I. Isomeric magnetic dipole transitions.* 
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See references 13, 14, and 15. 
® See references 16, 17, and 18. 
» See reference 19. 


* See reference 5. 

> See reference 6. 

© See references 7, 8, and 9 
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Very striking evidence for a non-additivity effect is provided by 
the observation of magnetic dipole transitions in a number of 
nuclear isomers. The isomers in question are listed with relevant 
data in Table I;5*® these and other data fit very well with the 
predications of the spin-orbit coupled shell model.”° On the basis 
of this model the magnetic dipole transitions are ascribed to 
one-particle transitions with 

Al=2. (1) 
If the states were pure, the transition would be strictly forbidden 
for ordinary magnetic dipole effects. 

Such transitions are allowed for certain forms of the interaction 

moment. Forms'*' of magnetic moment operator that have been 
considered in connection with H?, He? are: 
(2) 
(2’) 
(3) 
(3’) 
where the labels x and » refer to protons and neutrons, respec- 
tively, ® is a scalar function of distance, and Py, is the Majorana 
exchange operator. In addition to these terms, which are here 
interpreted as modifications of the intrinsic moments produced by 
interactions between pairs, one must also consider the exchange 
term” 


AM=2,,,(0,—@,) ®(rey) X - 


é & 
AM= Za (04-0, ]-ten)Eev (P40) X4 
Pr 


AM = (ie/2hc)D4,»(t2Xty) J avP xv, (4) 


where J,, is the neutron-proton exchange potential. 

If, in accordance with the shell model, it is assumed that all 
nucleons except the single odd one are coupled to total angular 
momentum zero, it can be shown that neither Eq. (2) nor Eq. (4) 
can lead to the transition (1). Furthermore Eq. (3) leads to a 
transition matrix element, u, of the same order as the magnetic 
moment anomaly in H? and He’, i.e., } nm. Since the magnetic 
dipole transition probability is 


=8.5X 10" (hw/mc*)3| w|2(14+8) sec, 


where § is the conversion coefficient, this value of yu is too small 
to account for some of the lifetime values. It seems likely that 
either Eq. (2’) or Eq. (3’) can lead to sufficiently short lifetimes. 
This point is being investigated in detail. 

An investigation of the non-additivity effect on the static nu- 
clear moments has led to the conclusion that Eqs. (2) and (3) 
produce a correction to the moment of only } to $ nm. This is 
much too small to account for the deviations from the Schmidt 
lines. Contributions to static moments from Eq. (4) have been 
estimated by Spruch® but no reliable estimates were obtained for 
the heavy nuclei. Equations (2’) and (3’) may yield larger con- 
tributions to the static moments, but the calculation of these terms 
has still to be completed. 

In summary, it can be said that the isomeric transitions give 
strong evidence for a departure from additivity of the intrinsic 
nucleon moments, and they impose certain restrictions on the 
possible forms of the interaction moment. However, it must be 
kept in mind that these conclusions depend on the assumption 
that the states are rather pure shell model states. 

In order to investigate further the validity of these ideas, more 
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precise determinations of lifetimes and of conversion coefficients 
for the listed transitions and other similar transitions are required. 
Lifetimes may provide information concerning the mixing of states 
or concerning the magnitude of the interaction moment. Conver- 
sion coefficients are needed to fix the magnetic dipole character 
of the transitions. At present this property has been established 
in some cases by means of the K/L conversion ratio.” 

This work was stimulated by conversations with Professor R. D. 
Hill and Dr. M. Goldhaber and by the Isomer Conference of 1951 
at Brookhaven. One of the authors (R.G.S.) also had the advantage 
of the hospitality and pleasant surroundings of the Brookhaven 
National Laboratory. 
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Half-Lives of Excited States of Hg'®, 
Xe!*!, and Hg'** 


R. L. GRAHAM AND R. E. BELL 
Atomic Energy Project, National Research Council of Canada, 
Chalk River, Ontario, Canada 


(Received September 4, 1951) 


HE delayed coincidence techniques described previously! 

have been used to measure the half-lives of the 158-kev 
excited state of Hg'®*, the 80-kev excited state of Xe! and the 
411-kev excited state of Hg'®*, using sources of Au’, I, and 
Au!’ respectively. In all cases thin radioactive sources were 
mounted at the center of a pair of lens beta-ray spectrometers 
placed end to end, so that the radiations falling on both stilbene 
counters of the coincidence circuit were magnetically selected. 
Resolving times 279 ranged from 2 to 6X 10~® second. 

When the 145-kev L-conversion peak of the 158-kev gamma-ray 
of Hg'® was focused in the north spectrometer, while the south 
spectrometer was focused on a point of the beta-continuum of 
Au’, the delayed resolution curve F(x) of Fig. 1 was obtained. 
The prompt resolution curve P(x) was obtained by replacing the 
source of Au'®® by a source of ThB and using the 147-kev F-line, 
shown separately to have a half-life less than 10~ second. A least- 
squares fit of the part of F(x) lying to the right of x=4X10-* 
second yields 7y=(2.26+0.12)X10-* second, while the shift 
of the centroid* of F(x) to the right of that of P(x) yields 
T= (2.4340.12)X10-* second. Making an allowance for sys- 
tematic errors, we quote for the half-life of the 158-kev excited 
state of Hg’, 

Ty= (2.3520.20) X 10-* second, 


consistent with the theoretical expectation for electric quadrupole 
radiation.* 

Figure 2 shows a similar pair of curves for the 45-kev K-conver- 
sion line of the 80-kev gamma-ray of Xe“. The prompt curve P(x) 
in this case was obtained from the same source using the 364-kev 
gamma-ray of Xe", shown separately to have a half-life less than 
10~ second. The centroid-shift analysis yields 7y=(4.8+0.8) 
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Fic. 1. Delayed resolution curve F(x) showing the half-life of the 158- 
kev gamma-transition of Hg'®, with a prompt resolution curve P(x) for 
comparison. 


X10~* second. In view of the extreme shortness of this half-life, 
the standard deviation should be increased, and we quote for the 
half-life of the 80-kev excited state of Xe 


T,= (4.8: 2.0) X 10~ second, 


consistent with the theoretical expectation for magnetic dipole 
radiation.’ 
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Fic. 2. Delayed resolution curve F(x) for the 80-kev gamma-transition 
of Xe, with a prompt resolution curve P(x) for comparison, 
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F1G. 3. Delayed resolution curve F(x) and its experimental inverse 
F(—«x) for the 411-kev gamma-transition of Hg'*. 


For the case of the 411-kev excited state of Hg'®* the more 
sensitive “self-comparison” method was used, in which the de- 
layed-coincidence resolution curve is compared with its own in- 
verse. The delayed curve is obtained with the north spectrometer 
focused on the 328-kev K-conversion line of the 411-kev gamma- 
ray, and the south spectrometer focused on the beta-continuum 
just below the line. To obtain the inverse curve, the current in 
both spectrometers is increased by the same small amount, so 
that the north spectrometer is on the beta-continuum just above 
the line, and the south is on the line. Spurious shifts in the resolu- 
tion curves are canceled by this procedure, and the true effect is 
doubled. The results are shown in Fig. 3, the centroid analysis 
yielding 7,=(1.0+1.7)X10™ second. This result means that the 
half-life of the 411-kev state is less than, say, 3X10™ second; 
Moon,‘ however, has shown by a resonant nuclear scattering 
experiment that it is not much less than a few times 10~" second. 
The combination of the two results means that the half-life is near 
10 second, consistent with the theoretical expectation for elec- 
tric quadrupole radiation.* 

Similar self-comparison experiments have established upper 
limits of 10” second for the half-lives of the F-line of ThB and 
the 364-kev gamma-ray of Xe, and 2X10~ second for the 
207-kev gamma-ray of Hg'®*. The apparatus and procedure of 
these measurements are described more fully elsewhere.* 


IR. . Bell and H. E. Petch, Phys. ne. 76, 1409 (1949); R. E. Bell 
and R. L. Graham, Phys. Rev. 78, 490 (1950). 

2Z. Bay. Phys. Rev. 77, 419 (1950). 

3V. F. Weisskopf and J. Blatt, chapter from forthcoming book, Nuclear 


T iy privately circulated. 
B. Moon, Proc. Phys. Soc. (London) A64, 76 (1951). 


: Bel Graham, and Petch, Can. J. Phys., to be published. 


Cross-Over Transition in Te'”* 
BERNARD HAMERMESH AND VIRGINIA HUMMEL 
Argonne National Laboratory, Chicago, Illinois 
(Received August 27, 1951) 
HE disintegration scheme! of Te™ (100 days) consists of an 
88.5-kev gamma-ray followed by a 159-kev line. The shell 
model predicts an s; ground state with dy and Ay; as the first 








LETTERS TO THE EDITOR 





RT BRE ELE Lhe oe Lee Oi 8, 


59 nasil | 
4.68 KEV 


VOLT PULSE HEIGHT 
SOURCE FAR 


FROM CRYSTAL 2 








SOURCE NEAR 
> GRYSTAL 


COUNTS PER 5 MINUTES 
(SOURCE NEAR CRYSTAL) 


g 


(SOURCE FAR FROM CRYSTAL) 
$ 
°o 


SCALES OF 10 PER 15 MINUTES 


248KEV 











cotibrribipri tind Jossiliis 
" 21 31 41 51 
PULSE HEIGHT (VOLTS) 


Fic. 1. Pulse-height distribution from Te!™. 


excited states. If the order of levels is 5}, d, hu, then the 88.5-kev 
line is due to an M4 transition and the 159-kev line is due toan M1 
transition. The cross-over, i.e., Au~—sy (248 kev) is an ES transi- 
tion. The validity** of this level assignment has been demon- 
strated previously. The Weisskopf** theory predicts that the 
cross-over ratio, i.e., \(E5)/A(M4) is equal to 7X 10~*. The present 
experiment was performed to check this value. 

A sample of highly enriched Te was irradiated in the Argonne 
heavy water-moderated reactor. The gamma-rays emitted were 
then examined with a Nal crystal and photomultiplier. The pulses 
were analyzed with a 20-channel pulse-height discriminator. The 
source was first placed so that the counting rate at 159 kev could 
be determined accurately. The source was then moved as close to 
the crystal as possible so that the discriminator still gave reliable 
results and the counting rate at the cross-over energy was as high 
as possible. The results were then normalized. 

The pulse-height distributions corrected for background are 
shown in Fig. 1. The normalization factor is 7.7. It may be seen 
that there is no evidence of a peak at 248 kev. The counting rates 
at 51, 53, and 55 volts are nearly the same. The difference in rate 
between 53 and 51 or 55 volts is 023 scales of ten. However, it is 
possible to set a very conservative upper limit on the value of the 
cross-over ratio from the observed data. 

If the experimental counting rate at 53 volts were 3 standard 
deviations above its observed value, then one would say that the 
cross-over had been observed. If one uses this value for the count- 
ing rate at the cross-over energy, then a very high upper limit is 
found for the cross-over. The experimental intensity ratio has to 
be corrected for absorption in the Nal, in the source and in the 
aluminum cap which surrounds the crystal. In addition, the in- 
tensities must be corrected for internal conversion. The tables® 
of Rose, et al. were used to find ax and the theoretical K/L ratios* 
were used to find az. The total a was assumed to be ax+ar. 

The result of the above analysis is that the cross-over ratio has a 
very conservative upper limit of 0.5 percent. 

One possible reason for a value that is well below the 7 percent 
predicted by Weisskopf is that the theory is based on a single 


proton model. In the case of Te”, an odd N nucleus, the theory 
may not be very good because of the lack of electric charge. Other 
examples’ of this disagreement for odd N nuclei are found in the 
lifetimes of the Z3 transitions. In addition, there may be effects 
due to cancellation of wave functions in the matrix element which 
could also give a smaller ratio. 

1 National Bureau of Standards Circular 499. 

2M. Goldhaber and A. W. Sunyar, Phys. Rev. 83, 906 (1951). 

3S. Moszkowski, Phys. Rev. 83, 1071 (1951). : 

4V. F. Weisskopf and J. Blatt, privately circulated chapter from forth- 
coming book, Nuclear Theory. 

5 R. D. Hill, Phys. Rev. 81, 470 (1951). 

* Rose, Goertzel, and Perry, Oak Ridge National Laboratory Report 
No. 1023 (1951). 


Two-Step Isomeric Transition in Ba!**” (39 hr) 
R. D. Hitt,* G. ScHaARFF-GOLDHABER, AND M. MCKEown 
Brookhaven National Laboratory, Upton, New Yorkt 
(Received September 4, 1951) 


N the 5th neutron shell, it has been observed that the isomers 

of low neutron number decay in two steps, namely, from an 
hy state to a dy state and from there to an sy ground state. If the 
energy differences of the dj levels from the /y1/2 levels are plotted 
as a function of neutron number, the curves for constant Z break 
between Te!*, Te!?’?, and also between Xe” and Xe"! These 
breaks appear to be associated with the “rise” of the sy levels above 
the dy levels. A similar though small break has been observed 
between Ba'™ and Ba"? This suggests that Ba™ might possess 
an s; ground state. 

Other considerations lead to the same hypothesis: The ground 
state of Ba! is known to decay to Cs by X-capture with a long 
half-life, ~10 years.’ The ground state of Cs, from spin measure- 
ment and nuclear shell theory, is gz. Cs also has an 81-kev 
excited state which, from the beta-decay of 5.7-day Xe" and from 
the conversion coefficient of the 81-kev y-ray, can be characterized 
as dg. If the ground state of Ba™, therefare, were dj, it would decay 
to the 81-kev excited state of Cs'* by an allowed transition which, 
it can be estimated, would have a half-life +10 days. It is therefore 
likely that the long-life of the Ba™ ground state is associated with 
an s; character of this state. 

We therefore searched for a low energy dj—s, transition in 
Ba'!*™" following the 275.5-kev /i2—d) transition. Such a low 
energy transition might have been overlooked in previous investi- 
gations. A source of 39-hr Ba'™ was obtained by separating barium 
from CsNO; which had been bombarded by 15-Mev deuterons. 
The essentially carrier-free Ba source was placed outside the Be 
window of an argon-filled proportional counter and the counting 
rate was measured as a function of the bias voltage of a single 
channel pulse-height analyzer. A typical curve is shown in Fig. 1. 
Apart from the strong Ba K x-ray peak, arising from the conver- 
sion of the 275.5-kev y-ray, the figure shows a peak due to a 
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Fic, 1. Pulse-height discriminator curve for Ba!" (39-hr). 
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nuclear y-ray of 11.720.2 kev which decayed in intensity with a 
half-life of 39 hours. The apparatus was calibrated using Rb and 
Cu K x-rays emitted by 65-day Sr® and 250-day Zn%, respec- 
tively. In addition, by the method of critical absorption the y-ray 
energy was found to lie between the K-absorption edges of 
Ge (11.1 kev) and As (11.9 kev). 
Ba!33 
sé 77 
——Tr—— 39h 

275 
E—_<«5 x10 bec 
5007, oy, 








Fic, 2. Proposed disintegration scheme for Ba™. 
All energies are given in Mev. 


From a comparison of the areas under the peaks due to the un- 
converted 11.7-kev y-ray and the Ba K x-ray (corrected for energy 
dependence of counter efficiency, x-ray fluorescent yield, and win- 
dow absorption), and from the values of 3.5‘ for the K-conversion 
coefficient and 3.25 for the K/L ratio of the 275.5-kev y-ray, one 
obtains for the L+M conversion coefficient of the 11.7-kev y-ray 
a value ~130. 

By means of a Nal scintillation counter and an argon-filled 
proportional counter with pulse-height selector, coincidences were 
found between the 275.5-kev and the 11.7-kev y-rays. The coinci- 
dence rate was consistent with a total conversion coefficient of 130 
for the 11.7-kev y-ray. 

An unsuccessful search for a delay of the 11.7-kev y-ray allows 
us to give an upper limit of 5X 10~? sec for the lifetime of the 11.7- 
kev excited state. A lifetime estimate may be made from the 
known half-life of (5241)X10~ sec for the 81-kev Xe™ M1 
transition® which follows the 8-decay of I'**. Using an E~* depend- 
ence and the observed conversion coefficients, the half-life for the 
11.7-kev M1 transition in Ba™™ can be estimated to be ~2.5X 10"* 
sec. The proposed disintegration schemes of 39-hr Ba’ and 
~10-yr Ba" are shown in Fig. 2. Figure 3 shows the rather strik- 
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Fic. 3. Energy differences between dj and sj levels for even Z nuclei. 
Curves of constant Z. The energy valués are taken from K. Way 4 al., 
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Institution of Washington and Dr. J. A. Miskel of this laboratory 
for providing chemical facilities and advice concerning the Ba 


separation. 

* Permanent address: Department of Physics, University of Illinois, 
Urbana, Illinois. 

t hg ork a peoreee under the  emantons of the AEC. 

Phys. Rev. 80, 906 (1950). 

i B Hill and F. R. Metzger, Phys. Rev. 83, 455 (1951); W. H. Cuffey 
and R. Canada, Phys. Rev. 83, 654 (1951). 

+S. Katcoff (private communication). 

Ne Goertzel, Spinrad, Harr, and Strong, Poy th 83, 

&J. M. Cork and G. P. = Phys. Rev. 60, 480 (1941 

*R. L. Graham and R. E. Beil (private plneben Avnce ‘a 
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New Data on Isotope Shifts in Uranium Spectra: 
U236 and U234 


D. D. Smita, G. L. STUKENBROEKER, AND J. R. MCNALLy, Jr. 


Stable Isotope Research and Production Division, Oak Ridge 
National Laboratory, Oak Ridge, Tennessee*t 


(Received August 29, 1951) 


SOTOPE shifts in the spectra of uranium, U™*, U5, and U*, 

have been previously reported,"* applied to the mass assay of 

its isotopes,** and correlated with its electronic states.‘ Recently, 

two additional uranium isotopes were made available for examina- 

tion of their isotopic spectra, and we are reporting some prelimi- 
nary results on this research. 
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Fic. 1. Isotope structure of uranium line 4244A. 


Two micrograms of U™* in an acid solution were absorbed in a 
0.25-cm? filter paper and ashed. The ash was sealed with collodion 
in a 1/40-inch crater of a pointed }-inch graphite electrode. 
Exposure conditions were 15 seconds complete burning at 3.5 
amperes. The second-order dispersion of 2.5 A/mm, obtained with 
a Jarrell-Ash spectrograph, gave suitable resolution and intensity 
to permit measurements on the U™* line to +0.010A. 

The U™ sample was sufficiently large that a good spectrum was 
obtained on a 21-foot Paschen mount, 30,000-line-per-inch grating 
spectrograph at a dispersion of 0.6A/mm in the second order. Two 
hundred micrograms of U™ were burned to completion in a special 
glass tube to permit reclamation of sample. 


TaBLe I. Observed isotope shifts. 








A, in A 


4244.373 
4244.226 
4244.122 
4244.075 
4243.977 


AA, in A de, in cm= 
0.00 
0.82 
1.39 
1.66 
2.20 





0.000 

0.147 40.010 
0.251 40.002 
0.300 +0.003 
0.396 +0.005 





National Bureau of Standards Circular No. 499 and S for 

Sn"?, and the Te and Xe isomers. For Cd" see: S. Johansson, pan $3 "bon 

79, 896 (1950). For Sn'!* see: Scharff-Goldhaber, der Mateosian, Goldhaber, 

yy, — Phys. Rev. 83, 480 (1951); R. *D. Hill, Phys. Rev. 
865 (1951 


ing trend for the energy difference between d; and s, levels as a 
function of odd N for even Z elements between Cd and Ba. 

We wish to thank Dr. P. H. Abelson for the deuteron bombard- 
ment of the CsNO; sample using the cyclotron of the Carnegie 








Figure 1 shows the relative positions at 4244<A of the five isotope 
components which have been observed. The regularity of line 
shift between isotopes which differ in mass by two units is ap- 
parent. Table I which lists data on the shifts, illustrates this 
regularity as being approximately 0.148A (0.82 cm™) per two mass 
units. The spectrographic resolution (Rayleigh criterion) required 
to separate the 4244A isotope lines of U™ and U™ is approxi- 
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mately 90,000, but is considerably less for any other pair of 
isotopes. 

Acknowledgment is made to L. E. Burkhart, H. W. Savage, and 
B. Harmatz for making material available for these studies. 

* Presented at the Y-12 Spectroscopy Symposium held March 24-25, 
1949, Oak Ridge, Tennessee. 

+ This paper is based on work performed for the AEC by Carbide and 
Carbon Chemicals Company, a Division of Union Carbide and Carbon 
Corporation, Oak Ridge, Tennessee. 

1D. R. Long and D. D. Smith, unpublished material, Tennessee Eastman 
Corporation (now Carbide and Carbon Chemicals Company), Oak Ridge, 
Tennessee (February, 1947). 

? Burkhart, Stukenbroeker, and Adams, Phys. Rev. 75, 83 (1949). 

*D. D. Smith and L. E. Burkhart, unpublished material, Carbide and 
Cc arbon Chemicals Corporation, Oak Ridge, Tennessee (March, 1948). 
4J. R. McNally, Jr., J. Opt. Soc. Am. 39, 27 (1949). 


The Mass Difference Ni*®*—Co*® 


J. J. G. McCue anp W. M. Preston 
Laboratory for Nuclear Science and Engineering, Massachusetts 
Institute of Technology, Cambridge, Massachusett. 
(Received August 30, 1951) 


E have measured the threshold for Co**(p, 2) Ni®*, using 
protons from the Rockefeller electrostatic generator.' 

The target was a freshly evaporated film of spectroscopically 
pure cobalt about 0.3 thick, on a 2.5-inch disk of 10-mil tantalum. 
To avoid possible contaminations, we mounted the disk on a 
target holder that was hitherto unused. The neutron detector was 
a cadmium-clad long counter about an inch from the target, the 
axis of the counter being perpendicular to the proton beam. 

Half an hour before the run with cobalt, the Li’(p, 2)Be’ 
threshold was located, using a fresh lithium target. 

The yield curves for the two targets are shown in Fig. 1. The 
ordinate scale for Li is about 10 times as large as the ordinate 
scale for Co. At low yields, the two curves lie so close together as 
to suggest that the yield from the Co target might be caused by Li 
contamination. This suspicion can be set at rest by noting the 
difference in the slopes of the curves. Furthermore, recent im- 
provements in the Rockefeller generator have virtually eliminated 
the possibility of such a large shift in calibration. Nevertheless, we 
repeated the experiment with fresh targets some weeks later, and 
made background measurements with a clean Ta target. The 
threshold obtained was the same as before, but the uncertainty 
was greater because of a higher background. 

The threshold for the Co®*(p, m)Ni®® reaction is 7-2 kilovolts 
above the Li’(p,”)Be’ threshold at 188242 kev.? The Co** 
threshold is therefore at 1889+-3 kev, and the Q-value is 1857 kev. 

The decay of Ni** to Co®* by 8* emission has not been observed, 
and hence the mass difference N**— Co* cannot be determined by 
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Fic. 1, The (p, 2) yield from a cobalt target and a lithium target. 
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a 8-spectrum end point. When combined with the value 782+1 
kev? for the n—H! mass difference, the present measurement gives 
0.001155-0.000003 amu for the mass difference Ni**—Co™. 


* This work was jointly supported by the ONR and 4 pos of Ships. 
1W. Preston and C. Goodman, Phys. Rev. = mw ans 


? Herb, Snowdon, and Sala, Phys. Rev. 75, 246 (19 
§ Tollestrup, Fowler, and Lauritsen, Phys. i. 78, 372 (1950). 


Thermal Conductivity of Superconducting Lead 
in the Intermediate State 


R, T. WEBBER AND D. A. SPOHR 
Naval Research Laboratory, Washington, D. C. 
(Received August 30, 1951) 


PREVIOUS study of the thermal conductivity of pure- 

metal superconductors in the intermediate state reports! the 
transitions of lead cylinders in transverse magnetic fields at tem- 
peratures in the vicinity of 4° to 5°K. This investigation showed a 
small, field-independent thermal conductivity in the superconduct- 
ing state (H<4H., where H, is the critical magnetic field), an 
approximately linear increase of the conductivity as the field was 
raised through the intermediate state (}H.<H<H,), and a large, 
nearly field-independent thermal conductivity in the normal state 
(H>H.). These results are consistent with the explanation? that 
in the superconducting state the majority of free electrons have 
entered into a state of zero-point energy where they are unable 
to contribute to the heat transport by exchanging energy with 
the lattice. 

We have recently repeated and extended this experiment, using 
a solid cylinder and a hollow cylinder of highly pure lead (Johnson 
and Matthey, 99.998 percent). The outside dimensions of these 
cylinders were approximately 10 cm long by 0.5 cm in diameter. 
The wall thickness of the hollow cylinder was 0.15 cm. The tem- 
perature drop, measured by two carbon-composition thermometers 
on each specimen, was approximately 0.15°K. 

The isothermal transition of the solid cylinder in a transverse 
magnetic field at 2.5°K is shown in Fig. 1. It is seen that in the 
intermediate state the thermal resistivity (w) is markedly higher 
than that of either the normal or the superconducting metal. The 
dashed curve indicates the hysteresis occurring on reducing the 
applied field to zero. 

This anomaly is strongly temperature dependent as is shown in 
reduced coordinates in Fig. 2. Here the initial transition shown in 
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1G. 1. Thermal resistivity of a solid lead cylinder in a 
transverse magnetic field at 2,5°K, 
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Fic. 2. Temperature dependence of the reduced thermal resistivity, 
(we —w) /(ws —wa), of lead cylinders in a transverse magnetic field. w, is the 
oe resistivity in zero field and wa is the thermal resistivity in criti- 
cal 


Fig. 1 appears as the solid curve. The remaining curves of this 
figure are transitions of the hollow cylinder on initial magnetiza- 
tion (the specimen was warmed above the transition temperature 
between each set of data). 


Evidence for the Decay of a Negative x-Meson 
in a Photographic Emulsion* 


W. F. Fry 
Department of Physics, Iowa State College, Ames, lowa 
(Received August 30, 1951) 


LFORD C-2 200-micron plates were exposed in a spiral orbit 
spectrometer! to the Berkeley cyclotron. Positive and negative 
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A similar effect has been observed in niobium and in the alloy 
Pb-Bi (0.1 percent) by Mendelssohn and Olsen.* The anomaly in 
the intermediate state was taken as further evidence for a circula- 
tion mechanism leading to a thermal conductivity of alloy-type 
superconductors in the pure superconducting state that was rela- 
tively large as compared to their normal state conductivity. 

The anomalously high thermal resistance in the intermediate 
state, as shown in Figs. 1 and 2 may be caused by: 

(1) A circulation of superconducting and normal electrons, 
similar to that hypothesized in the case of alloys,’ yielding a large 
contribution to the thermal conductivity of the superconducting 
state. 

(2) A large thermal conduction by the lattice in the super- 
conducting state.‘ This lattice conduction is largely quenched in 
the intermediate state due to the suddenly increased number of 
free electrons which act to scatter the phonons. 

(3) A scattering of the normal electrons by the numerous sur- 
faces bounding the laminations*® of superconducting metal in the 
intermediate state. 

Marked size dependencies should be observed in the second and 
third possible mechanisms mentioned above. Measurement of this 
dependency together with a more complete determination of the 
temperature dependence should permit a more complete under- 
standing of the origin of this phenomenon. 

Further work on this problem is in progress. 


1K. Mendelssohn and R. B. Pontius, Phil. Mag. 24, 777 (1937). 

2 For example, see W. Heisenberg, Z. Naturforsch. 3a, 65 (1948). 

( oak Mendelssohn and J. L. Olsen, Proc. Phys. Soc. (London) A63, 2 
1950). 

4 The possible role of lattice = in the thermal a ny p of 
superconducting — is discussed by . Hulm, Proc. Roy. Lon- 
as J A204, 98 (1950). 

. Landau, J. Phys. USSR 7, 99 (1943). 


m-mesons entered the emulsion from opposite surfaces. While 
continuing the search for short w-meson tracks from positive 
m-meson decays,? an unusual r—u decay was found. The r-meson 
entered the emulsion from such a direction as to indicate that the 
meson was negatively charged. The w-meson track is about 120 
microns long and ends near the middle of the emulsion. The grain 
density near the end of the r-meson track is saturated, indicating 
that the x-meson was traveling with a low velocity. The u-meson 


Fic. 1. A photomicrograph of the decay of a negative +-meson in a photographic emulsion. The r-meson track is near the top and to the left of the 
mosaic. The segments of the «-meson track should be joined at the point indicated by the two arrows. The u-meson track is 828 microns long. 
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track is 828 microns long and is nearly in the plane of the emulsion. 
The average length of the u-meson tracks from positive x-meson 
decays is 594 microns in these plates. The grain density along the 
u-meson track is nearly the same as along other u-meson tracks of 
the same residual range. The angle between the directions of the 
w-meson track and the m-meson track is less than 20°. A photo- 
micrograph of the event is shown in Fig. 1. 

About 4300 x-meson events have been observed in the group 
of C-2 plates. Only 5 #-meson events were found where the sign 
of the charge of the meson, as determined from the direction of 
the x-meson, is inconsistent with the phenomena associated with 
the meson. 

Previous studies have shown that negative x-mesons which stop 
in photographic emulsions are always captured and do not decay. 


THE EDITOR 
However, it is possible to explain the decay of the negative 
x-meson and the unusually long range of the ~-meson track by 
assuming that the x-meson decayed in flight. Since the prob- 
abilities of decay in flight of negative and positive x-mesons would 
appear to be equal and since the number of +-mesons which are 
scattered and enter the emulsion from the wrong surface is only 1 
in 1000, it is concluded that the x-meson which gave rise to the 
long m-meson track was negatively charged. If the negative 
x-meson decayed in flight, the energy of the x-meson at the time 
it decayed was only 50 kev. 

* Supported in part by grants from the Iowa State College Research 
Foundation and the Research Corporation. 
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MINUTES OF THE MEETING OF THE DIVISION OF FLUID Dynamics aT CHIcaGo, JUNE 12, 1951 


HE Division of Fluid Dynamics held a joint pro- 

gram with other technical societies as part of the 

First National Congress of Applied Mechanics in 

Chicago, Iilinois, June 11-16, 1951. The Division meet- 

ing consisted entirely of invited papers. There was no 

response to the invitation for ten-minute contributed 
papers. The following are the invited papers. 


1. “Steady Solution of Flows with Heat Addition Due to Water- 


Vapor Condensation.” A. Busemann, NACA, Langley Aeronautical 
Laboratory. 

2. “Role of Precision Measurements in Science and Industry 
within the Field of Thermodynamics and Gas Dynamics.” A. M. 
J. F. Michels, Van der Waals Laboratory, Amsterdam, Holland. 

3. “Turbulent Shear Stresses in Conical Duct Diffusion.” J. R. 
Weske, Johns Hopkins University. 

4. “Strong Shock Waves.” E. L. Resler and A. Kantrowitz, 
Cornell University. 
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